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XIX.] 


HIGHEST OQMMON FACTTOR 


'The highest .omnukii Ihetor (h.g.f.) or highest eommoi 
(H,C.l>) of two or more integral algebraic expression 
integral expression of the hipest degree which will 
divide each of them. 

Ck)nsider the expressions 15a*6M. 3 is the * 

the numerical coefficients 27 and 15. 

The highest power of a which will divide both expressions is aK 
• b 


the H.O.F. of the two expressions is 


Example. Find the u.o.f. of QOaH^f 26a*l^\ 

The n.c.F. of 15, 60, 26 is 5. 

The higliest power of a which divides all the exprcBsions is aK 

h • b\ 

No power of c divides all three expressions, 
the reqd. H.C.F. = 


Examples. XIX. a. 

Find the highest common faotor of : 

1. 6a% lOafi*. 2. a;Vi 3. abc, 3a^. 

4. 8*»yz>. 6. 9aW, 15a»6c*. 6. 9aV, 216V. 

7. 6a:V* 9iV‘ 8. ®*y, a;y*. 9. 3a*c* 27a*c«, 18aV. 

10. 26*V. .39a«yV H. ,36a«6W, 20c»W, 46aW, l0a:fb*c<P. 

12, 5o*6c, 7a6c*, 9a6fd. 


>und cxpresmM the H.C.F. can be determined by 
m as the expressions are resolved into their 


''the HjC.F. of 

sftar+a6*jp and o86.-6*. 


BylMpMttallfc. 

fw 




the reqd. n G.r. is 
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Example 8. Find the h.o.f. of a^-4, a^+3a;+2, 
jK“-4=(ir-*2)(ar+2), 
a!*+3ar+2=(a?+l)(x+2h 
a:* + jc - 2 = (a? - 1 ) (a; + 2). 
a? +2 is the h.c.f. reqd. 

Example 4. Find the H.aF. of ar* - oa^ + a^x - aP and - ax’® - aPx + a*, 
ar* - ax^ + o®ar - a^= 2 p{x - a) + aP{x - a) = (a? - a) (a:® + a®), 
x^-aa;® “a®a: + a®=a:®(ar -a) - a®(a:“a) = (a?-a)(a;®-a®) 

= (ar + a)(a:-a)® 

the reqd. II.C.F. is a; -a. 

Examples. XIX. b. 

Find the h.c.f. of : 

1. a®-oa:, a® + aa?. 2. 5a;- 10, 4a:- 8. 3. a;®+a:y, ary + y®. 

4. a;® -4, 3a; -6. 6. a® + 2n6, a6 K26®. 6. x® + a-y, a^-y®. 

7. a:® - 2x1/, a:® - 4y® . 8. a;® + 2xy + y®, a;- - y®. 9. ar* - .Soar®, 2a:® - 6ax. 

10. 15x- 4r>, 3x®-27. 11. 3x® + 12a:y, 4a:®-64y®. 

12. 4.t;® - 8.py, 3xy® - 6y®. 13. x® + 3i; + 2, a;® + 6a? + 5. 

14. 1 *- 2x1- a;®, 1 - ar®. 15. 1 -I- 2x-l-a?®, 4x - 4a;®. 

16. a;®-7x-|-12, x®-8xfl5. 17. arH y®, 5x*® - 5y®. 

18. X3-X-20, a:® l-ap-4. 19. x®- 121, a?®+12x+ll. 

20. a;® + 17x+60, a?®-7x-60. 21. 3.x®-l-3a®, 2a?*+4aa;+2a® 

22. a®-f-fA a®6 -a6®-f-6®. 23. x® + x-42, x®“9x+ 18. 

24. 4x®-h1‘2.i*- 72. 3x®-3x-18. 25. 24a^b^{a-hhf, 2laPbHa^+hP). 

26. 12a;® - X - 1 , 6x® - 5x f- 1 . 27. 2a;® -i- 5x - 3, 7x* - 63. 

28. a;®-2x®-x + 2, a®- a:®-4x f 4. 29. (6 + c)®-a®, (c-l-a)®-6®, (a + 6)®-c®. 

30. 10a;®+1.3a?-3, 5a;®-llx-H2, 5a;®-16a?+.3. 

31. x®-7x+10, a;“ + 2a?-8, 3a;®-3a;-6. 

32. (a - h)® - c®, (a + c)® - 6®, (c - 6)® - a®. 

33. a;®-10a: + 2.'5. a:®-25, a;®-l26. 

34* a;®- (a-c)x-ac, a?®- (o-f c)x+ac. 

35. 2x®+x-l, 2a?®-5x-i-2, 6x® + x-2. • 

36. I6a;^ + 36a;®-h81, 8a;®-f27. 

37. x®-x®-3xt-3, a;®-3x® + 2. 

38. a;<-^a;®-^2r+2, ar®-.T-l. 

39. .Lax® - I9a^ -I- 4, Ox-* - 9a::® - 4.x + 4. 

40. x®-7x+10, 4a:®-25x® + 20x-h25. 

♦ l£t. A^Tien compound exprca^ons cannot readily be fai'.torized 
\Vo find their H.C.F. by a meth^. analogous to the ArithLietical 
method.' , ' 

Befoi:o my suclv. the student must grasp the 

principle u^e^ing Arithxaetlcal xnefchpd. .. 



161 


MX.j r HIGHEST COMMON FACTOR 

h 

Let us find the H.C.F. of 782 and 5451. 

782)5451 (6 
4692 

759 ) 782 ( 1 
759 

23 ) 759 ( 33 
69 

69 
69 

23 is the rcqd. H.C.F. 

This method depends upon the fact th«'it if any two nimiliei*s 
liave a common factor, the remainder, when one is divided l»y the 
other, has the same factor. ^ 

Thus in the above, 

any factor eomiiion to 782 and 5151 is a factor of 759. 

759 and 782 ... . 23 

This principle, a rig^d proof of which will be pven later, b(*in{» 
true for Arithmetical numbers must also be true in Algelwa, since 
the symbols stand for numbers. 

Let us now ajiply it to some examples 

Example 1. Find the h.c.f. of Ct*- 8.r- 7 and 8r- \ 10.t 21. 

r*4 6a.’®-8x-7)a-’i 8/^4 10.rH 21(1 
£’4 6 /-^j- 8r- 7 

(o) 2)2j-*f 18aj 28).r’l 6.r®- 8.r- 7(a--3 
a;=4- 9*r4-14 y»4 0 r»4-1 4.g 

-3x«- 22^ - 7 
• -3u;’^-27 ar-42 

{h) 5)^J^ 3r>(.f2^ 9xn4).« 4 2 
jr4- 7 

'2i+14 

2r4l4 

a;4-7 is the reqd. H.C.F 

(a) Here wc see that 2*18 a tuoU>%of 2 j^ 4 18jr4’28, hut not a fo/etor 
46 a:®- 8* 7 : we therefore rcject'it. 

(h) We see that 5 is a*factor of 5ar4 35, but not ajfOlcfof of 9a? 4- 14 : 

we therefore reject it. ^ > 

The work will lie coneulerably nnmlified if Sktors to l>oth 

divisor and dividend are •Ejected id'tnis way^^ • 
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Time will be saved if the work u arranged as below ; 


* 

a:* + 6**- 8*- 7 

a*+&B®+lte+21 


a:®+9a:®+14 

*»+«*»- 8*- 7 

3 

-3a:*-22*- 7 

2)2a^+18x+28 


-3*»-27*-42 


a:®+ 9*+14 

1 

6)5*+35 


a^+ 7* 


*+ 7 


2*+14 




2*+14 


At the stage (c) we might have shortened the work thns. The fhetm of 
x^+9x HU are n+2 and x h7 x 4 8 Is evidently not a divisor of the 
given expressions 

Dividing x3+6X^-ax~7hyx+7we find that x+7 is the H.C F 

When the given expressions have factors common to every 
tcim* these should be removed first, remembenng that they 
themselves may ha^ a common factor 


Example 2 Find the h c f of 

sear* -78a:®+18x®+ 12a: and 90a:*-207a:* + 63x® + 36a:. 
36a^ 78a:®+ 18a:’»+ 1 2a? = Bar (6a:*- 13*® + 3a: +2). 

90a:* - 207a:* + 63a:® + 36a; = 9* ( 10a:* - 23a:® + 7* + 4). 
3* IS the H 0 F. of 6* and 9a 

We now proceed to find the ii c » of the remaining factors. 


3t 6a:*-13j^f 3*4 2 
6a:*- 9*® 3;«7 

- 4a;® + 6a: + 2 

- 4a.® H 6* f 2 


10a®»-21a:® + 7a: + 4 
12a:* -26a;® +6* + 4 

- y ) - 2a r^+ 3a:®+ a? 

2a:®- 3* - 1 


.. thereqd hcf is 3* (2a:®- 3*- 1) 


Example 8. Find the h c f of 

6a:*-19a:® + lla:»+6 and 10a:*- 19a:® + 2a; +6 


ic) 


ih) 


*4 


3a. 


-9 


6a:*-19x®Hlla:+ 6 

___ 2 

12a:»-38j:® + 22a:+12 
12y* 

- 38a:® + 49a: + 12 
-36a.® +8 1 

-1)- 2a:® + 4 9a?-69 

2*® -49*+ 69 
2a:»- 3* 


-46*+69 

-46*+69 


10a:*-l9y®+ 2* + 6 1 
6a;»-19a:®-l ll* + 6 


*)4* * - 9* 

4^ - 9 

4*® -98* +138 


2 


49)98* -147 
2:r - 3 


(a) 

id) 


The roqd B.aF is 2* - 3. 
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K,B . — It is not necessary tliat the first term of the divisor should uo an 
exact number of times into the first term of the dividend. See (a) and (6). 

It is, however, sometimes convenient, as at (c), to introduce a factor. 

At (d) we reject the factor x, which is not a factor of either of the given 
expressions. 

^116. If A and B represent any integral algebraical expression, 
then if A and B have a common factor, their sum or difference has 
the same factor. 

Let p be the common factor of A and B, and C and D the 
quotients when we divide them by p. 

Then A==j»C, and B=pD. 

A + B ==p{C + D), t.r. p is a factor of A + B. 

In the same way A - B = p(C - D), p A - B. 

Further if A and B have a common factor p, p is also a factor of 
fnA + nB and mA-ttB, where mk and tiB are any multiples of 
A and B. 

Let C and D be the (|Uotieiits when we divide A and B by p, 
so that A =pC, and B =pD 

wA + nB = ?npC + 7ipD 
■=p(mC + 7iD); 
p is a factor of TwA + rtB. 

In the same way, mk - nB ~p(wiC - wD) ; 

p is a factor of mk-nB, 

This can often bo employed to shorten the work of finding 
a ii.c.F. 

Find the H.r.F. of 

5a-’ + 16x2 + 23x- 6148 and + 48*2 - I03ar- 5148.^ 

The difference of the Jiwo expressions 

-2aH-32a-2+126aj 
=.2a;(x2- 16x4-63) 

-2x(x- 7)(x- 9). 

Now 2x is not a common factoi*, nor is x - 7, lor 7 will not 
divide exactly into 5148. 

X - 9 must be the n c.F. if there is one. 

XIS. c. * 

Find the highest common f^tor of 
1. 30oV-5a^»*-h5o*x, 

Z X* -2**y-2asV•3fl5^^, 3x^4- 2x^4- 
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Find the highest common factor of : 

3, 2.C* j-** - a,* - a: - 3, 2a:*-5jr*+a:® + fia?-3. 

4. 6a:' - (Jar* -lla?- 2. 

6. 2a‘-5a: + 6, 4a-n a;-- I2a: + 4. 

6. :L‘ M4x’2+12a: f 10, 2x< + - 4jr3 - rr - 4. 

7. ‘L’*t9.r'»4l4x + 3, 3 j^+ + 10j. + 2. 

8. -4a- -3. 16a^ + 8ar’^-Ha: + 3. 

9. ‘2r' + 9a;*^-17a‘-45, 0a*3-29a:® + 31a:+ 10. 

10. a:^-6.*-»4 82r3-lla- + 2, 2a:«- llar»^g^^e^^.l, 

11. 0/*+l]a-2-31a:-f 14, 4ar*-47ar + 7. 

12. rjr*+12c®f3a:-2, a-" 3a-< 4 a** - a:® - 4. 

13. 4H -17.C® 1 3a: + 4. a-®-17a:4 4. 

14. 2.n» -7a'®-46a:-21, 2.^^ -Hi la-®- 13a:® -99a: -45. 

15. lJr'^ G.r®-45a;-18, -49.r®4-28a:*4- 147a:- 84. 

16. Oc*- 2r>a:®y®-9y^, 3a-® - IGa-^y -H ary® - 6y®. 

17. 3a-» \ 3arV- 27a:Vi 33a-y'- 12 a<S 5x*-5jc^y- l5xY f25a:y®- lOj/*. 

18. f 5a-® - a* 1, 20a^ I a-® - 1. 

19. W 4 1'’4 5a- ♦ 6, a-» \ 2a-'’4 Oa-® I 4.r4 4 

20. ;L 'N 17a:® Oia-4 14, 7a-'* 4 52a-® - 46a- 4 8. 


RFDIJCTTON OF FRACTIONR TO LOWEST TERMS. 

116. NVc shall assume throughout that as the symbols stand 
for umnrMioal (quantities, tlie ordinary Aritli metical rules con- 
eorning Vulgar Fractions a{)j)ly to Algebra, leaving the pixjofs of 
those rules to a later stage 

111 Arithmetie =i- ^ 

8 4x2 4 

, 1 via a 
So III Algebra -r = T- 
‘ mb h 

ahc^ _ac x he ^ac 
i-V ~ bx be y 

ax - bx ^(a - b) X X __a - b 
abx ah XX ah 

4ri- - G«// _ 2<i(2a - 36) _ 2a - 36 
6(1“ *- 4rt6 ”” 2aq3a - 26) 3d - 26’ 

^ •- H _{x - 2) (a: - 3) _ (« - 2) {x - 3) a; - 3 

#-tE®-4x4-4 /(j 5-2)2 (a;-2)(j:- 2) a:-2' 
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117. A fraction is reduced to its lowest terms by dividing its 
numerator and denominator by tbeir H.C.F. 

The H.C.F, should always be found by factorization^ when 
possible. 

Reduce to its lowest 


The given expression 


x‘-*(ic+l)-(a:+l) 
_(3x-l)(a;+l) 
(x2-l)(aj+l) 
_3j;-1 


in its lowest terms. 


Reduce 


a8-7a2+16a-12 


to its lowest terms. 


3a3-14aa + 16a 
The denominator = a(^a^ - 14a + 16) ~ a (3a - 8)(a - 2). 

Ilonco it is evident that if the numerator and denominator 
have a common factor, it is a - 2. 

Acting on this knowledge, we write the numerator to show 
a - 2 as a factor, thus : 

(a3 - 2a2) - (Sa® - 10a) + 6a - 1 2 

= a‘*(a~ 2) -5tt(a-- 2) f6(a-“2) 

= (a2- 5a + 6)(a-2) 

= (a-2)(a-3)(a-2); 

- 3)(a- 2) _ (a - 2) (a - 3) 

a(3a-8)(a-2) ” a(3a-8)” 

in its lowest terms. 


the given expression = 


Examples. ZIX. d. 

Keduce the following to their lowest terms ; 


1 . 


7. 

10 . 


4«’ 

8a' 

18*»yV 

24a:*yfs' 

/I.3 


.3aag 

.3aa;* - 3axy* 
3a!*-3*V 
^ 6**-6x»y*’ 


2 12^ 

^ 6ax' 

j. IHdb^ 
12?6V‘ 
gg 
xy 

SB6-12fc*’ 
ahx - 

' acx-c^ 


a 


3. 


10o«6 V 


42^5^* 

9 

4aa?-3ay' 

10 

IS 
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Reduce the following to their lowest terms : 


16. 

®®-2ar 
- 6a; + 6* 

3ie-afl 

**-6*+6* 

18. 

19. 

l + ,3a; + 2a:* 
l-2x-3x*' 

-Q x*+(a+6)»+a6 
a;*+(a+c)x+oc' 

8L 

22. 

j^-Zxy+y* 

23 6*-«* 

21 


*"• «*+2o6+6* 

26. 

2a;»-18 

at, *‘-3a*+2 

27. 

ar> + 3a:-18’ 

**■ »‘-a»-2' 

28. 

je«-a«!V+y* 

*.-y« 

aa ^-7x+10 

30. 

31. 

at*+ 2 ie-l 

't^+X^-X - 1" 

oo (a+6)*-(c + d)* 
**■ («+cj*-(h+<i)«- 

S3. 

34. 

X* + J^+l 
x^ j-x + l 

**+4a*-6* 

a;*-3a;+2‘ 

33. 

37. 

x*-9a^ 

X* - Saar* + 9a*’ * 

QA ®*+4a:*-6a5 
aJ-6a;+6** 

39. 

40. 

a*+a* + a-3* 
a*+3o*+fia + 3t’ 

nn 3a*-7o6 + 46* 
3a*-o6-26** 

42 

43. 

6a>-13a6+66* 

^ (2a+6)«-c* ^ 

27+«* 

6a*-6oh-aA*" 

9+aa‘ 


a^-l-4a;44 

a?+6x+6‘ 

o*-6» 

^ + (<^ + b ) a? + a?>a:* 
l + (a + c)a?-f-ac?’ 

a^-(a+c)af+ oc* 
o*+2a64-6*--f * 
o* - 6® - 26c - c*’ 
g»~a?- 2 0 
»* + »- 12* 


ai“+ 7 «- 10 ’ 

(ar-y)"-l 

(a?+l)*-y«‘ 

4 -(x+y)« 

(a;+2)®-y*' 

3**+6af4 2 


46. 


3*“+*- 2* 


MULTIPLICATION AND DIVISION OF FRACTIONS. 


iiQ ^ . o. a6-ac 3a6r o®-ac 

118. Example 1. Simplify -_x— 

. o(6-c) be a{a-€) 

The given expre«8ion=j^^_^jX^X5^ 

(factorizing and dividing numerator and denominator by 3a) 

_ a^6f (6-c)(a~c) 

“"4a6^(a-c)(6-c) 

_oc 

^46 • 

[for a, 6, (6 - c), (a - c) are all common factors of numerator and denominator]. 


Example 9. 


Simplify 


g^ + a;-2 z *-»ag-2 , ac*- 1 

a^^ffx ^x*-2ap-*8 * 


The given expression = 


(g + 2)(a? (a?»2)(a?4-l) _ x( x-6) 
x(x~2) (a:-4)(x + 2) (x-l)(x + l) 


_ x-5 

• 7^>^“4' 


*The iUiPt of the numerical coefficients is zero. ar-l is a factor, 
(Art/9fiu) 

tThe sam of the coeffieients of even poweres^Uie sum of the coefficients 
of odd ^wers. (Ark Sfi.) 
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Eninplea. XIX. e. 


1 . 


3. 


5. 


7. 


9. 


U. 


la. 


14. 


16. 


17. 


18. 


19. 


20. 


21 . 


23. 


Simplify the following : 

2 

x+2' 

**-6aj+6 aj*+6a?+4 . aJ-S 
x»-lft ^ *»-4 "*-4’ 

a:^ + 5ac-f 6 . a? + 3 
- 25 ' X-& 

26a® -1 3a; + 2y.6a-l 

9a:»-4y*^ 6a+l ~Sx-^' 
8®»+&e+l 2*»-lla!+6 
6a*-*- -1 ’'a**- lias- 6' 




a»-49.a+7 


. 4a»-l . 2a + l 

•• 4y*-l SJy- 1' 

^ «®+(a + 5)ap4-a6 , ar+a 
"• a»-c^ 'a^ 


a*-** . a^+o* 

•*' a*-2oa+o* • a(a-«)' 

a!*-a-6 , a*-3a 
a*+a-2 ■ a:*-a' 

10 ig*~27a . a*+8a+ 9 
^ a*-9 ■ a+3 


2a*fa-l . / a^+4a+3 2a-l \ 

2a^-a-l ■ \a?+4a-6’'-2a+l/ 

a*-6a+6 3(a*-4») . a»+6a-6 (o+6)*-«!* (o-6)»-c* 

a* -iae+2l’‘aH+6a-14' ~a?-a ’ "*• o*-(6+c)»’‘(a+fc)»- «*“ 

a»-64 (a-3)» .a*+2a-15 

a?'-16’‘(a+4)®-4a‘"4a?+iea ’ 

8a*+14a+3 12a»-6a . 18a^-8a 

8a*-10a+3’‘4a»+6a + l ' 4z*+a-3‘ 

(o®+aag)® . a + x 

(o* - cm:)® ^ a*+a:® * o x' 

6*» + 6 x®-! *®+*® 

(x+ 1)® - X ^ X® - 3r* ^ x* - 1 * 

(g ~ 6)® - c® c ^ac-6c+«^ 

a6-5i*-6c^a®+a5-oc ’ a*-(6-c)*’ 

3x-6x® l-8x* . 3.+6x-f-12x* 

l-9x+18x®^(l-2x)® • l+3x-18x“^ 

x*+216 x*-3x» .a?+2x-16 

x«-x-42^x*-6x*+^* ' 


x*+x®+l (x-l)® .x® + 8x»-9x 
xJ- f x®-i x+r 


8x*-26x+16 3x®-7x + 4 . 4x*+x-3 
”3^x-4 ^2x*-7x+6* x»-l ’ 

^ x*-a®^ x®+a* ^ (x*^- g®) 

x*+a®^x*-2aV+a* ’ (x^-a^+a*)(x*-2ox+3)* ^ 

^ 15x®~31xy+14y* -glx^-gxy . 27y®-fl»^ 

“ lOa^+xy-21^ ^3x®-2xy + to - 
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CHAPTER XX. 

LOWEST COMMON MULTIPLE. 

119. The lowest common multiple (l.c.m.) of two or more 
integral algebraic expressions is the integral expression of the 
lowest degree which is exactly divisible by each of them. 

The Ti.C.M. of and is aW. 

a is 

V2a^ and 18^2 ig for 36 is the L.O.M. of 12 

and island is the L.C.M. of and 

Example l. Find the L.C.M. of 2\a%^Ct and 2a^&*c’. 

The L.O.M. of 21. 7, and 2 is 42. 

The L.C.M. of 

must contain a® or it would not be divisible by the first expression, 

it third 

and c* second 

/. 4-a®^®c* is the reqd. l.c.m. 

Examples. ZX. a. 

Find the lowest common multiple of : , 

1, .a%r^ ah^c. 2. aa:®, 4a*x. 3. 4a*, 6a®. 

4. 6. 42j?*y, 49.y®2. 6. a*, 2a6, 6*. 

7. 10.r*; 12.rV, 8. xy, yz, zx, 9. 8a»t. 3at», 4ftl 

10. o^ 4a*ft, 4of)*, b*. 11, 9ai*y, 12*®y2, 64xy. 

12. ay*, as*, a*y, a*z. 13. a, 2a, 3a, 4a, 5o. 

lA a%\a%\ah, 16. 6a*6®c^, 4a&®c*, 9a®6®c. 

16. ^x^y^z\ 6ar®y*2®, 12a:*y*z«, 16ic«y^> 

120. -Tlio.- L.TJ.M. of compound expressions can be determined 
by irispeetion when the expressions have bew resolved into their 
simplest factors. 
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I'LOWEST COMMON MULTIPLE 

Example 1. Find the l.c.m of a% - a%x and ab-c - hhx. 

a^b - a^aj= a'‘*& (a - x), 
ahh - h*t*a* = hV (a - x). 

Thus we see that the reqd. L.C H is (a - x). 

Example 2. Find the l.c.m. of - 5a; I- 6 and a;‘+2a? - 8. 

a;»-6a:4 6-(ar-2)(a?-3), 
a:“ + 2r- 8 — (a?“2)(a?+4) ; 

/. {x~ 2) (a; - 3) (a? + 4) is the reqd. L. c. M . 

Example 3. 4a*b^r f 4a’6*caf, 6a*fcc® - 6«*6c*ar, and 3a®6*r 36®ra?*. 

4a^6-f + 4a*5*ra; = 4a*6®c (a + a?), 

6a*6r* - 6a-h/**a;= 6a*6c® (a - a:), 

SaV/e - = 36®c (a- = Zbh (a - a:) (a f a;) ; 

J 2aW ® (a - a;) (rt + a;) is the reqd. L. a m. 

Examples. XX. b. 

Find the least common multiple of 
1. 4a;, 4(o-a;). 2. a®, o(a-6) 3. 2(a - a;), 3(a.^ a;). 

4. 3(a-* 61, 7(0 + 5). 5. a%{a-b), ab^(a-‘b), 6. xyz(x y)f Xy, 

7. 2a:® (X fy), 4ay. 8. 6(x- 1), 2(x+ 1), (a;®- 1). 9. o®, 

10. 2a® + 2 ct®x. 400- 11. 3n - 36, 5a - 56. 12. 4 (a - y ), 3 (a® - y®). 

13. X®, (x®+l)®, ri(x=n) 14. 3(«x-^?>y), 4{aX4 6y), 6(«®x®-6y). 

16. x(x®-y^), y(xfy), x(x y). 16. 8(1 - a), 8(H x), (1 ■+ x®). 

17. 3(a:®-l), 4(x®^xhl), «(x-l). 18. x® f .3x + 2, x*- 1 5x + 6. 

19. a:^-2x ♦ 1, x^ ^ X 2. 20. a,' - 9 xh 14, x®- 10x + 2l. 

21. x®-3x-4, x® + 2x-24. 22. (a + 6)®- c®, (a + f)®-6®. 

23. 6(x-fy)®, ?)(x-}y)’. 24. 2x®-rx + 3, 2x®+5x-3 

26. 3x®-7x + 2, 3 x®4 8x- 3 26. a^-y“, (:» + y)«, (a:-y)». 

27. x®-36y®, x® + 7j*y + 6y®, x®+5xy-6y®. 

28. 7(a®6 + o62). *2i(a= + tt6). .35(6®-a6). 

29. 3(x®-y®), 6(x®4xy). l(x®-x®y). 

30. 12x®y(a^- 3x + 2), 18xy®(x-l), 8y®(x- 2)®. 

31. a’-6®, 2/i®-.^a6 + 6®, a® + a®5 + a62 32, 2x®- 7x + 3, 3x® - 7x- 6. 

33. X® - 5x 1 6, X® - 2x - 3, X® - X - 2. 34. x® - 4, a:® - x - 2, x® + 2x® -■ x - 2. 

36. 6(a^-a®/>®). 18o6(a®-6’), 96 (a ®64 6<). 

36. 6x(x®-y®), 9(x®-xy®), 12(a'®+2ay-2xV-y®)- 

37. a^-4a®, x® + 2ax2 + 4a®a; + 8a*, x® - 2ax® + 4a®x - 8a*. " 

38. X®- (o + 6)x+o6, x^+3ax-3a6-6®, x® + (2a + 6)x-<A-3^/* 

39. 4x*-12x*-x + 3, 2x*+a^-18x-9. 

40. aft - ft* - cflL+ > ftc-c®-p6 + cii. 
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CHAPTER XXL 

ADDITION AND SUBTRACTION OF FRACTIONS. 
121. We have already seen that^ just as in Arithmetic 


80 in Algebra 


^5 3 + 6 
+^ = -ir-. 


* . y. *+y 

T “ ) 

a a a 


and 


a a a * 

When in Arithmetic we wish to add or subtract fractions 
which have different denominators, the plan is to reduce all the 
fractions to efpiivAlent fractions having the same denominator. 

Wo adopt the same plan in Algebra. 

Example 1. ^ 

* 4 6 3x4 2x6 

[12 IS the L.C.M. of the denominators 4 and 6 . We therefore multiply 
numerator and denominator in the fiist fraction by 3, and in the second 

_ .3(£^)^^2(r:J)^3*- ? -^ 2 ^ (removing braokets) 


12 


(collecting like terms). 

Example a Si„,phfy 

™ . 4^{x+3) 3r(4x-S)^ 6x6 

The given oxpre 88 ion= ^^ 3 ^ - 

(Ibc L.C.H. of 3x, 4'e’, 2x* is 12z') 

_4*»+12a«- 12*»+9ar+30 

- 12x» * 

_4«:*+9a:4-30 
* ‘ 


Examples. ZXL a. 


Simplify the following expressions : 


i. i+i+i- 

X 2x 

4 i+J. 1 

7 Jg-kl * 


2 . 

^ a:^3x 

a b c- 
bc^ac^iS" 


a 


2a; - 1 4x - 8 
3 


A Uhl 

a b e 
c a;-3 a?-4 

3 ’ 4 ‘ 


9 . 


x-a 

a 


x-6 
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10 . 


3j?-y Ss-S 


xy 


y* 


IL 


a;-3 x-5 


2x 5x 


12 . 


a:+l , a? + 2 . af-4 

-2-*-r^-r 

-u a-6 a + 6 a®+4a6 + 26* 

xO. — r h fj . • 

6 a 2ab 

2c-a a-6 36 

,3c 2a ■^4a 

-Q 36 + 4a 6 - 6r a + 6c 

2a6 36c 4ac 


21 . 


a9_6a_c2-6a c^-a^ 
0 *%^ 6V o*e* 


g + Sr 2p 
3gr * 

a? + y 22;-7v,a’-3v 

“5 rr"^‘~3~* 

16. 

xy yz zx 
ap-y . ir* I y* T* + y* 


18 . 


I + : 

x xy^ 


2j:- 4 I .3a?+2 1 
3c 5* ■*'7 


oo ,Sx-6y 21a:-14y .38jc-57y 

^3 7 19 ’ 


122. Note carefully the truth of the following statements 

-—L 

2-j'"x-2 jr-2‘ 

This IS obtained by multiplying numerator and denominator 
by - 1 


In the same M^ay 
and again 

Example 1 


a - 6 _ 6 - a 
c d d 6 
4a; - 3y ^ 4a - 3y 
y-x x-y 

Ja ,3^26 
a - 6 6 a 

_7a + ,3a 26^10o 26 
a-6 ~ a h 


7a 3a - 2 6 
tt 6 * a-6 


Example 2 Simplify - 

x-hy x^2y 

The L c M of j: + y and x+2y la (x+y)(x i 2y) 

Multiplying numerator and denominator in the fiist fraction by x-^ 2y, 


second 

(x+2y)( a?-»-3 y) (j + y)<g-6y) 
the given expreeeion:.-^^.^-,,— ^ 

_ (x+ 2y)(x+3if)-(x+ y)(a;-6y) 
(jf+?y)(»-t y) 

a:*+ Sicy + 6v* - (x» - Say - 6y* ) 

~ (*+2yK*^ If) 

^ a*+.6ay +6y*- >a^+g« y +6y* 

“ (*+5?K)(-e+y) 

_ I(^+ 1 V _ 2y(S n-6y) 
(a;+$^K*+y| (x+S^)(a;+yt’ 


*+J^ 


(«) 
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The above example is worked ont in full. After a little practice Biich 
steps as (a) and (h) may be omitted. 

The common denominator should generally be left in factors, and the 
result reduced to its lowest terms. 


Example 3. Simplify 


a-b 
ah + h^ tt + h 


. . la - h){a + b) a~b 

I ho given cxpicsaion. ^ 


a a-b 
h a \ b 


__a{a - b) 

'~b(a ^ /))* 

Examples. XXI. b. 

Express the following in their siiiiplost forms : 


1 . 

1 

.r f \ *' 

\ 

.c- r 

2 . 

X 

3 

■-“1 


w. 

a7-i-3'^3--4- 4’ 

4 . 

1 

1 

5 . 


a 

3 

6. 

_4 2 


u.* t 3 

X -V 4‘ 


2.C - 3y 3/y - 2x 


37-1-6 37 + 3’ 

7 

3 

o 

fi 


X 


9 . 

37 + 2 X -1- 5 

f 1 

;i.i; - 1 

“ir 4 3’ 

Os 

X 

t.y 

X ' y 


37 + 4 ;r4lU’ 

10 . 

.L 1 o 

x-2 

.r - T) 

2 - .r* 

11 . 

x 

X 

1 3 
3 

X 3 

37-4 3 

12 . 

3 . 4 

1 

13 . 

- 1 

207 1 

14 . 


1 


15 . 

.1^ 

1 

1 

ar "f- 1 

X -\’ 

X 

-y 

x^-y- 

x-ty 

16 . 

1 

1-2.C 

2.r 

~ 1 - 4.r- 

17 . 

:^a 

1 

4fo-*'3rt-4-2f/ 

18 . 

2.'/ . 1 
(.r-Jy)^'^x-‘>y- 

19 . 

X 

+ 

- .r- 

20 . 

X 

-4 

16-337 

37»-J6' 

21 . 

■‘-y , 1 

37*-* - y® 2 j 7 + 3y 


(In the first fraction, x-y is a common factor of numerator and 


denominator.) 






22. 

-^-1- "■ 

23. 

a-h h- 

■a 

24. ^ 

a - 26 


y - X (3: - yy 


c-d d- 

-c 

c - d 

d-c' 

85. 

^ * . 

a(a-b) b(a + b) 

26. 

2x 

a - - 437- 

1 

^ + a 

27 — ^ - 

3(a-6) 

^2(6-0) 

28. 

X ha^x^-a^ 
x-d ax-a^' 


29. 

a 

■*■36^ 


30. 

a + 3b 2a + 6/> 
a -2b 2a +56’ 


31. 

1 . 

a*-l^ 

0+1 

a®+o + l’ 


32. 

I a:* + 4y® 


33 

1 

3a 


a:-2y. a7*-8y®’ , 


OOm 

9a*-*-3a6 + 6» 27oS + 6» 
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^ o>-4l* a«-9lJ“< 

^ a-2b~'a + .lb' 

«g *»HV* , 

a:®+5a:+4 a:®-5a?+6 
x+4 x-2 * 

»■ {^y ' 

* ar-a:- 5 j: f 4 

^ a;4-4 a*-6 

*’• »> ,Sj:-28 x‘f2x-3i 

^ ar® 4y® r-2y 
*”* a®4 2a?y“ a; 

.. (hc+Sy 

-4- -(u+2# 

5k Example 1 

a h a+h 

1 

1 


a{a bh) hjtt h) a* 

a- /r 


(taking the first tliioc fractions together) 
f ah ah 4 h^ h^ cr® 

_ 0® a® 

(a--6® a®4 
a®(a^ 6® -a® 4 fr) 

2aH/^ 

” a* b* 


;fe Example 2 Simplify-^ \ +—*, 

* x a jr 3a ^ + a a I .ki 

The gi%eu expre«ion = (^-^ , ’ il) •' (:r I'.fa /ja) 
the fractions) 

_3j.4-3a-3r 1 3a x 3a a 3a 
“ * i;--9a® 

Oa _ (kz 
"a,- a® a“ 9o 

_6o(j» W j’ia*) 

~ (r o»)(«» 9a^) 

-4Sa' 

“(z*-a»)(jr-9o») 


Simplify 

1 — f— + 

’ a + 6 ^a-/> a®-i* 

3 . ' I ' , » 

* l-3x l+3*^l-9** 


* Examples. ZZI. e. 


9 ^ 4. > * ** 

. ^i__ J 

*• **- 5 «: + <, *»- 4 *+ 3 ’ 
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Simplify 

3{a-b) 3(a+6)* 
'• ar 1 x-2^x-3 

* rJ-27 x»+3a!+9 


- 1 ■ 1 L 

"• ii{*-8)'^a*-9~2(*+3)‘ 

« _?! . a-ft ■ » 

• a*+ 6 * a* - oA + ^ a+T 


10 . 


a 6 


(a-&)(/>-c) (a-c)(c-&) 

1 . 2(a?+l) 1 +2ar 


a--4a; + 3^ «®-5a: + 6 ^a:“-ar+2 ^ x-2y 2a?-y 2a;-y 


13 


1 


1 


b - 2 ^ 2® - 1 3a: - r 


+-i-+JL 

a:^- 3 a: + 2 ^ 1 -ar^a ;-2 


IK 1 , 1 , 1 

2^a:-2)‘^(a:-2)(a:-3)‘^(a:-2)(iL-3)(a;-4) 

jg _ 4y + 

i*+2ay’^ay f-2y- xy 
17 1 1 3 

(x-»2)(x 3) x®+x-6 9~xl 
a 3 - 3 a& + 2 ft\ 6 a«- 6 a 6 bA^ 6 a* + a 6 - 2 &« 
a 2/^ ^ 2a -36 3a + 26 * 

,n a 1 2 .2,4 

19 - oJraTTfp-' aTS+TO'* 90 - *._ 8 x+l 6 + 5 I^;^+(te-a^-i 


21 i_ , _ 1 _ ^ 2 

a *‘4 2 x*’ar‘ 2 a^^ r« + 4 x 2 

OQ »+*_H 4 ::i- _L 
24 r*- 4 r^^ 2 x^+ 4 ^^ i ,®-4 

a:‘'-y« V-y> xM y" 

^ 2y a ^ 1 

x^+xy-Oy® x*-^ x-2y 

x®-3x-2«'**x*Tx^l2‘^aH-l0xf21 


1 


x-l’^a + l ^ 1-x* (XH 1)» 


. 3 a -2 


1 


a^-5x+6 X--3X+2 ar*-4x+3 
12 1 
*• x»-x x‘'''x‘+^2 


4*7 3 

99 - J+?-^T 4 +iT? 


30 . 


1 


9x» 


4(3a-*») 6(3a + a*)~10(9o^-x*) 


« ^ 1 4 ■ og »-3y 

“* 2ir'-4x+2 S?^^4x*-t-8*+4 x-^3y x+2y^ 


_ H-a^ 4x* r-x» 
*• l-P''l-x*~l-t-x* 

tfe *» 86 . 96 

*• 

w 1 +a^ , 4 a^ t -X® 

rrp+i+^j'n:^ 


^ 5^ 21x*-( 6x 2x 

^ 3x-2“ 9x“+4 ■^3x+2 


x»-^ 2 xy-v y*+ 2 *y- 3 ** 
« * 2^2 1 
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OA 123 <? Sa;* + 7 ®y — 4 y® 40 ^ — y — ?!_ a. _ y*_ 


ai;»-Aty+y“‘ 

Ai 4a^6* 2o^ , o g 

a* - 6^ a* + 6* a + 6 " 6 - a* 

6 x 3 - 5 a*y- 6 y* ISrc® + 8 a:y - I 2 y* a- 

14ar* -23ay + 3y® 35a:“+47ay + %*' ar-y-'j 

45. 


a*-y a: + y i^ + y^'^y***- x*' 


AO (2tt - g fc)* - 4a« , {3a - 2/>)« - 4fa« 
“ 4a -5b 3a 4/i ’ 




a- + y 


1 


1 


1 


a -5 o- 3 ^a + 5 a + b* 
1 1 aw 36 


2 y + 2 -a; a +y + 2 
4 . 8 


47. 


49. 


46^ 


a-b 2 (a + 6 ) 2 (a^ + 6 ^) a^ b* 


1 2 - 

a+l j?+l ' »^Ti ■* 

AH -t >5 

**• 3-2j:"(3-at)»'^(3-aj.)» 


] W a 4 a 


8 a 1 - 


'l + a»*'l - 


1 +a 


60. 


3 a-®w 2 a-f 4 3 - + 1 


2 


ar*-l a;^ + a?+l a:-l 


„ 4 . 1 _3_ I __3_.2(x-2) 

®** x{x-2yjfi-5x+&~a{x-3)‘ x-l x+y jH t'l ' 

11 2 • 

®®' 6*~3oM"2a6"3o» f l(te6H ^ 


64. 


ar +1 3 1 _ 

a; + .c f 1 X I - X 


„ 6 ah ah^ 

a + 6 ~(o + 6 )*~(af 6 ?‘ 


ea 2** , J- ei» ' 3,3 1 

‘’®- &-y»“4^+aryH 'x + i ' x-iS'^ x + 2~ x H 


eo 2 3 2 r 4-5 „ J_ _x -5 

oo. 1 "T/^ J «.i _ 0*4-3* 2(2*- a;^ 


ar+K (a-w 1 )»" a:^- 2 ar + 3 
fiO -5_ +_l_.2a:v-y* 

jfi + y^-xjf X I y x'+y’ 


2 (r-l) x‘ 7 i I lO'* 2 (x*- 0 x+l 

Ri _L+_i L _L 

“• X 3‘^» + 3 x-1 x + r 


64. 


lOe-U lOx -1 x*- 2 x +5 
3 (x^- 1 ) 3 (x'-^x + ^)■^(x»-l)(x^ 1 )’ 
.^» + x 2 ) 3 (x»-j 2 ) 8 x 

x^ + x -2 a* - 4 * 

a + 2 a a® - 2 a^ 
a a + 2 2 a^ - 8 ’ 


CQ riir_ 

a-^-a;-2 


AK 2 . J25:il_2af:-1 

a?*-rar^a;*-a:W 1 ^* + 0:* 


2 rW 9 _ X X 

i 8 f 7 z +12 a:®f 5 a, + 6 a;®+^W 2 * 


„ a (a® - //*) r a(a® - 6 ®)a:® 
6 6 -*“'"^ >( 6 w ax) ■ 


a -26 


2 «®-lla 6 w 126 «'*' 4 a®- 4 a 6 - 36 «’ 2 tt®- 7 a 6 - 46 ®* 


2 ( 2 a- 6 ) 


3 a? Iz 2 x<^i 4 - 3 x’ 
S(a-b) 


1 + x 



71. 


. x®+y® 

* 


*+yr 

M 


ar<}-y 


. 1.1 

^ 1" 
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Simplify : 
x* + 3 a;f 2 


Y 3a:“ + 8a; + 4/‘ 


2 :® -5a: 


, I 3 a: f 5 \ a:®+ 1 

'* \.c'^ - 4 ^ X*® + 8/ X'® - 2x 4 4* 


76 . 

-o afh c\ l)/c a\ c /a h\ 

(o + 36)»-(<i-W))» 



80 . 


(.1a + 6)“ -(3o-6)* 
wi® + n® 

- 7/1 1 ^. « 


1 1 

m n 




81 - 

Jfl 

88 - 


ft® ff. 


84 l_4 

\<e-2a: x-2«/ a-a;/ 

J 5(1 

1 


** la - (ift 3(t 2ft j ’ \a + 2ft 2ft > 3a J ’ 


87 . 


xU f-l)(a;4 2) x(x+l)(2ar+^) 


» “• (.^1 

02 -■- /'“+*'+?.- ''Y 

■ \Q? -tr^ ^ ' \a~b a+b) 

„ (8a + .^)(a» + .^t + 2)-2(a H)(aa+3g) 

•••“• ■■' ‘ (2o + 3)a*'-a(o“-'5r 


M. 


2* + 3 = 


95 . 


1 + 


4a® 


,1 + 


6aft + 9ft® . /16a* 2a\ 

• VSIM 3 *,]’ 


4a- - 6aft 


96 . 1 -- 


- + Z4l 
a 


f;:k{ 


■ 4 a + 


x^ + axTo^ 
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97. 


g-a? _ « + - a? 

fc+j? 0-4 ar /> r j; a -a: 
g + g 6^^ a + g 
6 + g g^ 6-g”g-g 


AO . ^5 26 \/, 66 S \ 

rr? “• v+7:^-x-<i)\^-v+7U 2 ) 


M f =g-a I » *« ) ( J L 4 • \ 1 _ * 

’ l(4!+o)*''(x o)'/ ux + o)^ {t a)*j j x 

*»• (.V. 


100 . 


J X 


1 7 - 


102 . 


104. 


X k y X y X y 
X y ji \ y y X 
t\y y ^ 

X y x-^y y X 


(ac t hd)^-{ad f6< 


I 4 X 


103. 


(«+6k-)(,;^+Lh jj,) 


•lAC « * ^ 

»_>> '• 

6 + f 1 4 a * 


(a-6)(t d) 

^ [HI K-i)} (* J)‘ 

()t /;^ {ax - I (/H c)u 

* {ax‘*f(/M^)r J\^ {ax^{h t)x f Y 

IM ;) «»(,'. I Ji+i) 

>»■ (,i 

\ m 1 nj 

no. (x*-l-;',)-(x^-2x^3-ifJ) 

a^-{ b ( 

(f f-tt )--//“ {a \ hf {b-htY 

112. y^Ufi y l 

t ■t’4-ry+y’/ l® x^xVJ 


113. 


a® fig - l2a- g* f ag - 2a* 

a:*- (2g + />)a +2a6 j (2« ^^)g + 2a6* 


1*. 0x>-(y-2)* v®i(*-3r)» 

“*• (3x-t s)*- v»^(.Se fy)--c= (y+*)*-9»>' 

{■ 0 - 

lift {(g + fe)(a + /> f c)-t r*} {(a f6)^-c*t 

11»T /, .y“+z»-x»\ A x*+y»-*»\ 
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Simplify : 


4 

120. 121, (Ha)».rf^'*: g j. 

•''x'^2 + ^ l+a+a»j 

Pro\o that 

^ ■ a-6 "^g + .'to g + 26 (6-g)(o f36)(o +26)' 

a_ 1_ _J_ _1_ 3 

* ’ ax-x*^ix-3^ ^ er- x‘~a-x^ b-x^ c-x^ X 


♦CHAPTER XXII. 

HARDEH SIMPLE EQUATIONS INVOLVINO FRACTIONS 

123. The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the L.CM. of the 
denominators 

The work can often be shortened by sundry methods illustrated 
in the following worki^d out examplcb. 

q n 

Example 1 »Sol\e the equation ' — 

^ 4a?-3 3r-r) 

Multiplying both sides by (ix - 3) (3a: - 5), the l c m of the (lenoiniuators, 
3(3ar-5)=2(4x- 3), 

9ar 15^8a--r>, 
a:-9. 

Example 2. Sol w the equation 

^ * x-\ a:+l a:^-l 

Multiplying both sides by (jr - 1)( r + 1), 

3a (ar4 l)-2x(i I)-a:®4ip, 

+ 3x - 2a:® + 2Ti= ar* -h 10, 

«a:=10, . 

x=2. 
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Examide s Solve the equation 


2 


3 


p-1 3a;+l 3a - 1 
Simplifying each side of the equation separately, 

2(3a:+l)-3(2c-l) 3(2»+l)-2(3t- 1) 
(2 j?-1)(3j:+ 1) "■■■ (3ar-l)(2a:+l) * 

6ar + 2-Cj:+3 6j: + 3-6a?+2 

(2a; - 1) (3a? + 1) ■“ (3i - 1 ) (2r + 1)* 

6 5 

(2ar-l)(3a;+l) (3a;- l)(2a; H)* 
Dividing both sides by 5, and multiplying up, 

(3a,-l)(2a;+l)-(2a;-l)(3a; + l), 

6a;® +a; - 1 — 6 t® - a; - 1, 

2a;=r0, 

a;=0 

Example 4 Sol\c the equation 

2jr 3 3a; - 5 

The equation may be written + ^ 

2i; 3 3a: -6 

3a;-5-2a; 1, 
a— 2 


Slxample 6 Solve the cqu itioii ' 
The equation may be written 

x]~r» + 2 7^3-t2 

X 5 X - 3 

- 2 


3 a - 1 


7 a?- 




X 9 J 2 X - 7 I' 2 . 
X q • X “ 7 ’ 
2 


9 '"x-?' 


Dividing both sides by 2 ^ 

1 1 1 
x-5 x-3 x-9 x-7 
Simplifying each side separately, 

(x-3) (x-5)_(a^) (x_-9) 
(X r,)(x-3) (a 7)(x-9y 
2 2 
(x-6)(x-3)~(x-7)(*-9)' 
Dividing both sides by 2, and multiplying up, 

(x-7)(ar-9) = (x-5)(x-3), 
2 ^ - I6x + 63=ja^ - 8x + 16 
-8x=-48, 
x«=6 


2 

2x+r 


6 

7' 
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^ Examples. XXII. 

(Ill the case of a fractional solution, express the result in decimals correct 
to two decimal places ) 


Sol\e the equations : 

- x-^_r I 

^ 'r -4 j+H 

4 . -^, + -^= 1 . 

X- A x-o 


O X + 3 _ 2a? 

2j! - 3 ~ 4x - 9* 

R x+1 _1 

3x-4*“5'*^15x~20‘ 


3. 3-“ 


6 . 


X + 5 2x + 7 

6 x-5 ^I 3x-4 

8x-12 12 6x-9' 


13. 

15. 


19. 

21 . 

23. 

25. 

27. 

29. 

31. 

'ES. 

35 . 


3 4 2r> 

X 3 x-4“x®-7x+l^ 

8. 

5x-7_l 4x .3 
lOx-5 10 4x-2' 

J'-r +24^ 88 

X 1 20^ X ^j'(x + 20) 

10. 

x-i 3/ 1 1\ 23 

x-1 5\x-l 3A 10(x-l) 

9(12 -T) 5 17-x 

4(c i 1) * 4 ' X- 8' 

12. 

6x-7 _ 9a^l2 _ 12x-25 _ 8x - 18 
2x-3 3x-5 “ 3x-7 2x-5' 

X 4 x-2_x-10 x-8 

1 5 JL ;> X - 1 1 X 9* 

14. 

.30 + 6x 60»8x .. 48 

x+1 X4 3 ■ "^x + l 

0. 12 2r-9_ ‘2r-l3 

r hl5 x-6 ■ 

16. 

.3x - 14 3x-8 3X-.S2 3x~2ri 
x-5 x-3 a 11 x9‘ 



X 2x 27 

7xll 35/.1 28 

18. 

6 5 “14 

r - 1 9 V-< f 2/ ^ 9‘ 

5 

* ' - . ' -t. o 

r 3 r (i “* 

20. 


3rt2 2 j 4 - 

r-l ^ a- + 2^® 

22. 

Sr 5 

‘Ar-3 :ir-2~*' 

1 2 1 
all xf2^x+4 ^ 

24. 

S'- 2r 

x-1 2x-l “• 

1 !• 2 

26. 

• I I 1 

1 1"^.! fxiL’’ 

I.? 10* 15 -6*' 15*+ 120' 

4(2i n 2(7x-l) 1 

3(j- 2) 6x-13 '3' 

28. 

3x 2 *4 17 1 

2x-3 *fI0“2’ 

6i-H 2x-5_4 

Sc -5 3x-4 3’ 

30. 

J_. _L.3/ > __i_\ 

*-l .c-3 '\x-2 *-3/ 

10rfl7 6x-4 

32 

*-5 *-7 

18 11.T-S 9 

%Jmi9 

a*-6x + r) x^-8xil5 

, x* + x^ 1 „ 

34. 

x-1- X _x-8 x-7 


x-2 x-l“x-9 x^’ 

l+x 2 + 3jr ’ 1+3 j- 
l-<“2-3x“ ^ W3i 

36. 

1 1 1/1 1 \ 

fc~4r x-3 4\x-5 x-1/ 



xxri.] 


37. 3, 

j:- 5 a:-9 a*-l 


I^ARDEB SIMPLE EQUATIONS 
1 1 1 


q 3-r-4J 7x + 4 

‘2 j:- 3J 8^-7^ 


38. 

40. 


_1 1_ __ 1 

a; “3 fl:-4“.T-6 


_1_ 

x-7' 


.. 5j;- 34 3r-26 _ 5a;- 24 .3 j?- 32 
x-7 ^ j:-9 “* x-5 
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+ * = 0 . 

*-3 X -f) X -7 a:-9 


42. 

a+l a - 2 ar-J • 


CHAPTER XXIIT. 

MISCELLANEOUS FACTORS FOR REVISION. 

xxm. a. 

[Oroupod in batchrs of 10.] • 

Resolve into their aimplosl factors : 

1. ax^-bx. 2. ir’+lla-+10. 3. 3*»-3. 4. 2y*-ar + 6. 

6. ax-hx + a^-b^ 6. 1 - ‘Ar Sa®. 7. 4o>-4W. 

& 18i’> 124*^6. 9. 8y*tl4r-15 10. I 2a:* x-2. 

11. 20a-y-15y’. 12. or* ofc*. 13. a^-6Sir4r.l 14. 4(rtS-l). 

15. x’ + «M* + o*a' + rt*. 16. T2-x-j^. 17. (a + h)*-a-f.. 

18. 16x*-5ai:-21. 19. a*-6*-c» + 2hc. 20. a/u* 4ax -«l,x -t 12. 

21. 3-6x + 3a^‘. 22. 27a*-12x4l. 

24. 3or + 2hy-26*-3oy. 25. 3a*-81. 

27. 3r.x* + 12x - 32. 28. x*y’' 4 1 - a' - j 

30. o’x* + 6y-o»y=-6>x*. 

31. O.Tn6 - 21hf - 245f)*. 32. 54a* 4 1 5xy - y*. 

34 . 3 a^-J. 35 . ^x^-Ox «. 

37. j:V - 1 - y*. 38. (« - a ^ b, 

40. (a H - 5^^ + 0. 

41. 2i^x^ ~ 2frx p. 42. ^ 15U. 43. a'(jc4 b) + 8(a; + 6). 

44. 33.r* + 203^ - 32//®. 46. x^ 4 2ax - 7^^.r - 1 4«6. 46. (a ^ hf -(a- 6)* 

47. 15x®-2a/> -5a-r f6fta:. 48. 2a:* -128. 49. 4a:® - 7a: - 3. 

50. f ayf + {hy axf - c® (x® + y®). ^ 

51. x®-16(x 4). 52. (a+i)®-(6+J)*. 53. x*! 4 14a: -447. 

51 3(a-6)®-3a4 36. .55. I2a®- 14a6+8ax-5J16x. 66. 5^+34- 2x®- 2ft:. 
57. 27x»+210i-125. 58. .**-3oy4-3xy-a». ‘•'SO. a«-10(6-.jV 

80. a(a-l)x*+x-a(a + l). ^ 


23. 20a® 45. 

26. 6-f3x-2a®-a^ 
r®. 29. 6 ^»x-2a®^a^ 


33. 6x - «y «x 4 6y. 
36. 34.3a^ 7y® 

39. Jr® 64y«. 
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RlsoIvc into tlu ir simplest factors 

61 a^\2a\-h f26t2a6 62 35x» 74a:y-34y» 63. 3(ar® - y ) - 4* + 4y 

64 f fc' 66. a^‘+alV^'/• 66. 18(*®-i0) 

67 S2t‘+ 152^;* h 120x 68. (icf y)‘*(j;--y)-(x-y)*(a? hy) 

69 (a8 frJ 70. (2a -fc)-*- (a -2ft)* 

71 W-a 5ft® + 6 72. 39j;Hl4a?-8 73. Ii>{jc*-Tw) 

74 aa f fty ai/-cx hx bey 76. - 2)*' - u:® 

76 (tiy)- 13(a; + y)a + 42a^ 77. (3a-ft)* (a-3ft)* 

78 a r-b(U -al)x-h^y-bc+ahy 79. 8(2a:-f y)* + (a, -2y)* 

80. 10x* + 4a;®y®+y* 


REVISION PAPERS 

zxm. b. 


1 ResolVo the following into then simplest factors 
(i) cut®- a* (u) a;® 2xy 99y® 

(in) 75c® -76a; I- 1 (iv) a:® + a'y-5'c-6y 

2. Eind the ii r f of 2 c® - 5a; 3 and 3a'® - 81 

3 4 1 

3. Simplify * — . and find a value of x which will make 

a;la;-2a*-3 

th€ expression equal to zero 

4. Multiply T ac 4 ftx - aft by r® 1 oa: fta - ah 

5. Using h ilf an iru h ns a; unit, and one ttntli of an im h *ib y unit, plot 
the points given by tin tiblc bdow, and join them by an even curve 


a j 

4 

l| 2 1 

0 

1 

o 

3 

4 

5 

y 2'. 

lb 1 

9 1 4 1 I 1 

0 1 

1 

4 

9 

l() 

1 


, Read olT fiom the figuie, the values of x when y 7 and 13, and the 
^&luc3 of y whe u c 18 and - 2 4 * 


6. Solve the equation — T 

^ f 1 a?-l 1 

7 A bitydes at the rate of 12 m an houi, stopping for 6 minutes at 
the end of each btmr 6 stalls 2 hours 24 minutes later on his motor cai, 
and pursuing him catches him up 42 miles from the start without any 
stops At w hat 'z^ate^id B travel® Solve the problem graphically and 
algebiaically ^ 


^ xxm. c 

1, Bisiotve the followiog into factors » 

(i) 2**-8 ^ (II) 2a!*-5x + 2 

(hi) o^t-2oft + 6®-c® 4 (iv) a^-y*-3x + 3y 
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2. Simplify 

3. Find the l.c. m. of - 3a%^ 4a6» - 2tt»6*. 

4. Simpli fy [( j - 1 )« + 2 (a: - 1 ) (2® - 1 ) 4 (2a? - 1 )2] -r (Sx - 2). 

5. Plot the points (10, 10), (15. 18). (30, 22). (39, 10). If the quadri- 
lateral joining them represents a field, each square unit representing one- 
tenth of an acre, find the area of the field. 

6. Solve the equations --=11. Check your result. . 

* 3® 4y 72* jr 3y 18 

7. A train docs a journey without stoppages in 8 hours; if it had 
travelled 5 m. an hour faster, it would have done the journey in 6 hours 
40 minutes. Find its slower speed. 

xxm. d. 

1. Resolve into factors : 

(i) + X (ii) a*-h*-26®-a:». 

(lii) c* 4- aft - ac ~ he. (iv) 3 - 3ft®. • 

2. Find the h.<\ f. of - aa; - ft® f aft, a^ 4 c® - a® - ac, and ft®* ~ a®ft. 

3. Simplify 

^ ^ ®-y ®*-y® 

4. Draw the graph of ®4“2y=8, and from it write down all the positive 
integral solutions of the equation, not counting zero values. 

6, Divide a® - ft® by a® - aft 4- ft®. 

6, Solve the equation 

®-2 ®-l ®4-l 

7. In an innings of a cricket eleven the team were accounted for in the 
following manner. Some were stumped, half as many again were caught, 
and half the wnckets that fell were bowled. How many were stumped, 
caught, and bowled respectively ? 


XXIII. e. 

1. Resolve into factors : 

(i) ®® - 28® - 128. (ii) a® - 2y - 2® 4- ay. 

(iii) a:® - 5.r® 4- f® - 3. (i v) 4 4- lOSo®. 


2. Simplify 


-r® (ft4-c)®-«*. ( 04 - 640 )® 

” "o ^ T~ “iCo •»•_* 


3. Find the L.r.M. of ®®-.5®4-d, ®®-®-2, jo®- 2®- 3. 

4. A bicycles a journey of 36 miles in 5J hours, and B, starting 1) hours 
after him, arrives at the end of the journey 36 minutes before him. If they.*, 
ride at uniform speeds, find graphically where B piMse^ A. Calculate your 
result to the nearest tenth of a mile, 

5 . Divide 6a:^- 5®® 4- 6®® 4- 17® 4- 6 by 6®*4-7ar+2. 

7. What value of x will make ^ . *; 

(® 4- ^)® - (» “ f )• equal to 2® 4*?^ • 
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xxra. f. 

1, Resolve into factors : 

(i) I 9.r - 5. (ii) (2a + 6)* - (a +26)*. 

(iii) a(6 f-r-rf) + d(a -6-c). (iv) a:*-a:%-a?y*+y* 2 . 

2, Fiinl the J[.r. f. of r® - (a - 6)*, (a + c)* - 6®, {r - 6)* - o*. 

3/ Simplify Check yoni- result by put- 

tmg a* -n. 


4. Draw the graph of 2:*; 4 .3y — 21, and from it write down all positive 
integral solutions, counting zero values as positive. 


5. ‘Solve the equations — 


^ 1. Chock your results. 

X y ^ 

6. By doing a journey at the rate of 124 »dles an hour a hicyclist 
completes it in «3 minutes less time than if he had travelled at 12 miles an 
hour. Find the length of the journey. 

7, Solve the equation ^ ^ ^ ^ Test your answer. 

^ xf-4 jm6 j: 4 9 a + 11 ^ 


XXIII. g. 

Resolve into factors ; 

(i) 12 j"®4 7j* 12. (ii) 4a* l 6“ c® - fZ® + 4o6 + 2cd. 

(iii) a-® -2 - a* } 2 j"-. (iv) y-y® - u*® - y® -* 1. 

X* f .r® t 1 .T® - 2 , j*** I 1 

.^-4“\r‘'-l^y-' + 2’ 

Find the l.c.m. of ,3(j’* (Hj*®//® 4 y*), 0(y*-a:*y4 J^®~y®). 

3’he majority against a certain motion is eoual to 6§ per cent, of the 
total iminher voting. If 12 of those who voted against the motion had 
voted for it, the motion would have been carricid by a single vote, 
the niiiubers voting on eacli sulr. 

5. Divide .r® - 6(4ri \-h)3' f (a t 26) («® 4 36®) by a:4 a 4 26. 

2uM 3 ^f9^3;c + 7_3a:+ir> 

.r f 1 ar4 4 .r i 2 ar4 iS ’ 

ansu or. 


1 . 


2, Simplify 

‘3, 

4. 


6. ‘Solxe the equation 


Find 


Test your 


7. A man travels at the rate of a- feet per mmulc. 
How long doo.s he take to do a mile ? 

How many yards does he travel in an hour ? 

How many miles t^pes he travel in y hours ? 


• xxra. h. 

1. SiihpUfy 

2. Solve <ho ^^uatjon , Test your solution. 
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3. Plot the points (0, 0), (1, 1), (4, 2), (9, 3), (16, 4), (25, 5), (I, - 1), 
(4, -2), (9, - 3), (16, -4), (25, -6), using ono-teiith of an inch as jc unit, 
ami half an inch as j/ unit. Join the points by an oven cut ve. Kstiinate 
the corresponding y values on the curve when j; = ll, and ulicn x 23. 

4 . 

5. A fraction is such that its denominator exceeds its nuinerutor Ity 2 ; 
also if the numerator is diminished by unity and the denominator increnaed 
by unity, the fraction beco.ncs equal to J. Find the fraction. 


6, Solve the equations 


2 ’ 


- i i 5?. ::r0. 

y 

7. What is the intoreat on 
(i) £3(K) for 1 year at x per cent, per annum? 
(li) 4 years 

(iii) £a for 1 year 

(iv) y years .... 


Test your solution. 


simjde interest ? 

. ..? 


ZXIII. k. 

1. Divide .r’ t 1 f \ by a* 1 { 

A 1 " 

2. Soh’e the equation - , -- Test your solution 

^ Tu-l 25.r«-l ^ 

3. From the ejiu.ition | ^ ^ . find the \alue of 

if 5 2 .r {x-2){y 5) y 

5 > 

y 

5. At what lime (to the no.iTest minute) do the hands of a dork j>oint 
in the same direction l)etwcen 4 and 5 o'olf)ck ? 

6. Solve the equations xy-\ 4x 7, 

jry^- 3r — 1 1. U est your solution. 

7. In the equation y — 2x x% find the corresponding values of y to all 
integral value.s of x from -3 to 5. Tabulate yon r work. Using half an 
inch fis X unit, and one tenth of an inch a-^ y unit, ])lot the points, and join 
them by an even curve. 


XXIII. 1. 

1. 1>; vide (r’ - y®)’ - (jr* - 3xy ^ 2y»)* by (i: - y)**. 

2. Solve the equation Li 1^11.^ T^iit your soluAion. 

^ . .T 1 4 3x- 2 


-f — c^ 4- 2ab , a + h 4 c 
+ 6® - c^-r * a - 64 c 
4. Find two numbers whose difference 


3. Simplify 


divided by the smaller gives a quotient a romainQ^r 3. 


is 21j such that the larger 
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5. Find values of a and b which will satisfy both the equations 

Q> b ^ 2cir 3h 111 

6. Solve the equations .32;+4y+ 14=0, 

5x-2y+ 6=0. 

Deduce the solution of the equations 
3 4 

2+2 + 14 = 0 , 

X y 

a 2 

-_..+ 6 = 0 . 

X y 

7. If 2a; - 3y - 1 =0, and xy - 3a; +2=0, prove that - 8y + 1 =0. 

zxni. m. 

1. Divide (a® + 2itb - 3ft“)* - (a* - 4a6 + 36®)® by (a - 6)®. 

19 

. Tost your solution. 


o 1 

2. Solve the e<iuation -- - - - 


2a; + 3 2-x”2(2a; + 3)(x~2) 


3. From the equation - 


. 3 


y-4 a;-2 (x-2)(y~4) 

A < 5 i*innHfv + a:< + a:® + l . (a;*+a;®)* 

4. Simplify 


=0, 6nd the value of -* 

y 


5. At what time (to the nearest minute) do the hands of a clock point 
in opposite directions between 4 and 5 o’clock ? 

12 15 

6, Try to solve the equation — v=o„ '^ + 7 


What con- 


a; + 4~2ar-7 (7-2a;)(4 + a;) 

elusion do you draw ? 

7. A horse is bought for £85, and sold at a gain of x per cent. What 
is the selling price ? 

By selling a horse for £9*2, a prodt of x per cent, is made : what was the 
original price of the horse ? 


CHAPTER XXIV. 

, SQUARE ROOT. 

124 . Every quantity has two square roots, equal in value but 
opposite in sigti.'. ' 

lit.g, the square root of 4 id + 2 or - 3, 

, for i(4 2)2 = 4, and ( - 2')2 =» 4. 

..j-/ .\ n /4 = 2 or -2, 

or, as it is ^re shortl;^, \/4 = ± 2. 
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At present we will only deal with the positive root. 

A square is always positive, for by the rule of signs 
o X (I = a®, 

(-a)x(-a)«a2; 

i,e. whether a quantity is positive or negative, its square is positive. 

Hence we see that a negative quantity has no square root. 
The square root of a negative quantity however has an inter- 
pretation, but this hardly comes into the province of Elementary 
Algebra. 

The square roots of simple algebraical expressions can 1)C seen 
by inspection. 

^/^^=4a2. 

y X- x' 

Examples. XZIV. a. 

Write down, or read oS, the positive sqtiaic roots of the following : 


1. 


2. o“. 

a y“. 

4. 


5. 

a%\ 

6. A'- 

7. 4o=6» 

8. 

16a*6a. 

9. 

49x<yV». 

10- 

11 

11. Y- 

12. 

81a‘6« 
(* ‘ 

13. 

•01. 

14. *25. 

16. -64. 

16. 

1 

•0001* 

17. 

1 

•16' 

18 

-ao’ 

19. OltV. 

20. 

•16o» 

21. 

l-21aW 

22. 

oq 

^ •Hiftf 

24. 

•0<K54.i-* 

0(H)ly'« 


25. 9 ( 0 - 6 )=. 26. + 27. •01(10ic + Kty)». 


126. The square of a simple expresMon is also a simple ex- 
pression. 

£<7. (4a262)‘-*-16(m 

We know also that the square of a })inoilRiah expression is a 
trinomial expression 

E.g. <x + 2)2 = x2-i-4a:+-^ 

(2«+3)2 = 4ii;2+12a;+9. 

Thus we see that a binomial expression hi^t no sqqgf e root. 
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126. The 8(iuare root of a trinomial expression which is a 
square can usually be determined by inspection. 

(a ± by = ± 2ah -f 6®. 

llencc all trinomials which are perfect squares must be of the 
form + 2ah + 

Thus 4.< + 1 2jri/ + 9/ =: (2xy + 2 {2x) (3y) + (3y)^. 

\/ + 1 2xf+ = 2a; + 3?/. 

- 1 2xy + 9y“ = 2ar - 3y. 

The form of the square of a binomial {d^ ± 2ab + //-) is of gi'eat 
importjince. 

Consider the expression 

+ pax + (f-. 

By compiring this with the above wc see that if it has a square 
root, that root must bo a* + a. 

But * ' (x + ay — x^ + 2(ix + a^', 

if x^ + pax + is a perfect square, 

p must bo cciual to 2. 


Examples. XXIV. b. 

Dctenuiiic the Bquiiro roots of the following expressions : 


1. O’- I 2x1/ t »/“. 

4, iah 

7. ‘2rw/=-30aft 

10. Ou-* 

13. J69ri2-t 5*2aft 1-463 

16. a*-2a-b\\b*. 


22. " -oA + fc*. 

• 4 

25. r*+ * +2. 

X* 


2. X* “ 2xt/ 1- 

5. a;3 6^' 1 9. 

8. 49j; 3 - 14j:y-l y*. 

11. 12la3-44a6M6*. 

14. 81a3-l8a6-| 6* 
17. 4a'* H 4a36‘* \ b*. 


20. a* t 4a363 + 46^ 


23. 

26. 


a;3 


- 2 + 


JC^’ 


- 25 

a® -5a + 

4 


3. a- -f 4a6 + 46®. 

6. 1 4x 

9. 4a®-28rt6-|-49/>® 

12 . 1~2 jc^ + x^. 

15. 25j;® - 70.*-y + 49y*. 
18. -1-1. 

21. .t“-x + I. 

24. J? .Vy + ^*. 

27. (jr+y;® + 2(x + y) + l. 


28. (a f 6)®-2(a®-6®)-i-<o-6)®. 
30. 9(a-f-6)M6(a + 6) + l. 

S2. (a + 6)*t2a(a + **)4a®.‘ 



16(a?-y)®-8(ap^"y) + l. 

(a + 6)® - 2oJa + a®j /, 


29. (a;“y)®--4(a;-y) I 4. 

31. (a -1- 6)® + 2(o 1- 6) (c -1- d) f- (c + df. 


■» ih'YAh')*'- 

36. (»+26;P«+(B+2ft)+j. 
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38. 16(*+y)'-24(ie*-y»)+»(*-y)*. 39. ^-2+^- 

^ 4a^ ar* a?® . « . 

"• 4^+2+ 5,- 

.o (o + *>)* _ ja+b) (g+y) , (*_+!!)* 

What must be added to the following expressions to make them complete 
squares ? 

43. + 44. a:*-4a?. 46. 9 + a:* 

46. 4x2+*>5y* 47. (a-l fe)®+2(a+6). 

48. Detenniiic the value of /) if - 4pa;-f 16 is a poifect square. 

49. For Hhcit \alue of a will - 2a; + a bo a perfect s(|uaie? 

50. What value of p will make x* -f Gpxy + a j>crfect st^uare ? 

127 . To Jiwl the stjiuire root of any mapound expression. 

The method depends upon the fact that the s<iuarc of a + /ms 
+ 2ah + //-, which may bo written in the foni^ *. ; 

rt- + /»(2a + 6) (i) 

Let us take an easy example. 

The first term in the square root of 36/- - 84/y + is 
evidently 6a-. 36x« - 84xy + 49/(6x 

-S4xy+49y2 

Subtracting its sejuare, i.e 36x^, from the given expression, the 
remainder is - 84^*^ + 49^'^, which may be written 
- 7y(2 X Gx- 7y). 

Comparing this with (i), wo see that in this case a and 
therefore b is - 7y. 

Hence we have the following rule. 

Having obtained the 4br8t term, (6z), double it, (12z), and , 
divide the flret term ( - 84zy) of the remainder by it. The 
quotient ( - 7y) is the second term of the square root. 

The full work is best arranged as below : 

36x2 _ 34^^ ^ 49y2 ( 

36x2 

-84xy + 49y2 
(12x- 7y) X ( - 7y)= - 84xv + 49y2 

Ezplanation. Having obtained ^Jie^first pf the square •; 
root^ 6x; we doubib it, 12x, and irw.^842^, the first;' 
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term of the roinainder when (G*)* is subtracted. The quotient 
( - 7y) is the second term of the answer. 

Add - 7 // to 1 and multiply the result by - 7y, placing the 
result - %\xy + 49y2 under the remainder. 

If the student carefully compares the following with the expres- 
Bion‘a2 + 6(2a + i), he will see the reasons for the different steps. 

G? + + {a 

a2 

2a6 + ft2 

(2(14 h) X 6= 2fl& + 52 

128 . Find tJie square root of 

25a^ - 4- 4- 1 6^. 

* 25i;^ - ZOpa? 4- 49^2j.2 « + 1 ( bx^ - ^px 

• 25/1 

~ 30jt)a^4-49p2j;2 

(10a;2 - ^px) X ( - i^px) = - 30/v’ 4- 

- 2^p^x 4- 1 

Thus far the work is exactly similar to that in the previous 
examples, the reasons being the same. 

Thinking once more of the expression a2 4- 6(2a4- J), we see 
that if the given expression has a square root^ the remainder 
24/^2^ 4- IGy^^ must be of the form 6(2tt4-6), remembering 
that now a is tix^ - 3px, 

Wo therefore repeat the jirocc'^^ of the fir^t step. 

l)oubl(v 5.72 - 3jy.r, obtaining lOx^-^px. 

\0p-x^ y IOj*-- 4/)2 gives us the next term of the answer. 

Add this to obtaining \Qx- - 3px + ^p^ \ multiply 

this by 47 ) 2 , and place the result under the remainder. 

The example is worked out in full below: 

- 30})3? 4- ^dp^x^ - 2ij^x 4- IG/zV 5a;2 - 3px 

. V 4-4/ 

- 30/)a^ 4- 49/)2j;2 

(10a:2 - 3px) x ( - 3px) ^ ^ 30 pa:^4- 

40p2j2 ^ 24jt)2x 

(IQa?- 6|W4-4jp2).v 4p2 = - 24/?^x 4- 1 6/)* 

6X*,- 379X4'%|{Jb.the reqd. sq. root. 
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129. The square root of a compound expression can often be 
seen by re-arrangement and inspection. 
a5*-2a;8_a.2^2a;+l 

= - 2a;2 + (a;’* + 1) 

= 2a;2(a;+ l)-f (a;+ 1)® [a® - 2 aJ 

Va^~2a;**-ii;24*2a;+l=fl;2-a;-l. 

-t- - 2hc ~ 2ac + 2ab 

= -f 2a(6 - c) -f -h - 26c 
(arranging in descending powers of a) 

= a2+2a(6-c)-f (6-c)2 
= {a + b-c)^; 

+ ^ + -2bc-2ac~^2ab = a + b -%c. 

Find the square root of 

^ 1 19 

25 5" 3a:*‘*’]5‘ 

Arrange the expression in descending powers of x. 

^_4x* 19_2 1 

25 5 ■*‘15 3!t2‘''9x«\6 “^‘^3!®^ 

^5 

^ 19 
~ 5 ■‘"IS 

*1- 2 _L 

16 3x2 ''■9a!* 

/ 4 ^_„ 1 _\ J[ ±__ 2 _ ^ 

V5 ■^■^3x‘v’^3x2 15 3a:2 + 

Examples. XXIV. < 

A 

Find the square roots of Uie following expressions : 

1. a::* + 2x* + 3a:® + 2a?+ 1. . 2. 4a;* + 4j:* + 5je®+2a:+ 1. 

3. a!*-2j^+5ji^-4x + 4, A a^-4«?6 + 6a®ji*-4a6*^61 

6. 9x*-12a;®-t-34x«-20a:+25. 6. 4a:?-fcii5y®+ 162»-20ay -40y2+ l«a% 

7. 16*® + 6a:» -I- 1 Tar* -f a;“ + 24a:®. 8. * 'i2l0x - .26o»^ ♦ySa:* + 9a* - 20ax». 

n.n.A. . .r. 
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Find the square roots of the following expressions : 

9 a^-6j;‘^l-ll ^>4-^ 10. a*+ft*+c*-2a6+26c-2ca. 

.r- jc^ 

11. - 6ar^ F 49 f 4'2x - Uj:;® + Oa:®. 12. 9ar* - I2a^ + 34a:V “ 20a;y® + 25y^. 

13. + 46® + 9r® - 4a6 - 126r + 6ca. 

14. 9a^ + 496<-f 12lc*-42aa6®+1546®c®-66a®c®. 

15. 4a®6® + 9b^c^ f c®a® - iaVic - 1 2ah^c + 6a6c®. 

16. 4a;® f 9y® f 25z® - 1 2a;y + 20a» - ^Oyz 

17. 49j^+109j^‘ir'f36i»«-70**y-60xy'. 18. jfi-4a^+2+^+^. 


19, 4x<+9y‘+49a‘-12j:V-'*2y*z*+28,i;V. 


a. --o»+2aH. 

4 

«« 4a» 74a» , 4o . 

25 ' 45 

. . x* 2a^ a-® 1 

•25. .« 3 -jj-lg- 

<V7 ^ 4ti;® na;® , . « ^ 

9 ' 4" 3- + -3- +4** -20*. 

4*“ 9y»_* 3.y _95 
4 j? y^4j; l6‘ 


28*V. 20, *»^^»+3-2 

y» *’ 

o\2a’ 4o«^ 
o- a* a® 11a® . 

^ 9-3M2 

26. |‘ -ar' + ^'^’'-2*lg. 
28. 9*‘4^+24*!'-^-32. 

30. + 


(H- 


SQUARE ROOT OF NUMERICAL QUANTITIES. 

130. First study carefully the following example worked 
according to the algebraic method. 

Example. Find the eqa^re root of 99225. 

99225 = 9. 10< t9. 10^4 2. 10>4-2. 104 6(3. 10*4-1 . 104-5=315 
9. 10* 

9. 10*4-2. 10* '• 

(6 . 10* -H 1 . 10) X (1 . 10)= 6. 10*4-1. 10* 

3. 10*4-1. 10*4-2. 104-5 
(6. 10*4-2. 10 4 *,”)x(\°-) = 3. 10*4-1. 10*4-2. 10 I 5 

Below we give the same example in arithmetical form, omitting 

superfluous powers of 10. 

' 9,92^25 . ( 315 

9 

92 

M60+1)x1=61 61 

3125 

(6gp + ^Ix 5=625 x5=.312.-> 
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131. The following are very useful and should be learnt by 
heart: 

13*=169, 17* = 289, 

14*= 196, 18* = 4x81 = 324, 
ir)* = 9x2.'5 = 225, 19* = 361, 

16* = 4x64 = 256, 21* = 9 x 49 = 441. 

132. The square roots of numerical quantities can often be 
.best fomid by using factors. 

1764 = 4x441=4x9x49; 71764 = 2x3x7 = 42. 

53.361=9x5929 = 9x7x847 = 9x7x7xl21-3*x7*xll*; 
.-. s/5336l = 3x7x 11 = 231. 


Examples. XXIV. d. 


Find the square root of 
1. 1J64. 2. 18,225. 

5 . 34,969. 6 . 390,625. 

9 . 15,876. 10 . 4,020,025. 

13 . 5,499,025. 14 . 408.120,804. 


3 . 16,900. 

7. 213,444. 
11. 9.006001, 
15. 1,825,201. 


4. 2,704. 

8. 7,056. 

12. 3,892,729. 
16. 12,173,121. 
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IHE DETERMINATION OF THE SQUARE ROOTS OF 
NUMBERS BY GRAPHICAL METHODS 

133. The student must first familiarize himself with the graph 
of the equation y = 

Tiace the g^aph of 


x-0 

dbl 

±2 

±3 

i4 

±5 



1 

4 

9 

10 

25 




Joining these points, >\c have the giaph leqd , which we see is 
a cuive 

For eveiy value of y theie are two equal and opposite values 
of X 

. the cune is symmetric al about the axis of y 

Mbi eovcr, as x increase? indefinitely, y also irici eases indefinitely 
the parts of the Curve on either side of OY meet only at 
the ongin 

Such a curve is called a uarahola 
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\ 

N.B . — In the above we have taken twice the length of the 
side of a square to denote unity. 

We observe that when x is greater than unity, the y value 
increases much more rapidly than the x value. This is well soon 
from the table of corresponding values of x and y below. 


x = 

5 

6 

7 

8 

9 

10 

11 


y= 

25 

36 

1 

64 

81 

100 

121 



134. A bettor curve for working purposes will be obtained 
if we take 10 times the side of a square to denote unity for the 
abscissae, and one side of a square to denote unity for the ordinates. 
Employing these units, wo obtain the curve shown below. * 



Thus at P, the abscissa ON = 30 times the side of a scp = 3 units 
and the ordinate PN = 9 times the side of a sq. = 9 units. 

The eff('Ct of using different units fur the x and y values in this 
way, is the same as uniformly stretching the paper in a direction 
parallel to the axis of x. If we took the larger unit for the y 
values, it would be the equivalent of stretching the paper par^-llel 
to the axis of y. 

It will sometimes be found convenient to take the x unit still 
larger. 

In connection with square roots, the important thing to observe 
is that since or z = \/y) for every poi&t on the curve, the 

abscissa of any point on it is the square root of the cor- « 
responding ordinate. * 

In the curve shown above take the pdikit Q 'When the ordinate 
is 3 and draw the ordinate QM. 
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Now at every pt. on the curve y = x^; 

at Q 3r=OM2, for there y=3 and a;=:OM; 

/. OM=n/3. 

But from the figure we see that OM lies between 1*7 and 1*8, 
arid somewhat nearer 1*7 than 1*8; 

^/3= 1*7 correct to one decimal place. 

Again take the pt. R where RK, the ordinate, ^14. 

U = OK2; 

.•. n/T4 = OK = 3-7 coiToct to one decimal place. 


136 . Con^tiUit a graph flow which thr sqiunc toots {correct to two 
decimal places) of numbeis between 16 and liS may be read off. 



We must draw the gr’ajih of y — and use a largo unit for 
X values, for x has to be determined accurately to two decimal 
places. , 

We sliall only need to draw that part of the curve where x lies 
between 4 and 5. 

Take 50 sides of squares to reprchciit unity in the x values, and 
2 sides of squares to represent unity in the y \alucs 
In the curve y = when a* — 4, y=16, 

‘ and when x ^ 5, y = 25. 

Let P be the pt. (4, 16) and Q the pt: (5, 25) so that PN in the 
figure representing unity is equal to 50 sides of squares, and QN 
representing 9 is equal to 18 sides of squares. 
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(N ,£, — QN is the difference of the ordinates of P and Q, and 
therefore = 25 - 16 = 9 units ) 

When y = a;2= (4*2)2= 17-64, 

17*64 - 16 = 1 *64 units = 3*28 sides of sqs. 

Hence estimating the value of *28, R in the fig. is the*pt. 
(4*2, (4-2)2). 

-(RK in the fig. = the diff. of the ordinates of R and P 

= 17*64 - Iff = 1*64 units = 3*28 sides of sqs.) 

Again, whena; = 4*6, y = a 52 = (4*6)2=21*16 ; 

estimating the value of *16, 8 in the fig, is the pt. (4*6, (4*6)2), 

(Hero again, SL=^thc diff. of the ordinates of S and P 

= 21*16 - 16= 5*16 units = 10*32 sides of sqs.) 

The curve through the pts. P, R, S, Q is evidently so nearly a 
str. line that wo need find no more pts. on the curve. 

Join the pts. P, R, 8, Q hy the continuous curve as shown in 
the figure. 

To find x/TS from this graph wo must take the pt. whose 
ordinate is 18, i.e. the pt. A. (iV.7i.— AD = 18 - 16 = 2 units = 4 
sides of a sq. ) 

From the fig. avc sec that the abscissa of this pt. is 4 + PD, 

which is equal to 4*24 ; 

x/l8 = 4*24. 

To find y/Wi, we must take the pt. w*hose ordinate is 21, i.e. the 
pt. B. (N.B . — BE = 21 - 1 6 = 5 units ^10 sides of a sq.) 

From the graph the absffissa of this point = 4 + PE = 4*58 ; 

x/^ = 4*58. . 

To find y/^, we must take the pt. whose ordinate is 23, i.e, the 
pt. C ; 

s/23 = 4 + PF = 4*80. 

The roots of other numbers between 16 aUd 25 can be read pff 
in the same way. 

V • « 

136. The following geometrical methods^ may^ fee used for 
determining the values of square roots in siraiple cases. . 
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Examide. To find the value of iJb. 



irrtxrr.fmii rmiiixrrt.q-mLr-rr.i imi.i iiiirrrTi iTniTruin 

A , B C 


Firnt Method, Take AB 5 units long, and produce it to C making BC 
emial to one unit. On AC as diameter describe the circle ADC. At B draw 
BD perp. to AC, meeting the circle at D. 

From geometry we know that 

DB«=AB.BC=5; 

DB=V6. 

From the diagram <s/5=-2*21 approx. 

(If squared paper is not used, DB must be measured.) 

Second Method, On AB, 5 in. long, as diameter describe a circle. 

In AB take a pt. D 1 in. from A and draw DC pern, to AB to meet the 
circle at C. Join AC. With centre A and radius AC describe a circle 
cutting AB at E. 

By geometry AC*~AD , AB=5 ; 

.-. AC=N/j; • 

/. AE-AC-=n/5. 

and if squared paper is used wc can read off the value of >/5 from the 
diagram. 

Pythagoras' Theoj*em, which proves that the square on the 
hypotenuse oi a right anglecT triangle is equal to the sum of the 
squares on its sides, may be sometimes used with advantage. 

Thus to find >A0, 10— 'P+-3^, draw AB 3 units long, AC 1 unit 
long afrrt#^ngles to AB. Join BC. BC = n/Io units long. 
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CUBE ROOT BY GRAPHICAL METHOD. 
♦ 137. Draw the giaph of y = jfi 



Use for the y values a unit one tenth of that for the x values 


When 



2 

•3 

y=i 

8 

27 

X- 1 

-2 

-3 

y= 1 

8 

-27 


4 

5 


64 

125 



inches 


^ A tenths of an 1 


inches 

tenths of an inch. 


Plot these points and wo have the graph reqd 
We see that the curve lies entirely in the first; and third 
quadrants, and that the parts of the curve in those^*qu{tdrants 
are similar 
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For valiKJS of .r greater than 1 or less than - 1, as the numeri- 
cal value of f increases, that of y increases much more rapidly ; 
hut for values of jc between 1 and - 1 the reverse happens. This 
shows that the axis of a; is a tangent to the curve at the origin. 

As X varies continuously from - oo ihrough 0 to + oo , y also 
vanes continuously from - oo through 0 to -f- Qo . 

• From this graph we can read off cube roots and cubes of 
numbers. 


^138. To co^n struct a graph f^om uhirh the cube root of any number 
between 64 and 125 may be written down^ correct to two decimal places. 



inch 
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Let the pt. A denote the pt. whose co-ors. arc (4, 64). 

In the horizontal line AB take 1 in. to represent *2, so that 
AN (6 in. long) represents unity. 

In the vertical line AC take an inch to represent 10. 

On the paper plot the point (5, 125) P. 

(4-5)* = 91-125. .’. plot the pt. (4-5, 91-125)Q, estimating the 

value of -125. 

Join the pts. A, Q, P by an even curve. 

This curve will he seen to be part of the graph of y = a?. 

we can read from it the values of the cul)e roots of numbers 
between 64 and 1 25. 

E.g. v^ = 4-82, y9.5 = 4-53. 

Note. — Creat accuracy can be obtained in the above if a few more 
points are plotted ; e.f/. [(4*2), (4'2)*‘*], [(4*8), (4*8)*]. * 


Examples. ZXIV. e. 

[Always state dearly ^ on the same sheet of paper aw t/ie graphs the imiti 
enjoyed,] 

Plot the graphs of the following, using an x unit twice as Inrgc as t)ie y 
unit. 

1. 3.r + 4y = 12. 2. 3a; -“4^ = 12. 3. y- 2a:. 

4. y + 3a;=0. 5. 5a;-2y = l. 6. 2r + 2y-l 2 = 0. 

Plot graphs of the following using a y unit ten times as large a.s the 
X unit. 

7. a:-ly-ll. 8. x-2y^20. 9. I0x=y. 10, 20a- + y = 0. 

Trace graphs of the equation y~a^. 

11. When the x unit is five times as large as the y unit. 

12 ^ur 

Trace graphs of the equation v?=~y, 

13. When the x unit is equal to the y unit. 

14 ten times as large as the y unit. 

15 five 

Trace graphs of the equation y=ix\ 

16. When the x unit is e(]ual to the y unit. 

17 four times the y unit. 

18. Construct a graplrto show the square roots of numbers froni 49 to 64. 
From it write down (correct to two decimal places) thef square roots of 
63-6, 57-8, 59-5, 61*6. 

Verify one of your results by the Aiithmeticalinetliod. 
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19. Construct a graph to show the square roots of numbers from 36 to 40. 
From it wiito down (correct to two decimal places) the square roots of 
38 6, 39*7, 40, 42 6, 46*8. 

[With the curve use 5 inches for the x unit, half an inch for 

the y unit ] 

From the above giaph road off approximate values of the squares of 
6'44, 6'68, 6 82 

20. *Plot the points (7. 7®). (7-1, 7*1«), (7-2. 7 2=). (7*3, 7-3»), (7*4. 7*4*). 
Join tlicm and lead o(F the square roots of 49 8, 50*7, 51*3, 53 9 correct to 
two decimal places. 

[Use 10 inches for the x unit, one inch for the y unit.] 

From the al)o\ e graph write down approximate values of the squares of 
7 05, 7 16. 7*28. 7 -36. 

21. Find from one graph, correct to ti^o decimal places, the square 
roots of 54 6, 58 8, 62*4. 

Verify one root by the Arithmetical method. 

22. Plot the points (8. 8^), (8 I, 8*1®), (8*2, 8*2^). Join them and use 
the gtaph to determine, to one decimal place, the equate roots of 6430, 6680. 

23. Using .5 inches •(or 10 centimeti es) to ilcnote *1 in the x axis, and 
inches (or 10 centimetres) to denote unity m the y axis, plot the points 

^8, 04), (8 1, 8 1®) Join tliem by a stiaight line. Assuining this sti. light 
line to be part of the graph of y'^x\ use it to determine the square 
roots (to two decimal places) of 6425, 6437, 6486. 

Veiify one of >our results by the Arithmetical method. 

In each of the following examples, use a single giajih to determine the 
square loots of the given numbers (use largo units). 

In each case verify one answer by the Aiithinctical method. 

24. 81 96, 82 6, coriect to three decimal places. 

25. 8346, 8424, . . two 

26. 191 68, lOU 96, thiee 

27. 15‘J 8, 167 6, two 

Use one of the methods of Art. 136 to find the approximate values of the 
following 

28. V3. 29. Vg. 30. n/7. 31. n/iT. 32. n/^. 

33. sf i. 8 34. V6’6. 35. ^4*5. 36. y!5'7. 37. V4~3. 

38. Uraw a graph to find the cube roo# of any number between 
1^5 and 216. . VVrito down the cube roots of 144 and 198 correct to two 
decimal places. 

39. Utaw enough of the graph of y—a;® to find the cube roots of numbers 
betw^ceu 8 and 27. 

Write down the cube roots of 15 and 21 correct to two decimal places. 

40. Find the cube root of 8'5|6 correct to two decimal places. Test 
your result. , 

[Plot the points (2, 2®) (2*1, 2*1®), using a large x unit, say 5 inches, to 
denote *1. Join the points by cl strokight Itne, and assume this straight line 
to be part of the graph of 

Find thtfihibe roofs of tl>e following, correct to two decimal places : 

41 27-9.' ^42. 28 4. " 43. 29-2 44. 30. 45. 66 ft. 

4S. 68-6t : 48. 127. 49. 128 8. 50. ISO 
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CHAPTER XXV. 


QUADRATIC EQUATIONS. 


139. When an equation contains the square of the unknown 
quantity, and no higher power, it is called a quadratic equation, 
or an equation of the second degree. 


a;2-7aj+12«0, 

6r2 = 7a;+3, 

12 = 23® -5*2 
* 2-4 = 0 


are examples of such. 


140. Solution of quadratics by factorization. 

Let us consider the equation 

It may bo written (* - 3) (* - 4) = 0. 

Wo notice that when * = 3, 

the left hand side = (3 - 3)(3 - 4) 

= 0x(-l) = 0, 

i,e. the equation is satisfied, or 3 is a root of the equation. 

Also when * = 4, 

the left hand side = (4 - 3) (4 - 4) 

=1x0=0, 

4 also is a root of the equation. 

It will be proved later on that every quadratic equation has 
two roots and only two. 

N,B , — ^Eveiy multiple of 0 is 0. 

6x0 = 0, 1000x0 = 0, 

0xtf = 0, Oxflj’^0. 


Examples. XXV. a. 

Write down the roots of the following equations : 

1. (jr;-l)(ar-2)=0 2. (*- !){*+! )«=0. 3. (*-«)(*- ?>)=0 

4, x{x~\)=0 5. (x+2)(»+3)=p 0. 6. {a:+a)(a:- 6)=0 

7. (ar + 2)j;=0 , 8. (r-2a)(a;-6)=0. 9. (*+a)(ar-26)=0. 

10. (ie-i)(*+T)=0- 11. (*+i){*+s)=ft ‘ 12. «{a;-»-§»irO. 

^ - » + b) [x - a- 6) ib. . 
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Write down the roots of the following equations : 

15. 16- (*-P^)(*-^)=0. 

17. {a:-2(a+6)}{»+3(a-6)}=0. 18. (»-o*)(*+6«)=0. 

19. {»+(a-6)*}{a:-(«+5n=0. 20. (w-3)>=0. 21. *(x-o)=a 

22. x(x+4)=0. 23. (x+a)*=0. 24. (*+2a)»=0. 

141. Solve Hie equation x^=x + 20. 

Transposing all the terms to the left-hand side (or subtracting 
a: + 20 from both sides) 

- a; - 20 = 0, 

factorizing, (.t - 5) (a; -I- 4) = 0 ; 

/. x = 5 or -4. 

Verification. When a; = 5, a:^ —a; - 20 ~ 25 - 5 - 20 
• =0 ; 

5 is a root of the equation. 

When a;=“4, a:^- a;- 20 = ( - 4)‘^ - ( - 4) - 20 

= 16 + 4-20 = 0: 

- 4 is also a root. 

Solve the equation 4a:2 - 1 6a; = 84. 

Transposing 84 to the left hand side, 

4a;‘‘*-16.'C-84 = 0. 

Dividing both sides by 4, a;^ - 4a; - 21 = 0, 
factorizing, (a; - 7) (a; + 3) = 0 ; 

a; = 7 or -3. 

Verification. When a; = 7 

■ 4a;2- 16a; - 84 = 4 x 49 - 16 x 7 - 84 

= 196-112-84 
= 0 ; 

•V, 7 is a root of the equation. 

When a;- -.3, '4a;-' - 16a; - 84 = 4 x 9 - 16( - 3) - 84 

= 36 + 48-84 

= 0 ; 

- 3 is also a root. , 

142. When an equation contains the square of the unknown 
quantity, and no first ^wwer of the unknown quantity, it is called 
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a pure quadratic. If it contains both the square and the first 
power of the unknown, it is called an adfected quadratic. 
aj2 - 4 = 0 and = 54 are examples of pure quadratics. 

- 7a; + 12 = 0 is an adfected quadratic. 

Pure quadratics are easily solved by factorization. 

Solve the quadratic = 54. 

Dividing both sides by 6, = 9. 

' Adding 9 to both sides, a;® - 9 = 0, 
i.e. (a;— 3)(a;+3) = 0, 

/. a; = 3 or -3. 

Or we might proceed thus, 

a;2 = 9 as before. 

Taking the square root of each side 

a; = db 3. 

143 . Solve the equation a;^ = 12 - a;. 

Transposing all terms to the left-hand side (or subtracting 12 - a; 
from both sides), 

the equation becomes a;^ 4- a; - 1 2 = 0. 

Factorizing, (a; 4* 4) (a: - 3) = 0, 

from which we see that - 4 and 3 arc the roots reqd. 

Vexifleation. When jr = - 4, 

the left-hand side = ( - 4)* = 16, 
the right-hand side =12-(-4) = 16; 

/. - 4 is a root. 

When a; = 3, the left-hand side = (3)^ = 9, 

the right-hJnd side= 12-3 = 9; 

3 is also a root. 

Examples. XXV. b. 

Solve the following equations, verifying the solutions in each case : 

1. x^-lx+\Q=0, 2. a;2-5aj-f6=0. 3. a;’^-^4 = 0. 

4, a:®-.Sa:=0. 5. + 4a; + .3=0. 6. a;® 4 4a? - 6-0. ' 

7. v?=^x-l. 8. ai®-2=a?. 9. 

10. **+10=11*. 11* 4»=45-**. 12. 12*-^=**. 

13. *»=20-*. 14. **=7*. 16. 2»*-l=l. 

16. *®-4*+4=0. 17. **+3*=0. 18, 21 + 10*+*»=0. 
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Solve the following equations, verifying the solutions in each case : 

19 . Ux + I5=x^. 20 . 40=3ar+*®. 21 . .»“+226 = 30ar. 

22 . 2a:2-3=15. 23 . 4a:“=8a?. 24 . 3^+21a;=0. 

25 . 103a; = 0 ;® + 102. 26 . a^*+ 16ar + 15=0. 

144 . Let us take the equation ~ 1 la; + 12 = 0. 

It may be written (2a; - 3) (a; - 4) = 0. 

We see that if 2a;- 3 = 0, i.e. if a; = f, the equation is satisfied, 
for 0x(|-4) = 0. 

Also if a; - 4 = 0, ie. if a; = 4, the equation is again satisfied ; 

.’. f and 4 are the roots of the equation. 

Solve the equation a;^ = 2 (a; + 1 2). 

Removing the brackets a;^ = 2a; + 24. 

Transposing all terms to the left-hand side, 
a;2 - 2a; - 24 = 0. 

Factorizing, (a; - 6) (a; + 4) = 0 ; 

.'. 6 and - 4 are the rcqd. roots. 

Solve the equation a;^ - 4a; + 4 = 0. 

Factorizing, (a; - 2) (a; — 2) = 0 ; 

.*. in this case the roots are equal and each of them is 2. 

146 . If fractions or brackets occur in the given equation, they 
should first be cleared away. 

Example 1. Solve the equation 3^; - 8= ^ * 

Multiplying both sides by 4, I2a:-.*12=u;®. 

IVansposing all terms to the left hand side (or subtracting from both 
sides), < 12x-32-a;®=0. 

Re-arranging and changing signs throughput [this is permissible, for if 
a -ft, -a=-h; if a=0, -a=0], 

a:®-12a; + 32=0. 
l^actori/iiig, (a; - 4) (a; - 8) = 0 ; 

^ 4 and 8 are the r<K[d. roots, or a;=4 or 8. 

Verification. When ^=4, the left-hand side = 3 x 4 - 8 =4. 

(4)® 

the right-hand 8ide=^=4 ; 

4 is a root. 

' When pc =8, fhe left-hand side =3x8-8=16. 

•.,* Iihe right-hand side=^^=^=16 ; 

^ is also a root. 
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Example S. Solve the equation ^ i =t* 

^ 3aff-l se + l 4 

Multiplying both sides by 4(3a; - l)(x+ 1)» the L.G.M. of the denominators^ 
28(a?+ 1) - 16(3*- !)={»+ 1)(3*- 1), 

28* + 28 - 48* + 1 6 = 3** + 2a? - 1 . 

Transposing and arranging, - 3a^ - 22* + 45 =0, 

3*«+22*-45=0. 

(3*-6)(*+9)=0; 

7 and - 9 are the reqd. roots. 

It is important to observe that if z - a is a factor of both sides 
of an equation, a is a root of the equation. 

This is at once seen by substitution. 

Example 3. Solve the equation 2(2* - 5) + 7*(2* - 5) =0. 

2* - 5 is a factor throughout ; 2* - 5=0 gives a root 

whence *=-|. , 

Having divided by 2* - 5, we have left 

2+7*=0 
whence *= - f ; 

.*. the reqd. roots are f and - f. 


Ezamples. XXV. c. 


Write down the roots of the following quadratic equations : 

1. (2*-3)(*-4)=0. 2. (3* + l)(2*-l)=0. 3. (3* + 4)(5* + 6)=0. 

4. *(7*+9)=0. 6. (6*-7)(6*+l)=0. 6. (7*-8)*=0. 

7. (2*-o)(2*-6)=0. 8. (5* + a)(6* + 6)=0. 

9. (2*-aT5)(3*-cTJ)=0. 10. 3(4* + 5)(2*-9)=0. 


Solve the following equations : 

11. *“=2-*. 12. 8*-*a=15. 

14. 2(5*-12)=*». 

17. *»-4*=4(.c-4). 

20. 6*2+17*=0. 


16. *(*-4)=6. 

18. 1h-2*»=3*. 

21 . *- 10 =*(*- 10 ). 


23. a* +4 &B+ 2-87 =0. 24. *+i=2. 

* 

12b: 

26. (2a-l)(3*+l)=n. 27. 2a»+i^=6. 


*-!=-. 

X 


30. (2*+l)(*+8)=27. 31. 


13. **=4(a+8). 

16. 4a!»=l. ' 

19. a(a+4)=6(a + 4). 
22. 4a(x+l) + l:;0: 

a. 

5a(2a - 3) + 7(2a - 3) =0. 
*+10 10 II 




36. »+36=70**. ' 37. 9*^=i'i8*+l& 


32. 150**=29«a+2. 33. (6*-3)(3»+l)=l. 34. 6(4*+6}+.i(4a’+6)=a 
36. 13*»-6*-7=0. 

_1 L-_i.. 

*-l *+3 36* 

B.B.A. 


38 . 
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SOLUTION OF QUADRATICS BY COMPLETING SQUARES. 


146. Take the equation a® + 2a6 = 0. 

Adding Ifl to both sides, a2 + 2a6 + 6*a«62, 

i.e, + = 

The addition of to both sides completed the square on the 
left-hand side. 

Take the equation 6a; = 0. 

Adding 9 to both sides, a;® - 6a; + 9 = 9, 

(a; -3)2 = 32 

Again the left-hand side becomes a complete square. 

More generally, to complete the square on the left of the 
equation a;2 - 2aa; = 0 we must add a2 to both sides. 

The equation becomes a? - 2aa; + a2 = 

or (a; - a)2 = a2. 

a;2-f-8.i; becomes (a;-h4)2 by adding 16, Le. 42 (1) 

a;‘'*-2ca; (a;-f)2 c2. (2) 

a;2 + 10a; (a; + 5)2 52 (3) 

Thus we observe that any expression of the form x^±2px 
becomes a complete square when we add the square of half the 
coefficient of x. 



147. Let us now employ this to solve quadratic equations. 

Example 1. Solve the quadratic + 4i; = 32. 

Adding the sq. of half the coed, of x to both sides. 


a;* + 4a;-H 



t.e. a:*-^4a7-K2)»=36, 
(a: +2)*= 36. 

Taking thi square root of both sides, 

'ar+2=±6. 


With the positive sign 2+2=6, 

( 2 = 4. 


(i) 
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With the negative sign a;+2-'= - 6, 

a?= -8; 

4 and - 8 are the reqd. roots. 

In connection with (i) we at first sight think we ought to say 

± (fl5 + 2) = ± 6, ^ 

for ± (a; + 2) is the sq. root of (as +2)® just as ±6 is the sq. root of 36. 

This however is unnecessary, as we see if we take the four difierent * 
cases separately. 

With positive signs on both sides, a? f 2=6, a‘=4'i 

negative -x-2= -6, *=4/ *‘*® samereBult. 

With the positive sign on the left and the negative sign on the right, 
a: + 2= -6, x-^ -8. 

With the negative sign on the left and the positive sign on the right, 
-j:-2=+6, • 

a;f2=-6, a;=-8, again the same result. 

Thus it is sufficient if we attach the double sign ( ± ) to one side. 

We always attach it to the numerical square root. 


148* Before completing squares the coefficient of must be 
reduced to unity. 

Solve the eq^iatmi 22 - sr =. 6a:*. 

Re arranging by transposition, 6a:* + a; = 22, 


Dividing both sides by 6 to make the coefficient of x equal 
to unity, 


^6 6 


Adding the sq. of half the cooff. of x; i.e. ^ sides, 




m2_22 
\ 12 / ■ 6 ■ 





528 -fl 
144 


529 t 
“ 144' 
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Taking the sq. root of both sides, 


*■‘‘12 * 12 ‘ 


1 23 

With the positive sign ® + X2 ^ 12* 


23-1 11 

12 “F 


1 23 

With the negative sign a; + — = - 

-23-1 


= -2; 


“ 2 are the reqd. roots 
o 


149. To solve the geneial quadiatic aa;^ + &c + c =0. 

ax^-^bx^ -c, 

^ hx r 

a;2+— = 
a a 

Adding the square of half the coeff of x to both sides, 

^ Cl \2a/ 4a2 a 

V^-iac 

Taking the sq. root of both sides, 

h ±N/A2-4acr 

*■‘'25 '25 


The above formula may be used for the solution of any 
quadratic equation. 

' There are therefore three methods of solving quadratics : 

(I) by factorization, (2) by completing squares. 


j(^) by using the formula 


- J ± Jb^ - 4cnr 
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The student should have considerable practice in all three 
methods. 

When the factors cannot be seen readily^ the second or third 
method should be employed. 


Examples. ZXV. d. 

Solve the equations : 


1. 

6jc®=2-a:. 

2. l-26a:*=ilafc 

& 

a: + l = l56ar*. 

4. &B»=4a:+l. 

6. 

3x®+10=17«. 

6. 7**+.3ai = 16. 

7. 

2ar®-* 19a; -t 9=0. 

a (*-!)»= 16. 

9. 

2(a;®+l)-6a;=0. 

M. 11k=3(2!B»+1). 

It. 

3(a?-l)(a7 + l) = 8a?. 

la (a;-l)(.e+l)=^ 

13. 

15=4(.3ar* + Oa.). 

14. (2.P-1)*=25. 

16. 

(3x- J)>=49. 

la 3»(5x-l)=4(*+9). 

17. 

2.'5*®-7a:=86. 

18. 5x-ll=x{6x-ll}. 

19. 

13a!+9=l(tea. 

20. ^|-6y-36=a 

2L 3{3x+4)+6»(ac+4)=0. 

^ 207-3 4a: - 6 

^ 2 - X ’ 

23. 

af(a?- l) + ^(a;- 1)=0. « 

„ 2*^ 2(2*-3)_ 

^ 6^3®“''- 

26. 

7(3a; - 6) + 1 U(2jr - 4) - 3a;(5a; - 

io)-o. 2a- ^ * 

^ ^ 3(07- 1) 207+1 

27. 

^ 

2a 

07-2 07-4 a; -3’ 

^ a7+r 07+3 2 o7 + 2 

29. 

a; 7 _ir-7 

b+x^ b-4x~x-^' 

3a?+4 80 - 2 o7 7{j:-14 

5 07-6 It) 

31. 

_2 iL. 

07-2 a;“3 07-4 07-6* 

qo 2 07 + 3 1^ 

S3. 

247 3a7-l 5a:-ll_^ 

a;- 1^ 37+2 ®-2 *“ 

..M. *-3 x+3 » - 

^ iT3-S=>-*«^=®- 
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When the quantity under the radical sign (J~) is not a perfect 
square, the approximate values of the roots should be found by 
finding the square root to a few decimal places. 


Thus if 




9±n/5T 

10 ’ 


X 


9^4j583.. 

'10 


- (for s/-21- 4-583 ..) 


» 1 *36, or *4 1, coiTcct to two decinial placea 


Examples. XXV. e. 

When the exact values of the roots of the following equations cannot be 
found, give results correct to two decimed placet^^ i.e. to the nearest 
hundredth. 

Solve 

1. j2-2r=-l. 


3, J*(a;-3)-=j"“ 1. 

5, ha?^-9j:-4 = 0. 

7. 

9- 

“• tT 

.Sr+l Zx 
3x-i ac4i“” 


2 . 

. j: + 4 

6 . 

.*• + 2 .t - 4 

o i.+_i_ + _L=o 

®- a: + 3^j: + 6^a: + 9 


»• - 1 


10 . 

12 . 

14. a^-\/ar-6=0. 


*-3 


x^ + ^x + 2 fl:- + 6a; + 6 x + 2 


MISCELLANEOUS FORMS OP QUADRATIC EQUATIONS. 

*150. Example 1. Solve "'tS 

u;-2 a; + 3 a?-4 x + l 

Simplifying each side separately, 

I -f 6 - ( - 5r f 0) + /)r ^ 4 - (j"® - 5a; 4- 4) 


^ - 2) {x + 3) 


10a; 


(.r-4)(a; + l) 
10a- • 


r. x=Q or 


a-® + a; - 6 a;* - 3a; -- 4 ' 

1 1 

x^ + x-6 



Kxr,\ 
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t.e. a:“ + af-6=»*“3a?“4. 
4a:=2, 
x = ^; 

0, ^ are the reqd. solutiona. 


He Examples. XXV. f. 

SoWe the equations : 

1, a;^ + 100 = i29x^. 

[Treat the equation as a quadratic for x^.] 


2. *“+^=4S. 

. X f 2 X 5 x + 3 X 4 


3 . ®»+P=28. 


5. x»-2x+^ =.16. 


u-2 «+5 x-3 x+4 


aH-2c‘ 


[Let x^-2r = r, and first sohe for v. Two values of v will be found, 
and we shall therefore ha>e /our values of x.] 

6. X--14-X® x=0. 

[Factorize the left-hand side.] 


8. x®~4x~4=-^-' . 

X® 4x 


7. 6x®-4x®=6x-4. 

9. 1®' (a;+l)(-« + 2)(*+3)(i^+4)-24 + 34(a:» + 5a). 


11, 6j:»+(5~r)-'=5(.'H x)(3 + 2j:). 

x-1 . X -4 x-2 x-3_ 

•td. ~^ + rT-7=^^ + - 


x+1 x-l-4 x-t-2 x-h3 
= 0. 


15- 


12. (x+ l)(j: + ‘2)(a: + 3)(a; I 4)=24. 
14, x(®+l)(a!+2)(a:t.?) = 120. 

16. J6*(»+l)(a:+2)(a;+3)=9. 


17. a:‘+2ir»-lla!»+4a! + 4=0. 



214 


ELEMENTARY ALGEBRA 


[chap. 


CHAPTER XXVI. 

GRAPHS OF QUADRATIC FUNCTIONS OF .r AND GRAPHIC 
SOLUTIONS OF QUADRATIC EQUATIONS. 

161. Solve the equation graphically. 



First Method. Let us trace the graph of y = 2^2 - a; - 10, using 
a unit for the x values 10 times as large as that for the y values, 
as in Art. 134. 

When 


*=0 

1 

2 

3* 

... 

-1 

-2 

-3 

2x»=0 

2 

8 

18 

•• 

o 

8 

18 

-a?-10= -JO 

-11 

-12 

J3 

•• 

-9 

-8 

-7 

V— 10:? - 10 

-9 

-4 

5 

... 

-7 

0 

11 


. (0, -10), (1, -9), (i.^4), (3, 5), (-1, -7), (-2, 0). 
( - 3, 11) are points on the graph. 

those as shown in the diagram, and drawing 

the enrve oalrsefully, ;ve have t^e graph of' y = 2a;2 - x - 10. 
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At the points A and B where this curve meets XOX' the axis 
ofic,y = 0; /. at those points 2a:* -a- 10 = 0. 

But OA and OB are the values of x at these points ; 
they are the roots of the given equation. 

From the diagram we see that the roots are 2*5 and ~ 2. 

Second Method. First trace the graph of using a unit 

for the X values 10 times as large as that for the y values, as 
in Art. 134. 



We thus obtain the curve POR as in the diagram. 

Then trace in the same diagram, and m/A the same units, the 
graph of 2y - a; - 10 = 0. 

We know this to be a straight line. (Art. 71.) 

When x = 0, y = 5; .’. (0, 5) is a point on the straight line. 

Mark this point A. 

When a:= - 4, y = 3 ; .*. ( - 4, 3) is also on the line. 

Mark this point B, and join AB. 

The straight line AB is the graph of 2y - a; - 10 = 0. 

Mark the points P and R where this line meets the curve PQR. 

Now at the point P, the ordinate PM is the same for both 
graphs, ue. y is the same in both the equations y^a;* and 
2y - a; - 10 = 0 ; .‘.at the point P, 2a;* - a; - 10 =^0. OM is there- 
fore a root of this equation. From the diagram OM = - 2. 

Ill precisely the same way, the ordinate at R is the same id 
both equations, y = ai* and 2y - a; - 10 ■= 0 , .'. .ON. is ahother i oot^ 
of the equation 2a;* -a;- 10 = 0. From th^ diagram ON = 2*6; 
the reqd. roots are -2 and 2*5.^ 
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162. Fiiid graphically^ correct to one decimal placet the roots of 
the equation 5x^ + lOx - ?9 = 0. 

Trace the graph of y = + lOx - 29. 
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»!• 

Plotting the points (0, -29) (1, -14) (2, 11) (- 1, -34) 
( - 2, - 29) ( - 3, - 14) ( - 4, 11) and taking the x unit ten times 
as large as the y unit, we have the curve as shown in the 
diagram. 

The equation is satisfied when 5a;2 + IO.t;- 29 = 0, Le, when 
y = 0, i,e. where the curve cuts the axis of x. 

From the diagram, the roots required are 
1*6, -3*6. 

Verification. When a; = 1 *6, h- 10a; - 29 = 5 (2 ’56) + 16-29 

= 12-8 + 16-29 
= -- 2 . 

Thus when a;= 1*6, bx^ + 10a; - 29 is nearly zero. 

1 *6 is an approximate root. In the same way we can verify 
the fact that - 3 6 is an approximate root. 

If we trace the graphs of y = x^ and y = a;2 + Jx + r, where b and 
c have any assigned values, using the same units in each ease, we 
shall obtain the same curve in different positions. This is easily 
soon by cutting out one curve and superimposing it on the other. 

In general, it will be found that the graph of any equation 
in two variables, whose terms of the second degree form a 
perfect square, is a parabola. 

For instance, if we plotted a number of points on the curve 
(2a; + 3y)2 + 3a; - 2y + 5 = 0 and joined them, by an even curve 
we should obtain a parabola. 


MAXIMUM AND MINIMUM VALUES OF QUADRATIC 
EXPRESSIONS OF ONE VARIABLE. 

163 . These all hinge upon the fact that a perfect square is 
always positive, Le. it cannot be less than zero. 

To find the minimum value of x^-ix-\-l for real ^ulues of x. 
a;2l4a: + 7 = (x*- 2)2 + 3. . 

the given expression is least when (x - '2)^=0. 

The reqd. mijumum value is therefore 3. 
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To find the minimum value 0/ ic^ - 4a; + 7 graphically. 



X 


Let us trace the graph of 4^ + 7, 

When 


1 

II 

-1 

0 

1 

2 

3 

4 

5 

x*+7=n 

8 

7 

8 

11 

16 

2.1 

32 

-4^=8 

4 

0 

-4 

-8 

-12 

-16 

-20 

y = 19 

12 

7 

4 

3 

4 

7 

12 


Plotting the pts. (-2, 19) (-1, 12) ^(0, 7) (1, 4) (2, 3) (3, 4) 
(4, 7) (5, 12) and joining them by an even curve, we have the 
curve shown in the diagram 

From It we see that the minimum value of y, i e. of a;^ - 4a; + 7, 
IS 3 

[In the diagram the x unit is taken five times as large as the 
'y unit 1 

To find the maximwfiu value ofZb + iz- 4tx^for ual values of x. 

'• 3Sr + 4a;-4a:2^45^(l-4a; + 4«2) 
*4-5-{l-2x)2. 
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I 

/. the given expression is greatest when (1 ~ 2xY is least, %.e, 
when 1 -2 j;=0. 

Hence 4*5 is the maximum value reqd. 

By plotting the graph of y = 3*5 + 4a;- 4a;2, we can find the 
maximum value graphically, as in the preceding example. 

154 . Between what values of x is the ea^ession 
jaositive ? 

Let y denote the given expression. 

y= -(2a;2-19a; + 35)= -(2x-5)(x-7) 

= (2.^- 6)(7-«)-2(«-|)(7 -»). 

When «< 2J, a; “ f is negative and 7 - x is positive ; 

y is negative. 

When x> 2^ but < 7, aj - 1 is positive and 7 - a: is positive ; 
y is positive. 

When a!>7, a: - f is positive and 7 - aj is negative ; 

y is negative. 

the given expression is only positive as long as a* is between-* 
2-^ and 7. 

This may be seen graphically by plotting the curve ‘ 

y= 19a; -2*2 -35. 

Examples XXVI. 

1. Draw the graph of 3ac* - So? - 3 for the following values of x, -2, - 1, 

0. 1, 2, 3, 

(i) Using an x unit ten times as large as the y unit. 

(ii) five i:. 

2. Draw the graph of 5a;’ + 4a; - 21. 

(i) Using an x unit^en times as large as the y unit. 

(ii) five. 

3. Draw the graph of 4x. 

(i) Using an x unit ten times as large as the y unit. 

(ii) five 

4. Draw the graph of 4 (a:’ - 1). 

(i) Using an x unit ten times as large as the y unit. 

(ii) five 

[Tabutaie vatties of x and y before choosiny your units*'] 

5. Prove graphically that the expression 6a;+'l3 is pmitive for all* 4 ,v 
real values of x. 

6. Show graphically that the expressiOp ^ • 6 is o^er ]^ti^e for 
real values of a;. 
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Solve the following equations graphically : 

7. 4a;* -4a; -15=0. 8. 40;* -4a; -35=0. 

9. a;* + l la;--8=0. 10. a;®-3*3a; + 2=0. 

11. 6a:® - 23a; + 21 =0, to the nearest tenth. 

12. 10a;® + 21a; -13=0. 

13 . 5a;® - 3a; - 16=0, to the nearest tenth. 

14. Draw the graph of 4a;® - 4a; + 1. What do you deduce as to the roots 
• of the equation 4a;® - 4a; + 1 = 0 ? 

16. Plot the graph of 4a:® - 3a; + 7 using integral values of x from - 2 to 
3. What do you deduce as to the roots of the equation 4a;® - 3a; + 7 =0 ? 

16. Prove graphically that the expression 13 -6a; -a;® is never greater 
than 22 for real values of x. 

17. Draw the graph of a;® -3a;, and deduce approximate values of the 
roots of the equation a;^- 3a;=3. 

18. Plot the graph of .5a;® - 3a; - 24, and from it deduce the roots of the 
equation 5a;® = 3a; + 26. 

19. Draw the graphs of y=a;®, 2y=3a;+14 in the same diagram, and 
deduce the roots of the equation 2a:® -3a;- 14 = 0. 

20. Draw the graphs of y=X“ and .5y- 8a; -69=0 and deduce the roots 
of the equation 5a;® = 8a: + 69. 

21. In the equation y= 5a:® -4a;- 10, find the corresponding values of y 
to the values -2, -I, 0, 1, 2, 3 of x. Draw the portion of the curve 
thus given, and deduce approximate values of the roots of the equation 
5a;® - 4x - 10 = 0. Read off the minimum value of the expression 5a;® - 4a; - 10. 

22. Find graphically the values of x for which the expression a:® - a; - 6 
vanishes. Prove that for all values of x between these limits the expression 
is negative and for all other real values of x positive. 

23. Draw the graphs of y=a:® and 2y-3x-20=0, and deduce the roots 
of the equation 2S;®=.3a; + 20. 

24. Draw the graph of y=(a;-2)(a;-3), and deduce approximate roots 
of the quadratic (x - 2) («— 3) = 5. 

25. In the equation y=3 + 3a;-5a;®, find the values of y corresponding to 
the values -0*4, -0*2, 0, 0*2, 0*4, 0*6 of x. Plot the points thus obtained, 
using an inch to represent 0*2 along the axii^of x, and an inch to represent 
unity along the axis of y. Write down the maximum value of y. 

26. Prove graphically that the line y=6a;- 13 meets the curve y=a;®-4 
at one point only. Find its co-ordinates, and verify your result 
algebraically. 

.27. Find gi'aphicalV, as accurately as you can, the minimum value of 
4a;® - .3a; +2 for real values of x. Verify your result algebraically. 

28. Find graphically the maximum value of 6a;- 3- a;®. Verify your 
result algebraically. 

29. Find graphically the minimum value o£ a;®-5a;+-^. Verify your 
result algebraically aqd write down the corresponding value of x. 

89. Find graphically the minimum valu^ of da;® -6a; +5 *6. Verify by 
algebra, and write dowi^JShe corresponding value of x. 
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31. Find graphically the value of x which will give 2*4 + 40a; + 5a;^ a 
minimum value. 

32. Find graphically between what limits the value of x must lie if 
- 30a; - 91 is negative. 

33. Between what limits must the value of x lie if the expression 
20 - 2a^ - 3a; is positive ? Find the limits graphically and by algebra. 

CHAPTER XXVII. 

SIMULTANEOUS QUADRATIC EQUATIONS. 

165. In this chapter wc shall consider simultaneous equations^ 
where one at least is of a higher degree than the first. 

The methods of solution are various, hut thd student should 
endeavour to reduce the equations to the fonns 

ax -hy — c\ 

Addition and subtraction will then effect the solution. 

Example 1. Solve the equations 25a;^ - y^=84, 5x-y=6. 

By division, 5x + y ■= 14. 

Also 6j;-y=6. 

Adding, 10x=20, x=2. 

Subtracting, 2y=8, y=4. 

x=2, y=4 is the reqd. solution. 


Examples. Solve the equations 3a;+y=9, ....? (1) 

a;y=6 (2) 

Squaring equation ( I ) Sx® + 6xy + y® = 81. 

From (2) 12xy=72. 

Subtracting, 9x*-6xy + y“=:.9. 

Taking the sq. root, 3x -y = +3. 

We now have the two cases. 


3x+y=9,\ 3x+y=9, 

3x-y=3./ 3x-y=-3, 


Adding, 

0x=12, 

6x=6, 


x=2. 

x=l. 

Subtracting, 

2y=6| 

2y=12, 


y=3. 


li II 

CO to 


are the reqd. solutjqns^ 
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Example 8. Solve the equations 

-«2 

(1) 


xy 

“8 

(2) 

From (2) 

6ajy 

-48 

(8) 

Adding to (1) to comjfieU th/t square. 




9x»+ea:y + y*: 

= 100. 


Taking the sq. root 

3a; fy: 

= ±10. 


Also, in the same way, subtracting (3) from (1), 



9x®-6a;y+y* 

=4. 



3a:-y 

= ±2. 


There are now four cases, 




3x+y=I0,\ 

3a;+y= 10,\ ; 

3a; + y= -10,\ 

Sx+y= - 10. 

3a: -y =2. / 

3x-y=-%i ; 

3j;-y=: 2. / 

Zx-y= -2. 

Adding, 6x=12, 

6x=8, 

6x= -8, 

6*=-12, 

a:=2. 


«= - 

*= -2. 

Subtracting, 2y==8, 

2y = I2, 

2y=-12. 

2y= -8, 

y=4. 

y=6. 

y= -6. 

y= -4. 

Hence the reqd. solutions 

are 



»=2.\ 

*=-F,\ 

*=-2.\ 


y=4./ y=6./ 

y=-6./ 

y= -4./ 



Eacftmple 4 . Solve the equations 4a^ + ^*=17« 

2a; + ^=5. , 

From {2) by squaring, 4a:* + 4xy +y*=25. 
.. .. (]) by subtraction, 4x^=8. 

Subtracting this from (1 ) 4x® - 4xy + y*= 9. 


Taking the sq. 

root. 

2a:- y= ±3. 

Hence 

2a:+y=5,\ 
2a;-y=3. J 

2a: 1 y = 5, 
o*- 2a:-y=-3. 

Adding, 

4a:=8, 

4ai=2. 


a?=2. 


Subtracting, 

2y=2, 

2y=8, 


y = l. 

y=4. 


*=2,1 

y=i./ 

y=4. / 


(1) 

( 2 ) 

(3) 


are the reqd. solutions. 
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The Examples in XXVII. a. can all be solved by substitution. 
The student must bo careful to do the work methodically. 


Bxamifle l. 25^:® -y*=84, (1) 

5aT-y=6 *. (2) 

From (2), y — 5a: - 6. 

by substitution in (1), 

25aJ«-(5a:-6)3=84, 


wlienco 60a; - 36 = 84, a: = 2. 

By substitution in (2), the simpler of the two given equations, 
10 -y =6, y=4. 

.. a:-2'\ reqd. solution. 

y=4a 


Example a. 3a:+y=9, (t)* 

®y=6. (2) 


From ( 1 ), y = 9 - 3^. 

by substitution in (2), a;(9~3a:) = 6, 

t.€. 3.c®--9a;+6=0, 

».e. x"®- 3a: + 2=0, 
i,e. (a;-l)(a:-2)=0; 

*.*. a;=l or 2. 

When a;=l, from (1), y=9 -3a;=9-3=6, 

a;=2, =9-6=3. 

.. a:— 1\ a:— 2\ are the rood, solutions. 

• y=6/ y=3/ 


n.B.A. 
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EzamiAe 8. 9a:®+y*=-6*2, (1) 

ary- 8 (2) 

From (2), 3 /=?. 

from (1), by substitution, 


9*»+2=52, 


i.e. 9 x*-52ji?+M= 0, 
i.e. (9j?-16)(x'-4)=0. 



/. ^ or 4. 

c 

4 

ar-d-^ or 4-2. 

When or - ±^, from (2), 

y=|=±8x|=±6. 

... 

=±l=±4- 

Hence r-lljl .r=-il 

a?— 2 I .r— - 2 ) are the reqd. solutions. 

1 

II 

>> 

11 

II 

1 


Examples. ZX7II. a. 

3. y®-9**=28, 
y-ac= 2 . 


Solve the equations : 

1 . 4>2-y®=35, 
2x+y=7. 

4. j^-ry=35, 

‘ j--y=r>. 

7. 5j5-2y=12. ' 
2.M:»-4y*=96. 

10 . .vfy=16, 
ay=54. 


2 . x*-y--'= 21 . 
»+y=3. 

5. 4*®+a^=5], 
4a:+y=17. 

8 . 4j,^ - 23y®= - 81, 
4a;-l{)y=54.. 

»JL 1 . !K-y= 2 . 

ay =15. 


6 , 9a-3y=3, 
ae»-,^=5. 

9. 9a»-49y^=29, 
6a-14y=2. 

12. x-y=l, 
ay = 132. 
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13. 

»+y=4. 

lA ® + y=6, 

15. 

j!y=2l, 


xy=^ - 117. 

ajy= - 91. 

X 

-y=4. 

16. 

Bxy=\, 

17- 4a;+y=ll. 

18. 

S)x-y=9^ 

4(a: + y)=3. 

ay=6. 


a?y = 2. 

19. 

3a;-2y=14, 

20. 5a:+4y=28, 

21. 

JB®+y»=63, 


xy = 12. 

xy=S. 


ary = 14. 

22. 

a;2 + ya=3l, 

23. 4®a + y®=17, 

24. 

a^+9y»=18, . 


xy= - 16. 

xy=± 


xy=S, 

25. 

9j;2 + 4y2=136, 

26. 16x* + 25y*=644, 

27. 

1.1-3 


a^=10. 

a:y=12. 


X y 4 
ary = 8. 

28. 

i-i=i, 

29. i+-=s. 

30. 

1 1 2 


X y 

a; y 45 


ar y 35 


II 

a; + y = 14. 


a;-y = 2. 

3L 

2 1 1 

- -f “ = 1, 

32. •-+?=12, 

3a 

4a?-.3y = 26, 


X y 

X y 

1 


4 3_ 26 


xy= - 1. 



. y •« 10’ 

34. 

54' + 7y=17, 

35. x^+y^=^&^. 

36. 

**+y*=TV 


- + ^=84. 
y X ^ 

ar + y=5. 


»-y=J. 

37. 

4.c3 + y«=104, 

38. 9.r® + y2=81. 

39. 

a^ + xy f y® = 201, 


2a; + y=:12. 

.3x-y=9. 


a? fy= 16. 

40. 

a;2-ary + y*=157, 

41, a;*+2ary +4y‘**=28, 

42. 

9ar* + ary + 4y«=9l.' 


a:-y-l. 

4:+2y = 6. 


3a?-2y=13. 


^156. In the following equations, the student's aim should be 
to reduce the equations to one of the forms exemplified earlier 
in this chapter. 


Ezaxnple. Solve the equations 

a:»+y»=91, (1) 

(2) 

Dividing, af+y=7 - (3i 

Squaring, a:®+2a;y+y®«49. 

from (2), a:y=sl2. (4) 


Now solve equations*t3) and (4) as in Example 2s Art. 165. 
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^Examples. XXVIL K 

Solve the equations : 

l..ar»+y»=9, 2. a:*-y>=37, 3. 8ic»+y®=280, 

a; + y=3. a;-y = l. 2a? + y=10. 


[Divide and then proceed as In the Example wo^ed out.] 


4. ar*-8y»-189, 6. 27a:* + 8y»=35, 6. 8jr3-27y»=486, 

a--2y=9. 3a; + 2y=6. 2a:-3y=6. 

7. ®* + a;V+y*=21, (1) 

«®+a:y+y*=3 (2) 

[Dividing (1) by (2), ar*-xy + y*=7 (3) 

Now add and subtract equations (2) and (3), and proceed as in 
Example 3, Art. 155.] 

8. ar^ + rr2y2 + 3^=1281, 9. x^+a:V'* + 3^ = 48I, 10. ar« + A^+/=2C13, 

a:*-a:y + y*=21. a::®-a:y4-y*=13. a:*+ay+y*=07. 


. 1 + 1=5. 

X y 


12. i+^=«, 

’-1=-1. 

sr y 


[See Note in Example 2, Art. 60.] 


1^ 3+A=-100, 

ar* r 

M = 13. 

X y 

16. 1.4 *=5, 

JC- y* 

a:y=l. 

y X 4 

„ s 
x-y^^. 

1 -^ = 1 . 

'X y 

26. 8j:® + y»=2. 

4af*-2iry«f y*=l 


19. 


a!»'''y*“25’ 

®-l=i 

X y f> 

17. 15(**+y»)=34!ry, 

1 - 1 = 2 . 

X y 

20. i?+tf=i’. 

y « 2 

2r+y=20. 

23. **+y»=351, 
a*-iey+y*=39. 


26. 8a»+27y*=2. 
4^-«a!y+0y»=l. 


15. i+j^=61. 

30a:y = l 

18 *4.y-2®Z 

“• y+i-TO’ 

4(a! + y)=17. 
21. p+^=55, 

1+1=5. 

» y 

24. aJ-y*=702, 
**+*y+y*=lI7. 
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♦ lOT. Solve the equations (1) 

*+»=f (2) 

Treating (1) aa a qnadratio for xy, 

(axy-9)(*y-2)=0; 

••• ay=f or2. 

The complete solution is then obbdned by first solving the equations 

*+y=§. 

and then the equations + xy^2y as in Example 2, Art. 155. 


♦ 168. When the variable terms in the equation^ are homogeneous, 
t.e. of the same degree, the following method may be used. 


Solve the equations 1 2x^ - + 1 ly® « 64, ( 1 ) 

16x2-9/y + lly2*78 (2) 


Eliminate the constant terms, by multiplying across (multiply 
the left hand side of each equation by the right hand side of tHe 
other). 

78 (1 2x2 ^ + 1 ly2) ^ 04(1 6x2 - 9xg + Uy^), 

39 (12x2 „ 4a;y + ^1^2) 32 (16x2 - 9xy + 1 ly^). 
Multiplying out, and re-arranging, 

77y2+i32xy- 44x2 = 0, 

7y2 + 12xy- 4r2 = 0, 

(7y-2x)(y-f 2x) = 0; 

a.'. y = yory=^2x. 

^If the factors cannot be seen, solve as a quadratic for ^ ^ 
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(1) When y = y. Substituting this value of y in (1), 


whence 


. 49x64 49 


* 576 ” 9 ’ 

■2x .2 

•• y=T = *3- 

(2) When y= -2x. Substituting this value in (1), 

*2(12 + 8 + 44) = 64, 

x^=l, 

• a:=±l, 

y= -2a:=+2; 

the roqd. solutions are a;= ±1, 

* 169 . When the above methods are inapplicable, substitution 
from one equation in the other may be employed. 

Solife the equations + ixy + Sy^ = 31, (1 ) 

a:+2y = 5 (2) 

From (2) a; = 5 — 2y. 

Substituting this value of x in (1), 

3(5-2y)2 + 4y(5-2y) + 5y2 = 31, 
whence 9y2 - 4Qy + 44 = 0, 

(9y-22Hy-2) = 0; 
y=-V-^>r2, 

a; = 5-2y = 5-^ or 5-4 
= lorl. 

^Examples. XXVII. c. 

miscellaneous examples in simultaneous 

. QUADRATICS; 

Solve the following equations ; 

1. a:* + a,-y = 5, . 2. 2ar3y + y2=:i6, 3. a;a + y*=a:;y + 7, 

y® + a:yF:6. * 2a:“-xy=I2. a:2-y®=a:y- 1. 
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4. 3aj*-&cy=-2* 6. **-2a!y+8=0, 6. y®+a!y=4, 

4ay-3y*=l. 2fl: + y=4. a;*+2y*-a:y=8. 

7. a;*+a;y=3, 8, 6fl:*-3ay+lly*=684, 9. a^ + 3ary+2y*=7, 

ya+a:y=4. a:=5y. a:*-y*=4. 

10. iK“+ay=)6, 11. 3a;»+4iy + 6y»=81, 12. 2/;2+3a?y=26, 

«y-y®=2. 3ap=2y. 3y®+2j?y=39. 

1?. ar+y=6, 14. 6a?*+3ay- 18y®=20, 16. a:* + y*=6, 

(a;2 + y®)(j:*+y®) = 1440. 3i4V6a:y=8. a;®+j:y=6. 

16, a;2=14 + a:y, 17. a;®-y®=485, 18. ar*-4y=y^ + 4a;'=21. 

y®=:iy-10. a:-y=5. 

19. i-i=JL, 20. 2!«a+aty+10=0, 21. 8*y + ai»=10, 

® y 12 a;*r-ry-y^+ll=0. 6a:y-2*®=2. 

4_ 6 6 ‘ 

22. »®+a:y+y*=61, 23. (a? + 5)(y+7) =(a? + 27)(y + y), 24. a;*“f4y = 28, 
a;+y=9 ary— 1. 3ir=4y. 

25. 9a^4-ftry-4y*=l, 26. y^-ay = 15, 27. ar^ + iy^-Sr l’y-67, 

3a:-2y=:-l. a;* + a*y= 14. a;-2y = l. 

28. a?Ha*y fy*=49, 29. a:®+a;y = 12, 30. 2a!r+3y = lJ» 

ar* + x®y*4 y^=931. xy-2y®=l. 4j^+9>y + 9y2r-^ II. 

31. (a:+y)»+3(®-y)=.70, 32. .e»+3*y +y»=l, 33. 

ay+3(e-y)=ll. ir»-»y+y»=13. ■*■ S' * 4 *y 

34. a;“+a:y=y®-9a;^ + 64-=0. 35. a:^-x ®4 y^-y®=84, 

x^+xY-hy^=49 


GRAPHS. (CIRCLES.) 

^ 1 &). The distance of the point (z, y) from the origin 

= ^/(x2+y2). 

Using this, we may also determine the graph of y — ^/(25 -/”) 
as follows. The equation may be written, X“-\-y- = 25. 

V(i*2 + y2) = 5. 

This shows us that the point (:r, y) moves at a constant distance 
of 5 units from the origin. 

The graph is therefore a circle, whose centre is at the oi ii;in, and 
whose radius » 5. 



228 ELEMENTARY ALGEBRA [obat. 

*16L In the accompanying diagram, let P be the pt. {Xy, jrj) and 



Draw PN and QM perp. to the axis of and QK perp. to PN. 
PK = yj-y 2 , and QK = Xj-a:j. 

. . PQ= PK^) = ^[(ai - + (yi - y*)*]. 

Thus we see that the distance between the two pts. (Xj, yj) 

w»d (Xjp y^) 

=V(a-,-a-jV + (yi-y8H 

^162. /A« a:*+y2-6a;-8y«0. 



This equation iqay be written (x - 3)® + (y - 4)* = 25. 

N/<j!-3)2 + (y-4)2 = 5. 

It ie"' important to notice that if no constant term occurs in an 
s^uatidn, the corresponding graph passes through the origin, for by 
substitution wo see 'that when a; = 0, one value of y is 0. 
The»graph of «2+y® = 5 is a circle whose radius is \/6. 

A line Jb units long may be drawn either by using Pythagoras’ 
Theorem (2* + P =5) or by the method of Art. 136. 
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GRAPHS 


jlcEzamplei. XXVIL d. 

Trace the graphs of the following : 

»*+p*=36. 2. ae^+p*=0. 3L a?+y*=49. 

a?+p*=81. 6. **+j*+8*-8y=0. 

as»+y*-8*-6y=0. 7. (*-3)*+{y-4)9=36. 

(*-l)*+(y-2)*=36. 9. (*+2)*+(y-3)*=25. 

(*-8)»+(y+3)*=16. 11. ^/(15-2iB-x»). 

s/(21+445-a>). 18, ^/(l5+2a:-a?). 14. V(14ie-»*-13). 

1& **+^=6. 17. ai»+y»=13. 

19. r'+y»=20. 

21. »*+y*+2ir+?y=a 
23. (x+2)*+(y-2)»=& 

26. a:*+^-6*+4y+3=0. 


a*+y*=2. 
a^+y*=10. 
a?+y»=3. 
(*-l)*+y*=2. 
x*+y*+2x+2y=3. 


2ie»+S^^6. 
4x>+4y»-16x+8y + ll=0. 


27. 2x*+2y»-4*+8y+3=a 
29. 4iJ!»+4y»-24*+ll=0. 


GRAPHICAL SOLUTION OF SIMULTANEOUS QUADRATIC 
EQUATIONS, 

*163. Simultaneous quadratics can often be readily solved by 
graphical methods. 

Example 1. Solve the following equations graphically : 

*+y=5, xy=:4. 



If P is any pt. on the curve and PN le drawn perp. to AB, we know, by 
Geometry, that PN*sAN. NB. 
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Mark the pis. D, F on the curve where the lengths of the perpendiculars 
DE, FQ on AB are equal to 2 inches (\/4). 

Then DE>=AE. BE, and FG^^AQ. BQ. 

/. if AE=ar and BE 

X f y=AB=5 and xy=AE . BE = DE^:=4. 

, AE, BE are solutions of the given equation. 

From the diagram x=l, ^=4. 

In the same way, AG and BQ are solutions, and we have 
flc=4, y = l. 

X 1 oi* 4 ^ 

y— 4 or 1* complete solution. 

Example 2. Solve the following equations by the graphical method : 
aj-y=3, ay=4. 



Take AB 3 in. Iv^ng and AC at rt. As to it 2 in. (=>/4) long. With O, 
the mid. pt. of AB as centre, and OC radius, describe the serai-circle 
ECD, meeting AB produced at D and E. 

As in the previous example, CA®=DA . AE. 

if AE 37 and AO = y, 

' *-y=AE-AD=AE-BE=AB=3. 

Also xy = EA AD == AC* = 4. 

AE apd AD gi\e a solution of the given equations. 

From the diagram see that 37=4, y= 1. 

N B. 37= - 1, - 4 is also a solution of these equations. The above 

method does not give negative roots satisfactorily. 

The methods of the two preceding examples may be employed 
to solve some quadratic equations. 

Thus to solve a:® - -i- 9 = 0, we have to factorize the expression 

7a: + 9, i.e, we have to find two numbers whose sum is 7 and 
product 9. • 
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We can therefore use the method of Examfde 1. 

In the same way, to solve a;® - 3a; - 36 = 0, we have to find two 
numbers whose difference is 3 and product 36. 

We can therefore use the method of Eicample 2. 

^164. Solve the folhmng equations graphically : 

j2+y^-4x-2y+l=0, 2a:-3y = 3. 

The first equation may be written 

(j;-2)2 + (y-l)2 = 4. 

Hence its graph is a circle whose centre is at (2, 1) and whose 
radius is 2. 

Draw the circle, and also draw, using the same axes and the 
same units, the graph of 2a;-3y-3, a str. line through the pts. 
(1*5,0), (0,-1). . 

The pts. of intersection of the circle and str line give the 
roots required. 


♦ 166. Find approximate solutions of the following equations hy c 
graphical nwthod : 



a triangle, right-angled at C, and CN is drawn perp. to the 
hypotenuse AB, then AC.BC=2AABCsCN.AB. Now ^16^4, 
hence on AB, 4 in. long, describe a semi-circie ACB, and ta^e the 
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pt. C such that the perp. from 0 on AB» | » 1| in. (Sqd. paper 
should be used.) 

Then AC® + BC® « AB® « 16. 

Also AC.BC»CN.AB»|x4»6; 

AC and BC are roots of the given equation. 

With centre A and radius AC describe a circle cutting AB at D 
AC - AD 1*65 approx, from the diagram. 

In the same way BC - 3*65 approx. ; 

.’. 1*65, 3*65 are roots of the given equation. 

* 166 . To bace the giaph of xy=^4t0. 

When I ;■ rr I . . I . . i i i 


x= i-2 


±10 ±20 


y=±2a ±10 ±8 ±5 ±4 ±2 

the upper signs being taken together, and the lower signs together. 
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■■■■■■■■■aa^ 

■■■■■■■■■■a 


SIHI 

■ll■j 


l■■■■■Ea■B■■■a■■■■■ IBB ■■■■■■■ 


■BBBaaBaa 


■ ■■■■i■||■BB■■■■■BB■■■aPBaBll■■ai■■■fBi■■■BBiB■■BBB■■BB■aBBa■ 

a■i■■■■liiii■■■■■■■■■■i>i:,^«^^Ja■ ■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 


Plotting these pts. and joining them by an even curve, we have 
^^ejfigure shown In '^he diagram. ^ . 
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It is observed that the curve lies entirely in the first and third 
quadrants, and that the two branches are symmetrical in regard 
to both the axes of co-ordinates. 

Hence we have another method of solution of equations of the 
following type : a;* + = 89, 

ay = 40. 

We first draw the graph of a^= 40. 

The graph of a;^ + y^ = 89 is a circle whose centre is at the origin, 
and radius \/89. Since 89 = 26 + 64 = 6*^ + 8^, the length OA in the 
diagram is the radius. Describing the circle, and reading off the 
pts. of intersection of the two curves, we have the following 
solutions : 

a=8, 5, -6, -8, 

y = 5, 8, -8, -5. 


^ 167 . Fvnd approximate roots of the eqmtions 
a;y = 80, a;-2y=10. 

From the following table of values, draw the graph of xy = 80 


a?= ±4 

±5 

±8 

±10 

i20 


y= ±20 

±16 

±10 

±8 

±4 



Draw the graph of a;-2y=10, a str. hue through the pts. 

( 10 , 0 ), ( 0 , - 5 ). 

The pts. of intersection of the two graphs give the reqd roots. 
They will be found to be 


a;=18-6, -S-Gl 


Equations of the type of Examples 1 and 2 worked out in this 
chapter might also be solved by this method. 


4c Examples. ZXVII* e. 

Find, approximately, the values of the roots of theWlowing equations, 
by the use of graphical methods. Verify your results. 

(In some cases the exact values of the roots can be obtained ) 

1. «+y=7, ay =9. 2. a;-fy=9, ay =16. S. ar-y*»2, 

4. a;-y=4, ay=9. 6. ar+y=7, ay=5. 6. x-y=3, ay^S. 

7. a;®- 13a? -f 36=0. 8. a^- lla:+25=0. A- **^•8*+ 12=0. i 
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Find, approximately, the values of the roots of the following equations, 
by the use of graphicsl methods. Verify your results. 

10. *®-2a:-16=0. 11. ara+y«=4, 2x-y^h 

12. a;® + y® = 8. a?+2y=2. 

13. ar*+y*-2a:-4y + l=0, 5y-5x=3. 

14. 4a:® + 4y®+8ar-4y=ll, a:=2-2y. 

15. i3“ + y®=9, 4ar + 3y4-6=0. 16. a:®+y®=36, xy=sl5, 

17. ar»+y*=225, a:y = 80. 18. xy = 80, ar-y = 10. 


CHAPTER XXVIII. 


FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION. 


Examples. XXVIII. 


1. A man rows x* miles an hour in still water, and the current runs at 
the rate of y miles an hour : 

(i) How many miles an hour does the man row with the current ? 

(ii) against ? 

(iii) How long does he take to row a miles with the current ? 

(iv) against ? 

2. Money is invested at simple interest at the rate of x per cent, per 
annum : 

(i) What is the interest on 1£ for a year? 

(ii) 1£ .. y years? 

(iii) z£ ? 

(iv) What does z£ amount to in ? 

3. Calculating simple interest at the rate of x per cent, per annum, 

(i) What is the present value of 100£ due in one year ? 

(ii) a£ ? 

(iii) 100£ y years? 

(iv) a£e. ? 


4. A* train runs at the rate of y miles an hour : 
(i) How long does it take to do one mile ? 


(ii) smiles? 

.(iii) z miles at the above rate, and 

•a_l i I 1 1 i « • 


another z miles at double the rate? 

(iv) Stow ih^y miles does it run in a hours at the slower rate ? 

5. A can do a piece of work in x hours, B can do it in y hours : 

(i) What fraction of the work do A and B do, working together, in one hour ? 
\ii) ’ a hours? 

(iii) How long do they take to do the work when working together? 

(iv) three-quarters ? 
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6. One pifMB, running alone, fills a cistern in x hours ; a second, running 
alone, fills it in y hours ; and a third, also running alone, empties it in 
z hours : 

(i) What fraction of the cistern do they fill, all running together, in an 
hour? 

(ii) How long do they take to fill the cistern, all running together ? 

7. x£ is the simple interest on y£ for z years : 

(i) What is the simple interest on y£ for one year ? 

(ii) 1£ ? 

(iii) 100£ ? 

(iv) a£ ... years? 

8. In X years y£ amounts to z£ at simple interest : 

(i) What is the interest on y£ for x years ? 

(ii) y£ ... one year? 

(iii) 1£ ? 

(iv) a£ ... 5 years? 

(v) What is the rate of interest? * 

9. Apples cost X pence per dozen : 

(i) What does a man give for one apple ? 

(ii) he y apples? 

(iii) What does he give for one apple when the price is raised a penny 
per dozen ? 

(iv) What does he give for y apples at the higher price ? 

(v) How much do a apples cost at the cheaper price? 

(vi) higher ? 

10. A man invests money at compound interest at the rate of x per cent, 
per annum : 

(i) What is theJfiterest on 1£ for one year? 

(ii) amount of 1£ ? 

(iii) a£ ? 

(iv) interest on ? 


amount of 1£ 


2 years? 

3 ? 


(viii) P£ ... 2 years? 

(«) 3 h 

(X) n 1 

(xi) interest on ? 

11. If simple interest is calculated at- the rate of x per cent, per annum,' 

(i) What is the discount on 100£ due in one year ? 

(ii) V » 

(iii) 10Q£ y yem? 

(iv) a£ T 
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12. A man can do a piece of work in x hours ; a woman does half as 
much as a man, and a boy half as much as a woman. What fraction of the 
work will 

(i) A man, a woman, and a boy together do in 1 hour ? 

(ii) 2 men, 3 women, and 4 boys ? 

13. One man walks x miles an hour, and another y miles an houi 
starting at the same time, in the same direction. 

(i) How much apart are they in an hour if the first man is the quicker 

walker ? 

(ii) How much apart are they in a hours ? 

(iii) How long does the first take to gain one mile on the other? 

(iv) 6 miles ? 

Express the following in the form of equations : 

14. The product of two consecutive numbers of which x is' the smaller 
is less than the product of the next higher two consecutive numbers by y, 

15. A man bought a cows at onS, each, and h sheep at y£ each, and 
altogether spent z killings. 

16. Apples are sold at x pence a doz .n, and pears at y pence for 10. 
a apples and b pears coat z shillings. 

17. X men form a hollow square, four ranks deep, with y men on each 
outside face of the square. 

18. A hollow square is formed by a men, y ranks deep, witli z men on 
each outside face of the square. 

19. A fraction whose numerator is x, and denominator is increased by 
a when the numerator is increased by &, and the denominator decreased 
by c. 

20. X dozen of wine at a shillings a dozen, and y dozen at h shillings a 
dozen, cost c shillings a dozen on the average. 

21. The area of a room x ft. long and y ft. wide is doubled when its 
length and breadth are each increased by a feet. 

22. In travelling a yards, the fore wheel of a carriage makes n revolutions 
more than the hind wheel. Take x feet for the circumference of the fore 
wheel and y feet for that of the hind wheel. 

23. One pipe will fill a cistern in x hours^a second will fill it in y hours; 
running, together they fill it in z houra. 

24. A starts oif on a journey at x miles an hour ; and n hours afterwards, 
B starts off at y miles an hour, and catches A up in a hours from A's start. 

25. Two men start simultaneously to walk from A and B to B and A 
respectively, a distandh' of n ipileiu They walk at x miles an hour and y 
miles an hour, and meqt in a hours. 

26. 'Form the' (f'qua^oh' for the above problem when the second man 
starts h hours after -t|tie*>fii^,- and they meet a hours after the first man 
started. 

27. Between two.placeif one mile apart there are x telegraph posts in a 
straight line, y yards apart. 

Between jtwo places a miles apart, there are x telegraph posts in a 
stir^ht line, y yards. apart. 
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20 . A man spends one-third of his income of x£ in board and lodging, 
one-fifth in dress and one-tenth in sondries, and has y£ left at the end of 
the year. 

90. A tradesman makes in a year a profit of x per cent, on his capital of 
p£ and has z£ at the end of tlie year. 

91 . A man gains x per cent, on a£ and loses y per cent, on h£, and 

altogether makes a profit of c£. • 

92 . A man runs a miles at x miles an hour, h miles at y miles an hour, 
and c miles at z miles an hour, and takes d hours over the whole journey. 

99 . A man is hired for x days. He is paid y shillings a day for a days, 
and is fined z shillings a day for the rest of the time because he absents 
himself. He receives e£. 


CHAPTEE XXIX. 


PROBLEMS INVOLVING QUADRATIC EQUATIONS. 

168 . Example 1. A number of two digits is less than four times the 
product of its digits by 11, and the digit in the tens’ place exceeds the 
digit in the units’ place by four. Find the number. 

Let X be the digit in the units* place. 

Then a;-h4 is the digit in the tens* place. 

The number=10(x+4) + a7= lla* + 40. 

Four times the product of its digit8=4a7(a; + 4) ; 

.•. 4a;(a; + 4) - (11 j; + 40) = 11, 
4a:2-|-16j:-lla:-40=ll, 

4j:;® + 5aj-51=0, 

(a: -3) (4a? -t- 17) =0, 

a:=3 or-~. 

4 

3 is the digit in the units’ place, and 3 + 4 (=7) the digit in the tens’ 
place. ^ 

73 is therefore the reqd. number. 

17 

The solution --7* is inadmissible, because the digits of a number are 
positive integers. 

Example 2. A reduction of 2 pence a dozen in thaiprice of eggs will give 
fi more for three shillings and sixpence : find the price per dozen. 

Let X pence be the price of 12 eggs. 


For 42 pence we obtain — x 42 eggs. 

X 

When a; - 2 pence is the price of 12 eggs, we obtain" 

-^?5X42-— x42=6, 
a? - 2* X, 


:x42 for 3s., Qd 


B.B.A. 
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84 

x-2 a?” * 

84a;-84(x-2)=a;2-2a?, 
a;® -2a; -168=0, 
(a;-14)(a;+12)=0, 
a:=14 or - 12. 

14 pence a dozen is the reqd. price. 


Example 3. A train does a journey of 240 miles at a uniform rate ; if it 
had travelled 4 miles an hour slower, it would have taken 2 hours more 
over the journey : hud its rate of travelling. 

Let X miles an hour be the reqd. rate of travelling. 


At tlie higher speed, the train took hours over the journey. 

X 

At the slower speed, a; - 4 miles an hour, it took — ^ hrs. over the journey. 

a; — 4 


' /. by hypothesis, 

Multiplying up, 240(a; - 4)=240a; -2x{x- 4), 

2a;® - 8a; - 960 = 0, 
a;® -4® -480=0, 
(a;-24)(a;+20)=0; 
x=24 or -20. 


the train travels at the rate of 24 miles an hour, the negative solution 
being inadmissible. 

It will be proved later on that every quadratic equation has two roots. 
As a consequence of this, inadmissible solutions of problems involving 
(quadratic equations will often occur In this cose, the negative solution 
would imply that the train travelled hackivards at 20 miles an hour. 


Example 4. A man invests his money at compound interest for two years 
at a certain rate per cent, and finds that he receives 5 shillings per cept. 
more than if he had invested it at simple interest. Find the rate per cent. 
Let X be the rate per cent. 

At compound interest, 100 £ amounts to (l00+x)£ in the first year. 

The interest on (100 + x)£ for the second year=(100 + x) x j~. 


(100 4' x) X 

the interest on £100 for the two years =x+5 — jgg — 

At simple interest, the interest on 100£ for the two years =2x. 

whence x®=25," 

and • . . x= db6. 

5 per cent, is the reqd. rate of interest. 
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ExamiAe 5. Two pipes ruoning toj^ether will fill a cistern in GJ minutes. 
If one pipe, running alone, took a minute less to fill the cistern, and the 
other pipe, runuiue alone, took 2 minutes more to do the same, then the 
two, running together, would fill the cistern in 7 minutes. Find in wliat 
time the cistern will be filled by each pipe running alone. 

T^t the first pipe, when running alone, fill the cistern in x minutes, 
and let the second pipe y 

When running alone, the first pipe fills - of the cistern in one minute 


.second . 


1 

y ‘ 


But since by hypothesis they running together fill the cistern in 

in one minute cistei ii ; 


x^y 20 

In the second case, the first pipe fills the cistern in x - 1 min. 

second y-t 2 . . . 

1 


Fioin (1), 


From (2), 


. ... 

x-1 y+2 7 
I 

a; *'20 y 20y 
20y 

3y-20* 
J _1 _i__ y-5 
a;-l‘‘7‘“y+2“’7(y+2)* 

y-6 




From (3) and (4), 


( 1 ) 


( 2 ) 


(3) 


(4) 


20.y 7(v + 2) 

3y-20 y-5 * 

From this quadratic for y, y = 12 will be found to be the only admissible 
solution. 


Substituting in (3), x=15. 

the pipes would fill the cistern in 15 and 12 minutes respectively. 


Examples. XXIX. a. 

1. The difference of two numbers is 2, and the sum oi their hc^uaics 
is 244 : find them. 

2. A room is 4 feet more in length tlicin in breadtli, and its atca is 
192 sq. ft. : find its dimensions. 

3. The product of twq consecutive e^t‘n luinibeis is 2S8. What aic 
they? 

4 . Find two consecutive nunilMTs *^11011 that the sum of tlitir scjuares 
is 481. 
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5. os yards of oloth at a; - 3 shillings per yard were bought for 138. 9d. 
What was »? 

6. What number when increased by 30 will be less by 12 than its square ? 

7. Find the number which, added to its square root, will make 182. 

8. The length of a rectangular field is twice its breadth. If 20 yds. 
wer& added to its length and 30 to its breadth, its area would be 10,458 
sq. yds. Find the dimensions of the field. 

9. In a right-angled triangle one of the sides containing the right 
angle is 3 feet in length, and the square on the hypotenuse is 4 times the 
area of the triangle. Find the length of the remaining side. 

10. A man bought x oxen for £120. Another bought 3 more for the 
same money. What was the cost of an ox to tlic first man, what to the 
second ? If the difierence was £2 {ler ox, what were the numbers bought? 

11. A rectangular tabic 9 ft. by 6 ft. has a rectangular table-cloth which 
hangs down to the same depth at the ends and sides. What is that depth 
if the area of the cloth is twice that of the table ? 

12. The product of two numbers which differ by 3 is 40 : find them. 

13. When 13 times a certain number is subtracted from the square of 
the number, the result is .30. Find the number. 

14. A motor-car does a journey of 192 miles at the average rate of 
X miles per hour, and a second car does the same journey at the average 
rate of a:-l- 4 miles per hour. How long docs each car take over its journey ? 

If the difference of these times is 4 hours, find the value of x, 

15. The difference of two numbers is 3, and the sum of their squares is 
117. Find the nunilicrs. 

16. A man rents x acres of land for £54 per annum. How much does 
lie pay per acre? If he sublets all except 8 acres at 5s. per acre more than 
this and receives £64 per annum, find the value of x. 

17. A rectangular enclosure has an area of 2000 sq. yds., and its 
perimeter is 180 yds. in length. Find the lengths of its sides. 

18. A man rows 6 miles down stream at x miles per hour, and the same 
distance up stream at a; - 1 miles per hour. How long does he take over 
each journey? If he takes 3i hours over the two journeys, find the 
value of X. 

19. ’ If the hind wheel of a carriage is x ft. in circumference, how many 

r(‘volutions does it make in a milp?^ If the front wheel is 2 ft. smaller in 
circumferenco,^ and makes 24. more revolutions in a mile than the hind 
wheel, find the value of X. ' 

. 20. A train travelling at x miles an hour for ar -i- 12 minutes goes 21 miles. 
Find X. . 

21. ^A bill of 80 shillings was shared equally between x persons. What 
did each pay ? If two were excused, what would each pay ? If this made 
^.difference of 2 shillings to each, what was x ? 
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22. 110 bushels of coals are equally divided among x poor persons. 
What number of bushels does each receive ? If this number is one less 
than the number of persons, how many are there ? 

23. Two trains each run a distance of 330 miles, one at x miles per hour, 
the other at a; + 5. The faster takes half an hour less than the other for 
the wliole distance. Wliat are their speeds ? 

24. A can do a piece of work in x days, B in x*+ 12 days. What fraction 
of the work can they respectively do in a day? If together they take 
8 days, what times will they take separately ? 

A cistern can be filled by two pipes in 1~^ hours. The larger pipe 
by itself will fill the cistern sooner tiian the smaller by 2 hours. Find 
what timo each will take separately. 

26. A car travels 1.5 miles an hour faster downhill than uphill, and 
takes minutes to run up and down a hill one quarter of a mile long, 
when the time taken in turning is deducted. Find its speed downhill. 

27. A fraction, whose numerator is less than its denominator by 3, is 
doubled if 6 is added to the numcTator and 5 to its denominator. Find 
its value. 

28. The product of the two highest of five eon seen tive integers exceeds 
twice the product of the two smallest by 0. Find them. 

29. The tens digit of a certain imnibei* is the square of a number which 
is 2 less than the units digit, and the sum of the two digits is 14. Find 
the numlier. 

30. A rectangle whose area is 54 sq. ft. has its sides resp 
diminished by 5 Feet and 2 feet ami so becomes a square. Find the hmgth 
of a side of the square. 

31. A train does a journey of 288 miles at a certain average speed and 
is one hour late. If it had travelled 4 miles per hour faster it would have 
been punctual. Find its speed. 

32. A point travels for 8 sees, at the rate of x feet per sec., and then 
for 4a; secs, at the same rate. If the total space descril^ is 96 feet, find 
the value of x. 


a|c Examples. XXIX. b. 

1. Find two numbers whose difiPercnco is 2, such that twice the square 
of the less shall exceed the square of the greater by unity. 

2. The plate of a looking glass is 18 inches by 12 inches. It is to bo 

framed with a frame of uniform width, the area of which is to be equal to 
that of the glass. Find the width of the, frame. > ' ; 

3. Mr. Gladstone was born in the year X.i). J809. In the year a.d. 
ho was x-3 years old : find x. 

4. When 17 times a centain number is subtracted from twice its square, 
the remainder is 84 ; find the number. 

5. The tens digit of a certain numlier is the square of the ubits digit^^ 
and the sum of its two digits is 12 : find the nimibov. 
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6. A man runs 600 yards at a certain pjEice, and then doubling his pace, 
does another 600 yards. If he took 2^ minutes over the 1200 yards, find 
the pace he started at, in yards per second. 

7. Find two numbers whose difference is 3, and the sum of whose 
squares is 317. 

8. A's rate of travelling is one mile an hour less than B*s, and B can go 
21 luiles in 20 minutes less than it takes A to go 20 miles. How many 
miles an hour can A travel? 

9. Find a number which together with its square amounts to 56. 

10. Two trains each run a distance of 330 miles. One of them, whose 
average speed exceeds that of the other by 5 miles an hour, takes half-an- 
hour less to travel the whole distance. Find their average speeds. 

11. A lady bought 28 yards of linen and a certain length of silk. The 
wliole cost was Gos., the silk cost as many sliillings per yard as there were 
yards of it, and 8 times as much as the same luimoer of yards of linen. 
Find the price of the silk per yard. 

12. P rides from A to B in one hour at a uniform speed. Q rides for 
one-third of the way 2 miles an hour faster than P, and for the rest of the 
jonnif'y 1 mile an hour slower than P, thus taking 40 seconds longer. 
Find the distiinec from A to B. 

13. A person rents some land for £48. Ho cultivates 8 acres himself, 
and sub-letting the rest for I5s. per acre more than he pays, receives in 
rent €51 per annum. Find the numl)cr of acres. 

14. (hic side of a room is 6 ft. longer than the other, and 924 scjuare 
feet of paper are required to cover its walls. Now if the room were 3 
fcjct higher, the same aTuouiit of paper would be required to cover three of 
its w'alls, one oi the shorter walls being left uncovered. Find the dimen- 
sions of the room. 

15. Of two square courtyards one contains as many square yards as it 
costs shillings to pave tlie other, and a side of the second contains as many 
linear yards as it costs pounds to pave the first, also the length of a side of 
the first exceeds that of the sccona by 3 yards, and the cost of paving the 
first exceeds that of paving the second by £2. Find the sizes of the court- 
yards, and the costs of paving. 

16. Ten minutes after the departure of an express train a slow train is 
started, travelling on the average 20 miles less per hour, which reaches a 
station 250 miles distant 3} hours after thetirrival of the express. Find 
the rate at which each train travels. 

17. The length of a room is 2 feet more than its breadth, and its lieight 
is thrcc-i|uarters of its breadth. If the area of the ceiling be 42 square feet 
more than that of the longer side, find the dimensions of the room. 

18. A bicyclist, having pidden 72 miles and stopped an hour on the way, 
finds, tliat, if he had' ridden faster by one mile an hour and stopped two 
hf)urs on the way, he wf>u]d have uccoinpiished the journey in the same 
time. At what pace did he ride ? 

19. In 100 minutes a boat’s ‘ciew row 3^ miles down a river and back 
again. If the river runs at 2 miles an hour, what is the pace of the boat in 
still water?.' 

20 . In going a quarter of a mile along a straight road the hind wheel of 
a bicycle turns 11 tiiiiKJs more than the front w'heel. ■ Had the front wheel 
been 3 inches longer in circumference than it actually is, the hind wheel 
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would have turned 16 times more than the front wheel. Find the circum- 
ference of each wheel. 

21. A battalion of soldiers when formed into a solid square present 
sixteen men fewer in the front than they do wlien formed into a hollow 
square four deep. Find the number of men. 

22. A man buys pigs, geese, and ducks. If each of the geese had cost a 
shilling less, one pig would have been worth as many geese as each goqjse is 
actually worth shillings. A goose is worth as much as two ducks, and 14 
ducks are worth seven shillings more than a pig. Find the price of a pig, , 
a goose, and a duck respectively. 

23. A sum of money is divided among A, B, and C, so that a third of the 
whole sum exceeds A’s share as much as B’s exceeds a quarter of the whole. 
What part does C get ? 

24. A cyclist rides 3 miles an hour faster downhill than uphill ; and 
takes the same time to ride 22 miles downhill and 48 miles uphill that he 
takes to ride 50 miles downhill and 27 miles uphill. What is his speed 
uphill ? 

25. A carrier charges 3d. each for all parcels not exceeding a certain 
weight ; and on heavier parcels he makes an additiomil charge for every 7 
lbs. above that weight. The charge for half a cwt. is lx. 3d., and the 
^charge for 9 stones is five times that for 1 qr. What is the scale of charges ? 

26. A boat’s crew' row a certain distance against the stream in 8^ mitiutes. 
If there were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream. In what time 
would they row the course down the stream ? 

fn, A man being asked his age, answered, ‘If you multiply iny two 
digits together, the number formed will be my age 22 years ago, and if you 
add all the digits of the two ages you will have one-third of iny present 
age.* How old is he ? 

28. Three travellers A, B, C make the same journey. A’s rate of 
travelliug is 3 miles an hour gre^iter than B’s, and B's rate is 2 miles an 
hour greater than C’s. A accomplishes the journey in 3 hours less time 
than B, and B in 4 hours less time than C. Find the rate of each, and the 
length of the journey. 

29. A giant weighs 3 lbs. for every inch of his height, and the square of 

his height in feet exceeds his weight in stones by 31. Find his height and 
weight. ^ 

30. A labourer undertakes to carry a load a certain distance, agreeing to 

take one shilling for each cwt. moved one mile. He earns and the 

distance in miles exceeds the number of cwts. carried by 4*05. Find the 
load and the distance. 

31. A rectangular enclosure is half an acre in area, and its perfmetor is 
201 yards. Find the lengths of its sides.,^ , 

32. The sum of two numbers is six times their ' difference, ^d* their 
product exceeds twice their sum by 11. Fiud the number^ 

33. If the longer side of a rectangle be increased by. 3 yards, and the 
shorter by 2 yards, one §ide becomes double the other, and the area is 
doubled. Find the lengths of the sides. 

34. A lawn, rectangular in shape, contains 864 ^square yards ; Ilf it were 

4 yards longer and 3 yards narrower its area would be the same. Find ica 
dimensions. * 
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35. The circnmference of one wheel is 8 inches longer than that of 
another, and the first makes 72 fewer revolutions in a mile : find the cir- 
cumference of each. 

36. A slow train takes 5 hours longer in journeying between two given 
termini than an express, and the two trains when started at the same time, 
one from each terminus, meet 6 hours afterwards. Find how long each takes 
in travelling the whole journey. 

37. The area of a rectangular room is 328 square feet, and its perimeter 
is 73 feet : find the lengtlis of its sides. 

38. A boat’s crew finds that the number of minutes which they just 
require to row 4 miles in a river against the stream exceeds by .31 the 
number of miles per hour they can row in still water ; while it taxes them 

20 minutes to row the 4 miles with tlie stream. Find the rate at which 
the river flows. 

39. In a mixed number the integer is 98 times the fraction. The 
numerator of the fraction being unity, and its denominator less by 7 than 
the integer, find the mixed number. 

40. Two men start simultaneously from opposite ends of a road and meet 

at the end of 6 minutes. They pass one another, and each continuing to 
the end from which* the other started, one ends his walk 5 minutes before 
the other. How long does each take ? ^ 

41. A, B, and C walk from P to Q, a distance of 30 miles ; A starts 

21 hours before B, and B 1^ hours before C, and they arrive at Q together. 
If B had started half>an<hour earlier, he would have passed A 2 hours 
before A readied Q. Find the rates at which A, B, and U walk. 

42. A grocer has two weights, one as much over a ^b. as the other is 
under a lb., and he finds that on selling 511 lbs. 14 ozs. of tea at 2s. 6d. a 

S ound he gets £2 more by using the lighter weight than he would have 
one by using the heavier : what were the respective weights ? 

43. A gentleman arrives at the railway station nearest to his house an 
hour and a half before the time at which ho had ordered his carriage to 
meet him. He sets out at once to walk at the rate of 4 miles an hour, and 
meeting his carriage when it had travelled 2 miles, reaches home exactly 
an hour earlier than he had originally expected. How far is his house 
from the station, and at what rate was his carriage driven ? 

44. The figures which express the pounds and the pence in a certain 
sum of money will change places if £2 19s. pd. be added to it, and those 
which express the shillings and the pence would be interchanged by 
Bul)tracting 2s. 9d. What alteration would be produced in the sum of 
money by interchanging the figures which express the pounds and shillings? 

45. Two cyclists travel, one from A to B, tlie other from B to A, by the 
' same road, and at unifonn speeds. They start at the same moment. One 
reaches B 2| hours, the other reaches A 3 hours 36 minutes after they meet. 
How long was each on the jobrney ? 

46, A and B walk from one tpwn to another. After walking 6 miles at 
a uniform speed A arrives at the top of a slope where he mends bis pace 
4»y 1 mile an hour. B starts forty minutes later, and, after walking at a 
uniform .speedy reaches the slope 10 minutes la£er than A : here increasing 
his sp^'^y i a mile an hour, he overtakes A just os the town is reached. 
A, would nave covered the distance in half an hour .less, had he walked the 
whole distance with B’s initial speed. Find the distance and the speeds. 
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47. Two towDB A, B are oonnected by two roads, one of which is twice 

as long as the other. A man walked by the shorter road from A to B, and 
returning immediately by the longer road met one mile from B another 
man who started at the same time from A on a tricycle and travelled 
3 miles an hour faster ; and when he had walked 2 hours longer he again 
met the tricyclist who had passed through B and A without stopping. 
Find the lengths of the two roads, and the rate at which each man 
travelled. * 

48. What fraction will be increased by when unity is added to both 
numerator and denominator, and diminished by ^ when 4 is subtracted 
from each of them ? 

49. A railway mssenger observes the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third. Ho also calculates that the average speed for the train 
in the first mile is 5 miles per hour less than in the second, and 8 miles 
per hour less than in the third. Find the time of traversing each of the 
three miles. 

50. A cask A, of 20 gallons capacity, is filled with brandy, a certain 
quantity of which is afterwards drawn off into an equal cask B, which is 
then filled lui with water. After this, A is filled up with some of the 
mixture in d; and when fij gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy. How much 
was at first taken out of A ? 


CHAPTER XXX 


EXAMPLES FOR REVISION. 


XXX. a. [Oral,) 


Read off the square root of 
1. •260*6*. 2. -OOOl^. 

a l±4a*6+4a*6*. 9. **±2+^ 

IL l-t2(a-5) + (o-6)* 12. 


n 2’6 . 2 

3. 


4. 


0064* 
7. 4*®±12a;y + 9y*. 


m 




la {*+5jf)»-l()y(*+6y)-l-26y* 14. (a+6)»+2ft*-6»)+(a-6)*. 

16. 4*‘±2+i. 16. 4.»*±4+J. 


Bead off the roots of the following quadratic equations : 

17. a?-9*+20=0. la *(!«:+3)=»+3. 19. (3:-4)(!c-6)+2(*,f6)=a 
20. (*»-16) + (»-4)=0. 21. *»+6a:=0. . 2a 25*»-16==6. 

2a *^2i^+l)-i{2*+l)=0. 2L Sx(4x-5)=^r{4x-!i). 
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Read off the roots of the following quadratic equations : 

25. 3a?(2«-3) + i(2.'r-3) = 0. 26. 3(a?-a) + a:(aj-a)=0. 

27. *-2+1=0. 28. 7(5*-7)=^(5*-7). 

29. (*-l)»=9. 30. *+2+1=0. 31. 2*-2+*{*-l)=0. 

X 

« 

Find, by inspection, one root in each of the following equations : 

32. 2*-2t(7*-.3)(*-l)=0. 33. ‘^^+^(6*-9)=0. 

31. y?C2*-l)-.5(*-4)=0. 35. 7(ae-6) + ll*(2a:-4)-21*(5*-10)=0. 

36. f(3*-g+(ll*+14)(7*-l)=0. 37. + 


XXX. b. 


1. Simplify 


4aa; 

■ 85 “ 1 


2x,-h 3a 3a - 2ar 

Deduce the solution of the equation formed by equating the expression 
to zero. I’est your result. 

2. W rite down (a) the square root of (a + 6)^ - 2 (a + 6) + 1 , 

(ft) the square of a + ft - c, 

(<•) the cube of a + ft. 


3 

3. Solve the equation 4x+^ — j + 4=0. Test your answer. 

4. Draw enough of the graph of y=a^ to determine n/S and n/ 13. Use 
one inch as x unit and one-tenth of an inch as y unit. 

5. Sol VC the equations 2, a;y = 3. 

6. Use the remainder theorem to prove that a;-a + & is a factor of 

(ar-a)^ + (2ft-c)(a;-a) + ft® - be. 

7. Find a fraction which becomes equal to ^ if the luiinerntor is increased 
by 2, and equal to ^ if its denominator is increased by 3. 


XXX. c. 


1, Simplify 


1 


1 


Check your result. 


7^-aX’\'bx-ab ar - okc - 6a7+ aft 

2. Determine values of a which will make - aa;+ 25 a complete square. 

3. Solve the quadratic a; -4=1 — Check your result. 

•U T 4 


4. Find the square root of 25a;* - 70a;® + 89a:;® - 56a; + 16. 

5. Draw the graph of y = 5a; - a:®. From your figure determine the value 
of X which gives 5x-a^ a, maximum value. What is the value of y in this 
case ? Test your results algebraically. 

6. Solve the equations a;®+y®=25, a;+y=7 graphically and by algebra. 
7*. Between one census and the next the native population of a town 

increased by 8 percent., while the number of foreigners decreased from 200 
to 150. The increase in the total population was 7 per cent. What was 
the total population^at the second census? 
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2a 


3a 


XXX. d. 

8o* 


1. SimpUfy 

2. Write down (i) the square root of (a:* - a:)® - 8 (a;* - a:) + 16. 

(ii) the square of a - 26 +c. 

(iii) the cube of a + 26. 

3. Usiug half an inch as x unit, and one-tenth of an inch as y unit, 

draw the graph of 3.^ + 2, for integral values of x, from -2 to 6. 

What do you deduce as to the equation a:^~3a;<f2=0? Give reasons. 

4. Draw enough of the graph y=x^ to determine the square roots of 
‘ 64*8 and 58*5, correct to two decimal places. Use a large x unit. 


oil) 

5. Solve the equations arv=12. 

X y 12 ^ 


6. Find the values of a which will make the expression 

8a^+ a®a?® - lOax - 48 

exactly divisible by a: - 2. 

7. A clock is two minutes slow but is gaining. If it were three minutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner. How much does the clock 
gain in a day ? 

XXX. e. 

1. Simplify 

2. What values of a will make 9a:*+aa?y + 4y* a complete 6C]uarc? 

3. Solve the quadratic 6(a?~2)=a;, by completing squares, and veiify 
your results by means of the formula for solving quadratic et] nations. 

4. Determine graphically between what values of x the expression 
35 - 4a: - 4x^ is positive. Verify your result by algebra. 

5. Solve the equations 3a;^+4a^=ll, 

4?/* 4 3a:y=22. 

6. Find the square root of 16 j:* - 16a:® + 4a:® + 8a? - 4 + ^. 

7. A sum of money is distributed among some children, each child 
receiving the same amount. If a shilling less bad been given to each, 36 
more cmldren could have participated ; and if a shilling more had been 

f iven to each, the number of children would have had to be reduced by 20. 
ind the sum distributed. 

XXX. f. 

, 2:^+9a: + 4 

’ a:a-16 ’ 

2. Prove that a; -a is a factor of x^ - (a + b - c)x^-h (ab - be - ca)x -h abc. 

3. Solve, graphically, the equation 2a:® + a?- 13=0. Get your results 
correct to one decimal place, and check your answer. 

4. Find the maximum value of 7a: -a:®, and the minimum value of 
a:®-6x. 

5. Solve the equations ^ - Sxy - ]4y® = 10« * 

z-7y-=l> 


1 6a:®+a;-l 6a:® + lla:+3, 

1. Simplify 
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6. If a*=6®+c*, prove that (a+6+c)(6+c-a)(a + c-6)(o + 6-c)=4W. 

7. A fruiterer sold a certain quantity of oranges for £6. 104, If he had 
given two more oranges for a shilling, the same quantity would only have 
realized £5. lls. How many oranges did he sell ? 


XXX. g. 


1, Simplify 


a:* + 2arV + y* ^^ . /, _y*\ 


2. Prove that (a - b), (6 - c), (c - a) are factors of 

a*{b - c) + b^(e -a)-hc*(a- 6). 

3. Solve the equation •3x-12=0 graphically and by algebra. 

4. Use a geometrical method to find the value of 


5, Solve the equations (x + 2y )* - 3 (a? + 2y ) - 28 0, 

a;--2y=:5. 

6, Extract the square root of ar* + 1 - 12x (j:® + 1 ) + SSa:®. 

7, A man starts at 2 p.m. to walk to a place 13 miles ofi*. He walks at 
a uniform speed Jill 4 p.m., when he increases his speed by one mile an 
hour, and reaches his destination at 5.30 p.m. At what speed did ho walk 
during the first two hours ? 


XXX. h. 


1. Resolve into factors : (i) - lie® + 9, 

(ii) 512(u?-^)®-(8oa;-a)*. 


2. Simplify 


(a ’hb)x (6 + c)x 

( j; + a) (a; - 6) (a; + c) (6 - ar)’ 


3. Divide by a;®-y®-z®. 

4. A certain port wine is worth 47s. a dozen now, and increases in value 
at the rate of 3^. a dozen per annum. Draw a graph to determine its worth 
in coming years, and read ofiP its value per dozen in 7, 13, and 17 years. 

5. Solve the equation 5a^~5a;-21— 0 graphically and by algebra, 
getting your results correct to one decimal place. 

6. Solve the equations x® + y® + I ^ Sxy, 

2(xy + 4)-:iyK 

7. Ono'fourth of the subscribers to a certain school gave a sovereign 
apiece, one-fourth of the remainder gave Valf-a-sovereign apiece, and the 
rest each gave a florin. If the three sets of subscribers raised their 
subscriptions to a guinea, half-a-guinea, and half-a-crown respectively, 
the total increase in the subscriptions would be £2. lOs. Od. How many 
subscribers were there and what was the total amount subscribed ? 


XXX. k. 


1. Multiply 8a® - 12a*6 - 54a®6® + 243&* by 2a + 36, using the method of 
detached coe^cients. 


. ^ Express f 1 - ~ ■ *1" V as a fraction with a numerator of four 

raoton. ^ y 


s. 


Solve the equation 


4 a :- 11 
x-3 


2a?-17 ^ 3a?-22 a?-10 
a:-9 x-7 ~ a:-9' 
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4. With the same axes draw the graphs of y=a;+4 and Hence 

solve the equation as accurately as you can. 

5. Two cyclists, riding 9 and 10 miles an hour respectively, start from 
two places & miles apart at noon towards one another. Find graphically, 
as accurately as you can, their time of meeting, and the times when they 
are 20 miles apart. Verify your results by algebra. 

0, Solve the equations {x + S^)* + (2af - y)® = 86, iey = 4. 

7. From two towns 445 miles apart, two cyclists start on Monday 
morning to meet each other. One travels at the rate of 48, the other at 
the rate of 57 miles a day. Find on what day they will meet. 


XXZ. L 


1. Multiply 2a::*“3x® + 4«-6 by 3a:®+4a; + 5. 

2. Prove tho identity _+ _ =^+ J_+^+| 

dx - X* ox — id* cx — xi o — a? 0 — a? c — x x 


2 1 4 1 

3. Solve the equations - + -=2, = + ==3. 

x-S y-*2 a?-3 v-2 

4. Solve the equations x + y=7, ocy=4 by a geometrical method, as 
accurately as you can. 

5. A cycles along a road starting at 15 miles an hour, but diminishing 
his pace by 3 m. an hour at the end of each hour. B staits at the same 
time, in the same direction, at 9 m. an hour, increasing his pace by one 
mile an hour at the end of each hour. Draw in one diagram a graph to 
give their positions at the end of each hour. Determine when and where 
they meet again, aud how far apart they are in 5 hours. 

6. Solve the equations a^-xy-^ y^=2l, 

ar*-y*=:.9. 

7. A and B, who live p miles i^rt, start at the same time to visit each 
other. If A travel at the rate of q miles in an hour, and B at the rate of 
r miles in an hour, express in terms of p, g, and r the time which will 
elapse before they meet. 


XXX. m. 


1. Multiply 


o® - ab + 5® . 

a®- 3(x6(a - 6) - 6® ^ a^+ 6®’ 


2. Solve the equation 


a?- 3^7j:®~3a?-9 
5x - 4 7® - 10 


3. Find the square root of 

4. A man spends £75 in 64 days. Draw a graph to give his expenditure 
in any number of days. Write dowm his expenditure in 17i 35, and 49 
days, to the nearest shilling. 

6. Draw the graphs of **+v*-4a:-8y=0 and 2y-ie=6, in the same 
diagram, and hence solve the equations. 

6. Solve the equations (3a; + y)* - (3y'4- 24, 

N a;*+y®=:5. 

7. A rectangular grass plot, 8 ft. longer than it is broad, is surroDfided 
by a path 2 ft. 6 in. wide. The cost of making the path, at Is. 6d. asqnare 
yard, is £3. 2s. 6(f. Find the length and breach of ths plot of grass. 
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XXX. m 


1 a; + 3o/>* - 6* 

1. Simplify 


2. Solve the equation 

•3, Resolve into factors (i) (a* - h*) - (a + (a - 6)* ^ 2ft (a* ^ ft*). 

(ii) a:*-- 1 Ox* + 31a; -30. 

4. Praw the graphs of y=2x-a:*, 2x + y=0, and hence solve the 
equations. 

5. Determine graphically the maximum value of 3-4x®- 12a*. Write* 
down the value of x in tliat case, and verify your results by algebra. 

6. Solve the equations 4x* - 6xy f y*= 1 1 , 

3y*-2iy-14. 

7. A walks over a (;crtain course and back again : B starting at the 
same time walks at half the pace of A over five eighths of the course and 
back again. A passes B half a mile from the winning post : find the length 
of the course. * 

Solve the problem gi aphically or by .ilgcbra. 


XXX. p. 


1. Divide aft (a:;* + y*) + (a* + ft®) xy -f (a - ft) (x - y) - 1 by ax + fty - 1. 

2. Solve the equation 6(x + 4)® + (x - 4)®“5(x*- 16). 

3. Factorize (i) a{a f ft-c)(a- ft + c)-ft(ft |-r-a)(a fft-c). 

(ii) x^-3x®y® + y^ 

4. Draw the graph of y=x*-3x, using a large x unit. Hence solve, 
as accurately as you can, the equation x®- 3x“7. 

5. A, starting at noon, cycles 15 miles in the 6rst hour, and diminishes 
his speed by 2 miles an hour at the end of each hour. B, starting at 
2.30 p.m. in his motor car, catches him up at 4.30 p.m. How fast does B 
travel? Solve tiie problem graphically. 


6 . 


Solve the equations 

1 

y 

xy 



« 


7. A woman has a 6fth more apples than pears, but obtains a pound less 
for her apples when they sell at sixteen a shilling than for her pears, each 
of which is worth two apples. How many of each kind of fruit has she ? 
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CHAPTER XXXL 

LITERAL EQUATIONS. 

169. Instead of numerical coefBcionts, we sometimes have to 
deal with coefficients denoted by symbols whose values are 
supposed to be known. Such coefficients are called literal. 

The methods of solution are the same as in dealing with 
numerical coefficients. 

Simple Equations. (One unknown.) 

Example 1. Solve the equation 

x-a 2ax 

a-b 

Multiplying both sides by a* - 

{x- a){a + h]-’{x+a)[a-h)-2ax. 

Removing brackets, and transposing, 

x{a f6-a + 6-2a)=a®-a& + a* + a6, 

2z{b-a)=2a^, 

Dividing both sides by 2(6 -a), 

a* 


Examples. XXXI. a. 


Solve the equations : 
j a-ba+b 

7 gJ? . _ 

^ a + b^^~~a-b o?-b^' 

9. (a:-a-6)*=a:®-(a-6)®. 

♦ fii. 

a? -a x-b X 
|n x-2a _ x-a 
x+la^x+a 


2 . 

bx ax 

& *±«+£±«=2. 

»-c x-a 


8. 


x+1 


a + c a + 6 + c’ 

10, — +26(a-c)+?=c(a + fc) + — . 
a 0 c 

12. ?^+!l=£+^r?=o. 

a?- p X x—T 

2(a-'6) 

a;-6“’4f7(a+^7 


3{a6-a:(a + &)} , (2a + 6)6®a;_6a: a®6* 

0 + 6 a(a + 6)» “ o "{a-i b/ 
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Solve the equations : 

(g^- l )(ga; + l) (a^+ l)(a;-g) _ ga; + l a(ga?-“l) 
o*(a;+a) aa;+l x+a ^ oa: + l ' 




ax + b a + ba; 


X _ a+b ijj ar-g . ar-c »+ 2 a_/a?+a\* 

■ ab ' * x-b'^x-d ‘ * x -26 \a?- 6 / ‘ 


a ; -26 x-b 2 (a?--g) 
a + 6 ^a+ 26 '“ 36 


g 6 _ a+ 6 
a: + g^a: + 6'“» + a + 6 
(a? + a)(a; + 6) + (a; + 6)(a?+c) = (a; + c)(a? + t/) + (a: + c?)(x + a). 

^ _ 1 ^ 1 

x-a X - a \ c x-b-c x-b' 

1 1 a-b 


X -a x-b 2 ^ -ab 


ax bx . , 

— r + =a+6. 

X-b x-a 


Simple Simultaneous Equations. 

* 170 . Bzample 1. Solve the equations ar + 6y=p (1) 

bx-ay^q (2) 

Multiplying (1) by a and (2) by 6, 

n?x-\ ahy = apy 
, til^x-ahy^hq. 

Adding, i;{a® 4 6*) = a/) + 6g, 

a/? + 6q 
o®4 6*’ 

Instead of substitutmg for x to find the value of y, it will be simpler to 
eliminate x from the given equations. 

Multiplying (1) by 6 and (2) by a, 

aba: 4- 6*y= 6/7, 

a6a:-a^=aq. 
y(g*4*6“)=6/7-a^, 
hp-aq ^ 

is the reqd. solution. 
a«+6** ^ a»+6* ^ 


Subtracting, 


Example 3. Solve the equations 


a b 

f+y=i. 

6 a 


..( 1 ) 

..( 2 ) 


.ri-n-,ri4).o, 


Subtracting, 
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Substituting in (1) or (2), 


ab 


3|eExample8. XXXI. b. 

Solve the equations : 

1. .3(x-o)-2(y+o)=5-4«, 2. (a + &)a? + cy=6c, {b + c)y + ax= - ab. 

2(a;+a) + 3(y-a)=4a- 1. 3. oa: + 6y=3(a®+6®), x + 4b = y + 2a. 

4. (M5 + 6y=s, ax-hy=t. 5. aa-by = a^t bx-ay = b\ 

6. aa; + 6y=a®+2a&-6*, 6a;4ay=o®+?A 

7. (a + ft)a; + (c + d)y=6c-ad, (a-6)a:+(c-d)y=od-6c. 


8- I. + 

o-c c-a 




a? V _ 1 
a-h* c-a^a-h b-c 


9. a(x+y)-&(a?-y)=2a, ^a*- 6*)(a;-y)=4oft 

10. ax-by=i^lah, 2&x h2fiy=36*-a*. 

11. a:(6- c) + l)y-c=0, y(c-a)-aa? + c=0. 

12. aicy=c(6x+(iy), 6a?y=c(ax-6y). 

13. c®x+2a®y = (c+a)(ca:+2ay) = (c-a)*. 

14 axy + &=(a + c)y, 6a-y+o=(6 + c)y. 


IK ^ y _ a»-f6» » . y_ 
a + 5'^a-6“a»-6»’ “ 


a»+6a 


m ® ^ 5 <z 

1«» — +— =j?, — + =0’- 
X y X y ^ 


a*-0*' 0 a a6 

17. (a-6)a? + (a + 6)y=2(a*-6®), aa?-l>y=a®+6* * 

18. ox hy = c, x-iby-d. 

19. ab {bx - ay) = c (a - h) (a® + oft + ft®) = c(a*x - ft®y) 

2«*+(a*-l)y=l. 

22 . &y + C 2 =o, cz + aa:=ft, ax+fty— c. 

23. ?iB*+«»y»+nz*-l. 
a b c 

24. a(y+«)=yz, ft( 2 +x)=a», c(ar+y)=xy. 


QUADRATIC EQUATIONS. 

171. When the equation has been simplified, the factors can 
generally be seen by inspection. 

Example 1, Solve the equation a ? - 3aa? - 18o®£=0. 

Factorizing, (a?-Cv*)(a:+3o)=0; 

• xs6a or -3o. 

. . B 


B.B.A. 
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Biample 2. Solve the equation ax(x - 1) + + 1) =26. 

Removing brackets and re-arranging, 

ox® -I- a?(6 - a) - 6 = 0. 
Factorizing, (ax + 6) (x - 1 ) = 0 ; 

ax+b=0 or X“1=0, 



Examples. XXZI. c. 


Solve the equations : 

1. x®-2ax = 15a*. 

3. te(a-i)-c(a-y=a 

5, x®“2ax+a*=^2. 

^ p-x_ p+a 
' p-a p+x' 

9. ahx^+l = (ai-b)x. 


11. «x(x-36)+2(x+26)a6=16a6®. 


13. i(*+a)>-i{2a:-a)»=lg?. 
15. afl-2bx=4a^+4ab. 

17. (a*-6*){a:* + l)=2(o* + 6*)a;. 


19^ j 

xhtt-l'x-a + i x-l' 

21. 4x®-4ax + a®=p. 



». — 

a-x 


+ 


a-x _a b 
b-x~o a 


[25. 6x®+«y*=a’+6*, x+y=a+6. 


2. x(5a-x)=6a*- 
4. x®“ (a+6)x + a6=0. 

6. 

f. o*x® , 2ax 


10 . 


12 . 

14. 


a6x*- 1 



a-h 

a®x* 2ax 

““55“ “ "f* *1= I/. 

/* ff* 

1 5 _2 

2x-5a’*^2x-ci a 


16. 4Gw; + 6* = 4x* + a*. 

* a-h b‘ a 

20. -1- + J +— =a 

x-a x-b x-c 


22. — -*i- 


X- a x -6 


- 2 = 0 . 


ax® -6 6x® _ 2 (o® 

ox+6'^a-6x'' a*-i* 


EQUATIONS IN AN IRRATIONAL FORM. 

172 . The square root of any quantity may always be regarded 
as having two values equal in magnitude but of opposite signs. 
For example, the square root of 49 is ±7. When, however, 
such an expression as J2x + 3 occurs in an equation it is usual 
to regard it as meaning the positive value of the square root 
of 2x+3. It might be contended that n/4xT7 - n/4x + 3 = 2 
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was the same equation as Jix+l + \/4x + 3 = 2 ; but they are 
commonly regarded as being different, and instructions are given 
that after solving an equation of this sort, the answers obtained 
should be substituted in the original equation to see whether they 
satisfy it. 

Example 1. Solve the equation 7 + V4a: + 3 = 6. 

By transposition, N/4a: + 3=6-N/4a; + 7 (1) 

Square; 4a; + 3=36- 12\/4aj + 7 + 4a; + 7 ; (2) 

12n/4x+7=36 + 7-3=40; 

N/4a?+7=-^* 

Square ; 4 j: + 7 = ; 

4x=-V-; »=3 t- . 

This root will be found on substitution to satisfy the equation 


N/4a'+7+\4j? f3=6. 

Examples. Solve the equation n/^-i-3 6 (1) 

By transposing, v'STS = 6 - 

Squaring, 2a?(-3=-36~12Va;-10f-.«:-10; 

a;-23=-12\^-“l0. (2) 

Squaring, - 46a; + 629 = 144(x - 10) 

= 144ar-1440; 

/. a;»-190a;=-1969; 

a?=llorl79. 


The result 11 satisfies the equation ; 179 does not. The fact is that in 
Bolving equation (1) we have intr<idueed an additional root through squaring. 
As we squared equati on (2) ft would have made no difference if we had 
written it a; - 23 = 1 2 six- 10. Thus, in solving (1) we are aleo seeing the 
equation - \/a; - 10=6 ; and this is the equation which is satisfied by 

the result 179.^ 


* This may be expressed in general terms. 

If we solve an equation P=Q by squaring, we introduce generally an 
additional root. 1 

The equation becomes P = Q?, 

•• f.c. F-Q»=0, 

U. (P + Q)(P-Q)=Q, 

Thus we have not only the original equation P <• Q=0, but another one 
also, viz. P+Q=0, i.e. P= -Q. •• 
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BzamplAS. Solve a^-*+6N/2«®-6a?+6=J(3aj+33). 

2a:®-2a;+10 N/2x*-5a;+6==3a;+33 ; 

2ir®-6a?+10 V2a^-5a?+6=:33. 

Let \/2i®-6»+6=y, t.c. 2a?-5af+6=p*. 

Then the equation becomes 

y2-6 + 10y=33; 

/. y®+l()y-39=0 ; 

/. (y-3)(y + 13)=0, 

N/2a^»-6a; + 6=3 or -13; 

2a:®-6ar + 6-=9; 

2je®-5x-3=0. 

By substitution it will be seen that the negative value ( - 13) of y will 
not satisfy the equation. 

Thus the question has been reduced to the solution of a quadratic 
equation. 


The following plan is sometimes useful. 


Bxample4. Solve N/2a:®+9a;- 1 +n^®-7j; + 7-6. ... 
Now evidently 2a:®+9a:- 1 -(2a:®-7J?+7) = 16ar-8 ; 
from ( 1 ) and (2) by division we obtain 

^/2^a»^l-^/2aj»-7a:+7=5^; . 

by adding (1) and (3) 

^ 8a? -4. „ 8a? + 14. 

2 v2a?’ + 9a;- 1= -jj— +6= — g — ; 


6N^2^9^^=8a?+14; 

.-. 3-v'2a:a+9a7-l=4a?+7 ; 

. by squaring, 18a;* + 81a; - 9 = 16x* + 56«+49 ; 

.*. 2a;»+25a;-68=0; 

(2a;+29)(a*-2)=0; 

/, a?=2 or -Y- 

Test, as before, to see whether the roots satisfy the equation. 

!t* * ^ 

Examples. XXXL d. 


..( 1 ) 

..( 2 ) 

.( 8 ) 


Solve the following equations and verify the solutions by substitution : 

1 . 2 , 

^3. 4. 5>/*^=>/OTr. 

7.' >«/ar’>-4x+9=3.' 8. N^i+3+N^^=6. 


i Jlxy -s/S=i/Se. I 
U. n(®^10+.2-s^6=2. 


10. <^'51+9— ^3x+l=<y2(*-6). 
IZr V2»+8+2>/*+5=2. 
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13, fl; + 5=N/a?+5+6. 

16. - (a - 6)® = a + 6. 

17. N/aa: + 6 ® + *Jax - 2ab=2a + 6. 

19. ->/J^=n/x 4 24 nAt - 1. 

21. N/ar+N^a;- 7=j^-==* 

23. Va?f 2 + N/a?= ^~^ 

26. -a^-slx'-h^^h-a, 

27. a;®+N/i®-5a?+ l=6a;+ 1, 

29. a;® + 2a?+4\/^+2a:+8=24. 
31. 9a? - ,3ar® + 4\/a:» - 3aj+5= 11. 
33. \/a?®+3j:-» 6-\/a?®+3a:- 1 = 1. 


14. n/5+T+n/«T8=7. 

16. a;“=21+N/?^. 

18. >/l+9x+V4a?+l=N/aj+l. 

20. \/5aa; +46 + >/6aa? - 46 =4 n/6. 

22. s/a: + 1 + Va; + 4 = s/i +9. 

24. N/a?+aN/4a5 + 2a®=a + N/J. 

26. ar»+>/^+3® + 5=7-3a:. 

28. a:*+2a: + 6\/a:*+2a: + 5 = ll. 
30. 3a:® - 2N/3a;® - 2a:+ 1 =2(« + 1). 
32. 2a:®-\/(a;- 3)(2.c^7)=13a: + 9. 


♦173. We now give some miscellaneous equations, of which the 
following are types. 


Example 1. Solve the equations : 

a?fy+2=19, (1) 

x®+y®+2®=133, (2) , 

yz=x^ (3f . 

Squaring (1), subtracting (2) from it, and dividing by 2, 

a;y+yz4-2a?=114, (4) 

from (.3) a:(y-f a:+z)=114, 

and from (1) a?=6. 

Substituting this value of x and solving for y and z we obtain the 
following solutions 

4?= 6, 6, 

y=9, 4, 

2=4, 9. 


Examine 2. Solve the equations ; 

•a:(y l-z)=7, 

y(a?+2)=4, 

z(a:+y)=5 

Adding (1), (2) and (3), and dividing by 2> 
ay+yz+z-i;=8. 

Subtracting (1), (2) and (3) from this, in succession. 


Whence by multiplication » 


ys=l, 

a?2=4, 

xy=^. 

a:»yV=12 

a:y2=:±'</l2 


« /s db^/l2 ,±-s/i2 

a?=dr2>/3, T— , 



4 
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Example 8. Solve the equations : 

*®+2yz=48, (1) 

y®+22a:=48, (2) 

22+2a;y=48 (3) 

Adding and taking the square root of both sides, 

j;+y+s -d-12 (4) 

Subtracting (2) from (1) anti factorizing, 

(j;-y) (a:+y-22)=0. 

.*. x^y or X hy= 23 . 

(i) If a;=y, from (1) ar®+2a:z— 48, 

and from (3) 2®+2a:^=48, 

whence z—x. 

/. x—y—Zt and from (1) or (2) or (3) 
a?— ± 4— y=2. 

(ii) If a*+y=22, 

from (4) ^ 2= f 4-a:“y as before ; 

/, x—y=z = ±4 are the only solutions. 


^Examples. XXXl. e. 


Solve the equations : 

1. (.r4y)N 

r + y i-z-13, 
j'y=24. 


2. 


xz-y\ 
a: + y4s=13, 
a;® + ?/'*+ 2.®— 91. 


4. 

7. 

8. 


^ IQ., 


7 , 

X I y 


5. Jey + -=10, 


X -y 

ay* -3. xy^-x=6y. 

x^ \ xy ^y^~ 2 .c® + 3 .cy 4 y-=c 2 . 

.«? I y + ':-7, 
a:y + x2+y2=14, 
ryz=8. 

_ x-a-h 
(a; - c) (« - d) “ flc - c - rf‘ 


3. a:»-2a?=f 


6. a:4y=a + &, 

2+?:=s. 

X y 


9. 


a?4 x-a_a 
x+h^ X- 


11. (0*4 &y)“ + (oy-6x)®=2^| + ^J, 

?+y=2-*±^ 

y^* o*-6* 


12 . ii?(y+«y=6, 

•j y(-e+=)-4, 

■ **(x+y)-.S. 

A 

14, the rational solutions of the equations, 
x^*,y®,x y_ 106 


13. <x+y)(x+2) = l, 

(y4 2)(y+x)=4, 
(24 a:)(2 + y)=9. 
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INDETERMINATE EQUATIONS. 

^174. When we have but one equation involving two variables 
we can generally find any number of solutions. (Art. 57.) 

Such equations, however, often admit of only a limited numbei 
of positive integral solutions. 

Example. Find the pottitive integral solutions of the equatiem 

5a? + 12y=lU3 (1) 

By putting a- or y =0, 1, 2 and so on, one pair of roots can generally be 
found without diiUculty. 

Here we see hy trial that one pair of roots is given by rr=5, y=:14. 

».e. 6x5+12x14-^193 (2) 

Subtracting (2) from (1), 5 (x - 5) 4 12(y - 14) = 0. 

5(a:*-5)^12(14-?/), 

a?>5 _12 
14 - y 5 ’ 

12 

Kow is in its lowest terms, and x and y must be Tiositive integers, 

6 

.*. a?-6=12/j, 

and 14 -y=6p, where p is an integer. 

• i.e, a?=5 + 12/>, (3> 

y=i4-6p. .,^1^ 

From (3) p cannot bo<0, for then x would be negative. 

(4) >2 y 

0, 1, 2 are the only admissible Values of p 

^ \ 

Hence from (3) and (4) the only positive integral solutions oi me giwi 
equations are • • > s 

(p=0) x=5 I (p = l) jr=17V •’(7>=2) »=29\ 
y=14J y=9 / \ y=4 / 
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^176. In how many ways can a biU of £2. 7& 6d, be paid in half- 
crowns and half-sovereigns f 

Let X bo the number of half-crowns and y the number of half- 
sovereigns required to pay the bill. 

Then + lOy = 

5aj-f-20y=95 

a;+4y=19 (1) 

Now X and y must evidently be positive integers, and we see 
that the equation is satisfied by « = 3, y = 4, 

i.e. 3-f-4x4 = 19 (2) 

Subtracting (2) from (1) 

a;-3 + 4(y-4) = 0, 

a;-3 = 4(4-y), 

a;-3 4 
4-y 

/. a; - 3 = 4^, 

4 - y ==p, where p is an integer. 


i.e, »=»3-f4j7, (3) 

(4) 


f'rom (3) p cannot be < 0, for then x would be negative. 

••• (4),. >4 y 

.'.^.■6/T, 2, 3, 4 are the only admissible values of p ; 

* ''i 

*t\e. there are five ways of paying the bill. 

’ This^incl^filds as .a solution the case when no half-sovereigns are 
|or when 4, y =» 0. 
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GRAPHICAL SOLUTION OF INDETERMINATE EQUATIONS. 
^176. Example. Find the poBitivo integral Bolutione of the equation 

T'^se a halMnch unit. 

When a;=0, y=15, 

y=0, ar=10. 

Joining the points (0, 15), (10, 0) by a sir. line, we have the graph 
of the equation 3x+2y^30. 

The only points, whose co-ordinates are positive integers, through which 
the line passes, will be seen to be the points 

(8, «3), (6, 6), (4, 9), (2, 12), not counting zero values. 

.*. these are the reqd. solutions 

Examples. XXXL f. 

Find the positive integral solutions of : ^ 

1. 5y=35. 2. 2x + 3y-=15. 3. 5a:-l-2y=27. 

4. 7j; + 3y=73. 6. 9x + 5y-33. 6. 7a? + 13y-207. 

How many positive integral solutions are there of : 

7. 2i:4l3y=185. 8. 2j? + lly=lC5. 

9. 4a:l-lty=207. 10. 7.r-f3y=119 

11, Piove that the equation 7a?-5y=16 has an infinite number of positive 

integral solutions. 

Use graphical methods to find the positive integral solutions of 

12. .3a;4 2y=17. 13. 6x4 y=18. lA 3a;4-4y=48 

16. 2a: + 7y=23. 16. 2a:4-3y=30. 

Find graphically, or by algebra, all integral solutions of the following 
equations which have po8iti\e values of x and negative values of y : 

17. a;-2y=12. 18. 2x-3y=24. 19. 2:-y=4. 

Find graphically, or by algebra, all integral solutions of the following 
equations which have negative^values of x and y : 

20. 2a? 4* 3y 4- 24=0. 21. 4a? 4- 3y-*- 24=0. 22, a? H2y4-12=0. 

23. A man bought a number of books at 54. each, and a number at' 7a. each^^ ^ 

and spent 3Ss. : how many of each did he buy ? ^ ' 

24. A man bought a number of geese at 7^. each, and a number of tuikeyF 

at 11«. each, and spent £4. 64. : how many ol each did buy ^ 

25. In how many ways can I pay a bill of Sis. in six^i6nceB*fli^jlt)i)iruig6, 

excluding zero solutions ? ' 

26. Divide 59 into two parts so that one may be a multiple 0(9 

other of 4. *\ j * ' 

27. A has only four-shilling fiieces, and B only half crowni iVhat je thW 

simplest way in which A can pay B the sum of 35s. ? .* 

28. In how many ways Cckn I pay ^ bill of 379^ ^ I only florinff Mid 

half-crowns in my pocket ? ‘ ' 
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29. The sum of two fractions is and their denominators are 4 and 7. 

Find all the solutions of the problem. 

30 . Find general formulae to represent all the integral solutions of the 

equation Oar - 13^=63. 

31 . A has 25 four-shilling pieces, and B 25 half-crowns : in how many ways 

can A pay B the sum of 37^. ? 

32. * Find the positive integral solution of the equation 5a;+13y=227, for 

which the value of x is largest. 

33 . A man exchanges a number of geese at Is, each, for a number of 

turkeys at 13v. each, and receives £4. 13s. in cash. Find the number 
of ways in which the exchange can be made, a condition being made 
that the man shall not take more than 20 turkeys. 


CHAPTER XXXIL 

THEORY OF QUADRA7TC EQUATIONS. 

‘ 177. To prove that a quadratic equation cannot have more than 
two roots. 

If possible, let the general quadratic equation 
ax^ ’\~hx + € — 0 

have three different roots a, /J, y. 

By hypothesis, each of these values of x satisfies the equation, 


by substitution 

rta^-f Ja + c = 0, (1) 

a/3^^^bl3 + c^0, ( 2 ) 

ay^+by+c = 0 (3) 

Subtracting (2) from (1), -k ?>(a - j8) = 0. 

Dividing by a - jS, which by hypothesis is not equal to zero, 

.* a{a + f3) + b = 0 (4) 

In the saihti way, subtracting (3) from (1) and dividing by o-y, 

^l(a + y)-f 6 = 0 <(5) 

' -Suhtrae^g.(5) from (4), a{/3 - y) = 0 ; 

a = 0 or ^ - y=-0. 


-i^ch is'itupossible, for a is not equal to zero, nor is /? equal to y, 
by hypothesis. 

/. the quadratT^i^ j^niiot ha^e more than two roots. 
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178 . The square root of a negative quantity cannot be found. 
It is said to be ^imaginary^ or Uitireal,* or * impossible* 

The quadratic equation + io; + c = 0, will hive 

(1) real and different roots if h^>iac, 

(2) real and equal roots if 

(3) imagwary roots if V^<Aar. 

“Wq have seen (Art. 149), that the solution of this equation 

may be thus written : 

— 4rfc 


(1) If 6‘-*>4ar, h^-^ac is positive, and the value of Jb^ - 4ac 
may be found ; 

wo then have two real and different roots, 

Vi/. 

2a 2a 


(2) If b^ = 4ar, b^ - Aar = 0 ; 

3 •= - [-is the only solution ; 

2a ‘ ^ 

in other words the roots are equal, and each equal to 



(3) If b^<4aCf b^-Aac is negative, and the value of 
- Aac is imaginary. 

Hence the equation in that case has no real roots. 

By moans of the above we can determine the nature of the 
roots of a quadratic, without actually effecting its solution. 

The student must be careful to distinguish bot\tectv- rrvaUonal 
and imaginary roots. 

If the roots of az^ + bx + c ^ 0 are rational, b- - 4ac^miustybe a 
perfect square. 

The roots of - 2 j; - 2 = 0 are 1 + n/ 3, and 1 - n/3. 

Those are real but irrational. 

The roots of - 2 j; + 4 are 1 + V - 3, and 1 - ^/ - 3. 

These arc imaginary. 
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179. The roots 0 / a!r® + te+c=»0 are equal, but of opposite sign 
ifb^O. 

The roots are equal but of opposite sign, 
if -b + JW^iae _ r -h-Jb^-4ac l 

* . ’'2a ~ L 2a J 

_b+ijl^ - iae , 

“ 2a ’ 


i.f'. if 



i.e. if 


5 = 0. 


Example 1. When we solve the equation at^+px-q'^=0, the expression 
under the radical sign 

=/>®f47®, (6®-4ar) 

which is positive. • 

the roots of the equation are real and different for all values of 
jj and q. 

, Example 2. When we solve the equation 5a^-2x + i=~0t the quantity 
under tlie radical sign 

=4 “ 4 X 20, which is negative, 
the equation has imaginary roots. 

If we drew the graph of y=5x® “2a; + 4, as in Art. 151, we should find 
that the curve does not meet the axis of a?, i.e. no real value of x can be 
found which will make - ‘2a: + 4 vanish. 


Example 3. When we solve the equation 2a;* -px-h8=0, the expression 
under the radical sign 

=p*-4xl6=p*-64. 

.-. if p*=64, i.e. itp= ±8, 
the roots of 2a;* -/;a; + 8 = 0 are equal. 


180. In the quadratic equation ax^ + te + c = 0, 
(l^ the sum of the roots = - j 

(2\ the product of the roots = 

and P be the roots. 

— 6 + <s/5* — 4ac 

«= ^ 




-b- - Am 


2 « 
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Adding, 



Multiplying, 

_4ac 

[(l>+?)(p-g)“l>*-2®] 

(/ 

““a 

If we write the equation in the form 

0 C ^ 

/pz + - 4 . ^ - 0 , we may 
a a 


express these results as follows : 

When the coefficient of in a quadratic equation is unity, 

(1) the sum of the roots is equal to the coefficient of z with 
the sign changed ; 

(2) the product of the roots is equal to the constant term. 
These results are of the greatest importance, and will be fouiii^. 

most useful in solving problems concerned with the roots ofv 
quadratic equations. 

181. If a and p are the roots of ax^ + bx + c^^O, 
ax^ + bx + c=^a{x-a)(x- p), 

ax^‘\-bx + c = a (x^ + ^ + ^ 

\ a a/ 

= a [a;2 - (a + I3)x + ojS] 

= alx-a)(x- 13). 

In the same way, if a and p are the roots of x^ +jac + g = 0,* 
x^ 4- ^ = (a; - a) 

Example 1. The quadratic whose roots are - 5 and 6 is 
{X t-5)(a;-6)-0, 
or a:*- a?-30=.0. 


Example 3. If a and /3 are the roots of x^-px + q=0, find'the^^alttai of 
(1) a-A (2) a«+/3*. (3) 


(1) «4/5=;», 

. ap-q. 

Squaring (1) and subti acting four times (2), 

(e-i3)'‘=P*-4gr ... 



(11 

.‘^2) 
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(2) Squaring (1) and subtracting twice (2), 

(3) Squaring (1) and subtracting three times (2), 

a* - ap + jS® =/>* - 3g. 

Multiplying this with (1), 

, a»+/3®=p(j9®-3q). 

Example 8. If a and /3 are the roots of ax^+bx + cssO, form the 


equation whose roots are and 1. 

a ^ 


1 . 1 


The sum of the roots of the reqd. equations=- + - 

(t P 


h , c __ b 


the reqd. equation is 


The product of the 


^+|,- 5 = 0 . 

ca:® + 6a; + a=0. 


182. If CL is positive and a, jS are real roots of the equation. 
<«a;2 + &c4.c = 0, the expression + + c vanishes when x=^a or 

and is positive for all other values of x except for those lying between 
a and p. 

^1) The values a and /? satisfy the equation ; 

/. the expression ax^ + /;a; + c is zero when = a or p, 

(2) “ + ^=-a> = J (Art. 180.) 

.'. ax^ + bx + c = a(x^ + — + ^ 

\ a a/ 

^ =a[a;2^ (a + /?)«; + ojS] 

= a{x-a)(x- p) (1) 

Let a be greater than p. 

When x> a, a: - a is positive and x- p is positive ; 

/. from (1) ax^ + + c is positive. 

When x<a but >P, x- a is negative, 
and X- p is positive ; 

from (1) ax^ + bx + c is negative. 

Lastly, when x<P^ x-ais negative, 
and fl! - )8 is negative ; 

•from (1) ax^ + c is positive. 
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I ^ 

/. aa:2 + ia; + c=0, when a-a or j8, 
is negative when x lies between a and 
and is positive for all other values of x. 

It follows that if a is negative and a and /3 are the roots of 
ttx^ + bx + c = 0 , the expression + for + c is zero when x = a or^ 

negative for all other values of x except for those lying between 
a and J3. 


Example 1. To prove graphically that the expression x^+x-6 

(i) vanishes when a; =2 or - 3, 

(ii) is negative when x lies between 2 and - 3, 

(iii) is positive for all other values of x, 

(i) If we draw the graph of as in Art. 151, we shall see 

that the curve cuts the axis of x where x=2 and a;= - 3. 

(ii) When x lies between these values, y is negative. 

(lii) For all other values y is positive. * 


Example 2. 


Show tliat ^ can never be greater than 7 nor less 

Xr T OX T* 4 


than Y for real values of x. 

• ,iC®-3ar+4 
aj*+3a;+4“‘^' 

Multiplying up and rearranging as a quadratic for x, 
a:“(l -w)-3j:(l-i"M) + 4(l -ttlssO. 

When we solve this quadratic for x, the expression undei the radical 
”8“ =9(1 + m) 2 - 16(1 - M)* - 4ar) 

= -7 + 60M~7a® 

=(-7 + tt)(l-7w) 

=7(tt-7)(f-u). 

Hence if u > 7, - 7 is positive, and ^ - u is negative. ^ 

. . the expression under thg radical sign is negative and x is imaginai^. 
If tt< 7 but > y, tt - 7 18 negative and y - u is negative. 

.'. the expression under the radical sign is positive, and x is real. 

If tt<y, u - 7 is negative, and \-u\b positive. 

. . the expiesaion under the radical sign is negative and x is imaginary. 
Thus for real values of x^ u cannot be greater than 7 or less than 


183. Find the amdiiion that the equations aa;2 + &c + c = 0 and 


a'fl 5 ® + 6'aj+c's=0 may have a common root. 

Let a bo a common root of tlte equations. 

Then by substitution aa^ + Ja + c :*= 0, (1 ) 

a! a? + ft'a + c' = 0. . . (2) 
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Multiplying (1) V (^) V ^ subtracting, 

a2(ay-a'6) + &'c-ic' = 0, 

a bcf — be /n\ 

•^^oT-lTb 

•Again multiplying (1) by a', and (2) by a, and subtracting, 
o(a'6 - ab') + a'c - or/ = 0, 

_ a'c - or! 



• f /o\ j \ — be fcbc — cic^'^^ 

or. (a6' - a'h) {be* - Vc) = {a'e - ac')^ ; the roqd. condition 


or 


or 


(4). 


Examples. XZXII. 


Form tho equation, whose rootd are : 
1. 2, 6. 2. 4, -5. 

4. 0, -3. 6. 2a, -3o. 


7. l+i.l 

a 


1 

a* 


8 , m±>sjm^-n. 


10. 3 + \/3, 3->/3. 


6. 


9. 


11 . 


O. TT, 

0+1, o- 1. 


21 

4-<s/3 44\/3 
5 ’ 5 ‘ 


12. For wliat value of k will the roots of 10a:=^ be equal? 

13, What 18 the condition that the roots of the equation sc^- 7 ) 0 : + (7=0 
may be rational ? 


14. Provo that the roots ofa;®-3a? |-1=“0 will be imaginary if h is greater 
than 21. 

15. Solve the equation 7 ^- px + q — 0, and hence find (1) the sum of the 
roots, (2) the product of the roots 

16. If a and fi are tho roots of ctx^-bbx-}- c=0, find the values of 
(1) a-/3, (2) a® h/3«, (3) a^+jS*, (4^ a^+pK * 

17. If « and)3 be the roots of the equation x^-px + q-0, form the 
equation whose roots arc 2a, 2/3. 

If a and p be tho roots of the equation aa?‘+&x4 c=0, determine the 
eqiuition whose roots are : 

■ 18. -«. -/S. 19. 3o, 3/S. 20. ? 2. 

P “ 


2a 2/3 
/S’ V- 


2/S-«, 2a-/S. 23^ 

p a 


24. Find tho numerical value of a ip the eo(uation aj:°+2a7+3a=0, when 
the sum of its roots is equal to their product. 

25. I^ one root of the equation clj^ + ha? + c = 0, is double the other, prove 
that9ac=2ha 
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il ^ 

26. Form an aquation whose roots shall be where a, /3 are the 

fi a 

roots of the equation 

27. If a, j9 be the roots of the equation aa^+6a?-a=0, determine the 
e<j nation whose roots are 

p a 

28. Find the sum of the cubes of the roots of 3fi+px+q=0 * 


29. If a, p be the roots of the equation pa^+qx + r^O, find the equation 
whose roots are a+pt ap Find also the value of a^+/9^. 

30. If oLj p be the loots of the equation aa^-^bx+e=:0f form the equation 
whose loots are and pP 

31. Find the Quadratic equation whose roots are the squares of the roots 
of the equation ar =/)j; + g 

32. Piove that the equation a^*-2(I:+2)ar-I®=-0, cannot have equal 
roots for any rc al value of I For what value of I will the roots be equal 
but of opposite sign * 

33* If a, p be the roots of the equation q = 0, piovo that 

^ {^px k q will be a negative quantity, if x be put equrtl to + ^p 

34 Find the condition that the two quadratics a:®+^a-fg=0, 
a:®+jp.c + g'- 0, may have a common root 

35 If a, fl be the roots of the equation a:®+«j: + g=0, piove that 

36. Show that one of the roots of the equation px^ + qx-\ r=0, will be 
double one of the loots of the equation rx^+qx+p=0, if either r— 2^; or 
2!p+rs= ±q<JJ 

37. If a, /5 be the loots of the equation x^-px + q 0, prove that 
a® + jS® =p® - 5p^q I ppq^. 

38. Pro\ c that, if one of the equations 

a;®-a;(3c-6) + 6c=0, a;®-a:(5C“6) + 4t’*^0, 
has equal roots, so has the other 

39. If Pi q be the roots of the equation oa^H 2bx - c =0, find the equation 
whose roots arejp®, q* 

40. One root of the equation x®+aa; + 6=0 is double of the other; and 
one root of the equation a:^ + aa; + c=0 is equal to three tunes its other Voot. 

Find the value of 

c 


41. Prove that the roots of one of the two equations 

8a^x(2x-’ l) + fp=0, 4a®a:®+&®(4a;+l)=0, 
must be imaginary 

42. If aa^+bx+c=0, bca^+ctix-tabssO have a common root, and if 
a + 6 + c=0, prove that 

b^(a - c)*=:a^<®(a- 6)(6 - c) 

43. The roots of the quadratic are^a?}, 073 ; find m terms 

of a, b, c, the values of (1) •(aJCi+hKcwa+fth (2) (bXi + c)(bx^+c). 

44. If ^2 of the equation €ue^+ bx+r=0, find, m terms ol 

a, b, c, the value of 11 


BBA. 
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3 ■ 

46 . Prove that, for real values of ar, the expression - — ^ can have 

X — o 

all numerical values except such as lie between 3 and 23. 

46. Prove that cannot be greater than nor less than for 

real values of x. 

47. Prove that cannot be greater than 3 or less than for 

real values of a;. a: + -a; + 4 


4a:2-5a;+10 


cannot 


48. For real values of a?, prove that the expression 
Ho between 9 and - I 3 . 

49. Find the greatest value which the expression a: + - Ta** - ? 

can have for real values of x. 

50. Find the minimum value of real values of x, 

»-*+«+ 1 


CHAPTER XXXIII. 

Examples. XXXIII. a 

1. Resolve into real elementajy factors : 

(i) - 23.ry -I- 20y’*. (ii) x*-lx^y^-{-y^. (Hi) x^-l, 

2 . Simplify _ ■ ^yse~l2~s?~ 8w + 15‘ 

3. Find the squares of x^y-\-2z-\, and of a: + y- 2z-l. What is the 
value of the difference of these squares when 2 — J (a?+y)? 

4. Find the l.c.m. of + a;" + y®4a:V(^+y*)- 

. 5 , Solve the equations (i) 27ic®- 67a;= 14. 

(ii)x»+y»=15. 

6. A travels 42 miles in 5J hours. Find, graphically, how long he 
takes to travel 35 miles, and 29 miles. How far did he travel in 2 hrs. 36 
min. ? 

7. Solve the equations a; + 2y - s 4 = 0, 

3a’ + 4y+2-l=0, 

• . 5a; + 6y-3z+18=0. 

8. If a, /3 are the roots of the equation a:*+px + g=0, form the equation 
whose roots are a + 2/9, /9 + 2a. 

XXXIIl. b. . 

1 . Find the factors of (i) ■a:*+ 16x + 63. 

»^^ii) y* - 43aV + 42o*.- 
* , . 7 ? — 14a?®'+ 49a:* - 36a?» 
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2, Find the square root of 9xi* - 42a^+37aB*+28aj+4. 

1 ^ 

o G ut.,x-a ®+a”a^+o*/ 1 . 1 \ 

8. S.mpWy-— 

**-a* ?Ta? 

n. h 

4. Solve the equations (i) ^-4._=a3+6S. , 

02C ax 

(ii) (a? - 10) (a: - 7) + (2* - 9) (a: - 8)= 103. 

5. A person after paying income-tax of 6cf. in the £ gave away one- 
thirteenth part of the remainder, and then had £540 left. W hat was his 
original income ? 

6. On an examination paper of maximum 68 the marks gained by six 
candidates were 52, 47, 41, 36, 24, 12. Diaw a graph to raise the 
maximum to 100, and re^ off the raised marks of the candidates. Test 
one of your results. 

7. Employ the Remainder Theorem to prove that + 2as* + a; f 6 ia 

exactly divisible by .i^~5a;+6. 


xxxni. c. 

1. Remove the brackets m 7a+6[&-5{c-l 4(6 - 3 (a + 2c))}] and find its 
value when a =2, 6 — 3, c=l. 


Simplify 


1 e’i 


15 -h 4 j: - 5 


3 . 

and 


Find the h.c.f. of 13*®-30a; + 8 

- 4ac* - 1 la:® - 60aj + 16. 


2a;-l 4x*-l 


4 . Solve the equation < 


3 


a?+l- 


aj+3 


»^3 10a: + 1 

’a; + 3 * 2J: + 3’ 


3(a:-3) 

5. Solve Ihe equations : 

(i) (a-+ 6)(c + a:) + (6+c)(a+a:) = (c + a)(6 + a:). 

(ii) a-+y=3, §+7=2. 

X y 

6. I bought a horse and <%rriage for £80. I sold the horse at a profit 
of 20 per cent., and the carriage at a loss of 4 per cent., and found that on 
the whole transaction I had gained 5 per cent. What was the original 
cost of the horse ? 

7. Determine the values of k for which the equation 

12(l;+2)a«-12(2it-l)a:- 384- -11=0 
will have equal roots. 

XXXIII. d. 


1 , Divide a:* + a:*+4j:® + 21a:® + 23ar 
of detached coefficients. • 


-40 by a:* + 4j: f-5, using the method 


3. Find the square root qf 4a:*-i^l^- lla^~ WBHsSffi. 


B.B.A. 


•-S2 
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A man travels at the raite of x feet per second. 

(i) How many yards does he travel per minute ? 

(ii) miles hour? 

(iii) in y hours? 

(iv) How long does he take to travel y miles ? 
Solve the equations : 

lx 48 

<*) 7"^^ rr 


(ii) 3y+2a?=13ajy. 

X y 

6. A man on a bicycle, who travels at the rate of 10 miles an hour, and 
another walking at the rate of 4 miles an hour, start at the same time and 
from the same point to go round a field a quarter of a mile in circum- 
ference in the same direction. Find how soon the bicyclist is one-quarter 
of the whole circumference ahead of the walker. 

7, Trace the graph of y=3a;-a^, and deduce the value of x when the 

expression is a maximum. What is the maximum value of the 

expression ? 


XXXIII. e. 


1. Show that is divisible by if 

2. Find the product of x - y, x y, x® - xy +y®, x® + xy + y*. 

3. Find the square root of n (n -f 1 ) ( 74 + 2) (?* + 3) + 1. 

4. Express |l simplest form. 

X ” y”-'z 

5. Employ the Remainder Theorem to prove that 

l-x®-2x»-2x*-x*^-fx7 
is exactly divisible by x+ 1 and by x®-f 1. 

6. Solve the equations 

(i) 6(6-fx) _^ 

' ' 6 a 

3 2 

3 — x“^”2^ (correct to two decimal places). 

7. Two travellers, one of whom travels 3 miles an hour faster than the 
other, set out to meet one another, starting simultaneously from two 
towns which are 216 miles apart. They meet after a lapse of 8 hours. 
Find the rate at which each 01 them travels. 

8 . Divide 1 into two fractions such that the sum of their cubes is 7 * 


/ xxxm. f. 

1 . Divide (x + + (x® - y®)® + (x - yj* by 3x® f y®. 

2. Resolve each of the following into three real factors : 

4x®-*^23x®+28x, y*+llya-180, o*+276». 
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3. Solve the equations : 

r\ jg+g x-h_2{a + b) 

' x-a x+d" X 
(ii) x®+a:y=28, a:y+y*=2l. 

4. Given that a, /3 are the roots of x^+px+q=0, find the roots of 
*^+ 4 j 9 X+ 167=0. 

6. Prove that the difference of the squares of two consecutive nurnblirs 
is equal to the stim of the numbers. 

6. A, walking uniformly but taking a rest of 20 minutes when he has 
gone half-way, does 5 miles in an hour. B, starting at the same time, and 
taking no rest, |>a88e8 A 3^ miles from the start. Find, by the graphical 
method, how long B takes to walk the 3} miles. 

7. Show, by any method, that a*(6-c)+6®(c-o) + r‘‘’(a-6) contains 
6-c, c-a, a-6 as factors. 


xxxm. g. 


1 . Find the quotient and the remainder when 2x*~3x*-x® + x- 1 is 
divided by x-3. 

2. Find, to three places of decimals, a positive number such that if it is 
added to its square, the sum is unity. 

3. Two w'orkmen take the same time to earn £22 and £21 respectively. 
The former earns £15. 8«. in one day less time than the latter takes to 
earn the same sum. Huw much does each earn per day ? 

4. Simplify the expressions 


(1) 


/o^ 3a-5 Y 

\b a)\a + b / 


(a» - 6*) (o® -<?)■*■ (6* - f*)(6* - a») ((^-a’‘)(r»- 6*)- 


6. Solve t]|^ equations 


(i) 




(ii) 


a* 

c ’ 


ar+y=c. 


6, A man spends £70 in 45 days ; make a graph and read ofi from it 
his expenditure in 17, 32, and^41 days, to the nearest pound. 

7. If a and /9 are the roots of the equation ax^-&x + r=0, find the 
equation whose roots are 2a and 2)9. 


4 o* i.r 

1. Simplify 


xxxra, h. 


2. If the coefficients of x* and of x in the product of 2x*+3x® + ax - 10 
and 3x^~ax^- lOx+4 are equal to one another, find the value of a. 

8. Find (i) the H.C.F., (ii) the ii.c.M. of o* + a*6®+6^ a*-a%'^+2db^-h^. 
4 . In the same diagram draw the graplis of ^ 

y=;a; + 3, 2y-x:5s8, and 2y + 5x=20'.^ 

What do you deduce as to the roots of the different pairs of equations ? 
6, If a, p are the roots of a^-px-7=0, form the equation whose roots 
are -3a, -3)8. ' • 
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6. Solve the equations (i) (2a^ + 3a; - I ) (2a:;^ + 3a; - 2) := 156, 

(ii) 2(a;-l)(y-l)=6(a; + y)=-3ay. 

7. The (lifference in the average rates of two trains is 13 miles per hour. 
The faster of the two takes 2 hours less time to travel 164 miles than the 
slower takes to travel 168 miles. Find their respective rates. 

xxxm. k. 

1. If--f^=a, ?^+-=6, ® + -=c, prove that a*+6*+c*-a6c=4. 

y a; 'ay * x z 

2. Solve the equation 4a:^+2a;- 1=0, giving results correct to two 
decimal places. 

4. The denominator of a certain fraction exceeds its numerator by one. 
Two other fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the original fraction. 
These two fractions are equal. Find the original fraction. 

5. An old clock increased uniformly in value from £4. lOa in the year 
189(>, to £8. 10*f. in 1899. Find graphically its value in 1893, 1894, and 
1897, to the nearest shilling. 

6. Solve the equations a;* + y® = 2 (a® + b% ^ f. = 8. 

a® O'* 

7. Construct an equation who.se roots shall exceed by a quantity m the 

roots of the equation ao-® + do; + c = 0. 

XXXIII. 1. 

1. Resolve into factors (i) a*- 8a®6-486®, (ii) (a* + ZA®)c + (6®+c®)a. 

2. Multiply a'* + 4a®ft + 8al#® f-8A® by 8a6®-86®. 

3. Show that if a + 6 + c 4* d = 0, then 

a®-5®+c®-d®=2(a + 6)(o + d). 

4. Find the area of the quadrilateral formed by joining the points 

(10,20), (13,9), (23,8). (28,20). 

6. Solve the equations a;+y+z=6, 4a;+y=2«, a!;® + y®+z®=14. 

6. If CL, b, c are real quantities, determine the condition that the roots 
of tlie equation ax^ + 2bx-i-c=Q may be imaginary. 

7. The journey between two towns by one route consists of 233 miles by 
rail followed by 126 miles by sea ; by another route it consists of 405 miles 
by tail, followed by .39 miles by sea. If the time occupied on the journey is 
50 minutes longer by the first route than by the second, find the average 
speed 'by rail, assuming it to be the same by each route, and 25 miles 
an hour faster than the average speed by sea. 

XXXIII. m. 

2, Resolve into factors (i) 18a;®-l-53a?“35.''* 

(ii) (c® + 2a6). 

(iii) r«-36)3^46’^+126». 
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3. Divide flB®+6aj“-2*^+37aB»-e*®+13a?-16 by afl-x+d, using the 
method of detached ooefficients. 

4. Find the valne of \/Th correct to two decimal places by any graphical 
or geometrical method. 

6. Solve the equations W 

(ii) a6(a:*+l)=a?(a*+6*). 

6. Prove that if the roots of the equation + 2bx + c ~ 0 are imaginary, 

the roots of the equation aX*+2(a + 6)®+a + 26 + c=0 are also imaginary. 


*7. The marks of a form ranged from 325 to 259. Draw a graph to scale 
them from 80 to 0, and read off the scaled marks corresponding to the 
following actual marks gained : 280, 295, 312. Verify one of your results. 


YTTTTT n. 

1. Find the relation between the constants when the three equations 

ox+by—c, bx + ay=d, x‘+y^=xy 
are simultaneously true. • 

2. If and find the valne of 

(i)/(»+l)-0(«h (ii) [/(^^+l)P-[0(»-l)P. 

3. Find the L.O.M. of 3x®-4x-4 and 4x®-8x*-x+2. 

4L Find graphically the maximum value of fix - ac* - V* Verify your 
result by algebra. 

5. A merchant beginning business with a certain capital succeeded in 
doubling it, but afterwards lost £1000. He employed the remainder in a 
venture which brought him in a profit of 35 per cent., after 'which his 
capital was found to be £10 more than his original capital. Find the 
amount ot that capital. 

& Solve the equations (i) 

X — 0 X — c 

(ii) oy® f 6a^=6, 6a;®+cM5y=a. 

7. If a and are the roots of the equation ax^+&x+c=0, find the 
equation whose roots are 

P ® 


xxxm xk 

1, Find the L.aM. of x* + x, x*-stP, a:®-®*, and x®+x®+x. 

2, Find the quotient when x® - y® 4* a? -I- 3xyz is divided by x - y + z. 

3. Multiply 4x®+3x®-7 by 2x*-x--5, using the method of detaclied 
coefficients. 

4. Draw the graph of y=x^4-2x, and hence solve the equation 

a? 4- 2x - 7 =^0. ‘(Cse a large x unit. ) 

6, .h. 

(ii) a[^-y=y*-x«l^. 
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6. A and B start in a long-distance race. For 16 minutes A goes at the 
rate of x yards per second, and B at the rate of 2r miles per hour, and then 
A is leading by 100 yards. Find the value of x, 

7, If a, ^ are the roots of ■\-px -q=0, and y, 8 those of a:*+jx»+rs=0, 

prove that (a-7)(o-5)=(/3-7)(j8-5)=sg+n 


xzxm. a. 


1. Show that 


(a + fc)^-c^ ^ (6 + c)^- 


. (e+a)^-h^ 
c+a-h " 


a + A-c 6 + c-a 
is equal to 2 (a 4- & + c)® + o® + + c*. 

2. Solve the equations : (i) aa: + hy^xy=^cx-{-dy, 
f x-~aY _x-2a-b 
U + V ”a; + a + 26’ 

„ ah-cd , , ar + o {a-c)(a+d) 


3. 


4. Find the l.c.m. of 8a:® + 27, !(«?*•♦- 36a:® +81, 6a^-5a?-6. 

5. Draw enough of the graph of to enable you to find the square 

root of 95. 


6. A dealer bought 200 sheep. He sold 80 of them so as to g^ 4 per 
cent, on them, and the rest so as to ^in 7^ per cent, on them. His whole 
profit amounted to £21. la. What did he pay for each sheep ? 

7. Prove ix?-po^i-qx^r^O to be the equation that results from the 
elimination of y and z trom X'\-y’¥z^Pt 


xy^yz^zx^qs 

xyz^r» 


XXXIII , t. 

1. Find the factors of each of the following expressions : 

a:®-!, a:®- 6a?-7, a®-3a:®+2a:, 3a^-7a?+SL 

What is their L.O.M. ? 

2. Simplify (i) {2a?+3)(3a?-. l)+(2a?-6)(5a?-,3)-(4*-3)* 

(ii) {(3o +26)® - (2a+ 6)*}+ {7<u- 26 - (2a - 66)}. 

3. Draw the graph of y=a:®~3a?, and hence solve the quadratic 
X® - 3x = 14. (Use a large x unit. ) 

4. Find the condition that x*+ox + 6®=0, and a^-6x+a®=0 may have 
a common root. 

5. In an election, if one- tenth of those who voted for A had refrained 
from voting, B would have been returned by a majority of 128, while if 
one-fifth of those who voted for B had transferred their votes to A, the 
latter would have been elected by a majority of 535. Which candidate 
was elected, ai^ by what majority? 

6. Solve the equations x(a:-y)^10, 

y(a:+y)=24.* 

7. If x+y + 2=a, x*+y*+2*=6, *®+y®+z^=c, 

find the product xyz,m terms of a, 6, c. 
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xxxm. 8. 

1. Prove that a + 5 + c is a factor of a®4-&*+c?-3a5c. 

Deduce the fact that y+z is a factor of the expression 

(a?4-y)^+(y+z)-' + (z+a7)®-3(a?+y)(y + s)(z + a:). 

2. Solve the equation (a + 6) (cue + 6) (a - hx) = (c^ - 6®) (a ^ 6a?J, 

3. If /(w) = " ^ ^ find the value of 

(i) /(n)-/(n-l). 

(ii) /(w)-/(w-2). 

4. If a and /3 be the roots of the equation + ( 2 '= 0, foim the 

equation whose loots are ma?+n^\ and mj8®+wa*. 

5. Find the limits of value between which x must lie in order that 
4x^+4x-35 may be positive. 

6. Solve the equations aj+y+z=l, 

a:»+y*-fzs=.l. 

7. A and B start from the same place at t)ie same time. After an 
hour and a (piatter A is found to be 7^ miles ahead of B* If, however, 
A’s rate of cycling had been greater by one seventh, and B’s by oiiu-fifth, 
A would have been 8 miles ahead. Find their rates of cycling. 




PART 11. 


♦ CHAPTER XXXIV. 

184. We will here prove the various Laws employed in 
Algebra, the truth of which has been assumed in previous 
chapters. 

Oommutative Law. 

CORRIGENDA. 

Pag© 404, XLVUI. a. 6, for n-7 read 7. 

It M ,, 6, insert n. before n- 1, 

Akswxbs. 

Pag© Iviii. XXXIX. b. 15, for 0 read I. 

„ „ XXXIX. 0 . 35, for 2*448 read 2*45. 

„ Ixv. XLVIII, a. 24, delete 60. 

» >1 f» n 26, for 7620 read 6720. 


tOtmmumnt Algiibira, Poft II 


Again a x b—c means that a has to be made h times as great 
and to be divided into c equal parts. But if a be first divided 
into c equal parts, and if then each part be made h times as greats 
the result is the same as before 

ax6TC-(aT-c)x6. 


(2) For Fractions. 

Let Oybj Cj d be jpositive integers. 

The expression | means that the unit has beeq divided into b 


equal parts, of which a parts are taken. 
B B.A. T ' 
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When, therefore, we multiply | ^ iftean that | is divided 

into d equal parts, each equal to ^ and that c of these parts are 
taken. 


€L C 0/ CLC 

It follows by similar reasoning that 
a^a e_^ae 


Associative Law. 

185. In addition and subtraction, we may group (bracket) the terms 
o/ an expression in any way. 

o + 6- c- fl? = a + (6-c)“d . 

= a - c + (ft - d) 

=:(a + ft) - (c + /:^) = a -(c-ft)-dandsoon (SeeArt.l4) 

In the same way, in multiplication and division, 

abed -T- e = a X (6c) x d -r e 

abc T ® f 1 1 

== — xa— -xftca and so on. 
e e 

186. The Law of Indices is a particular case of the al>ove. 

Thus, xa^ = aax aaa = a® = 

a® -r a® = (aaaaa) (aaa) = = aa = d^ = a® * ®. 

Distributive Law. 

187. If a and 6 have any values whatever, and c is a positive 
integer, (a + ft)c = (a + ft) + (a + ft) + ... taken c times 

= a + a + 

+ ft + ft4'ft4’-.. ..... 

=*a^; + ftc (1) 

Also if d is any positive integer we see that again 

(a + ft) = tt-r 3 + 6-r-d, 

for if we multiply each of these expressions by 3, the results 
are equal. 
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(o + J)XC-rd = [(a + J)xc]-r<i 
= (ac + 6c) -r d 
= OC -r rf + 6c -r rf, 

or (a+i)x| = axJ.H6x£. 

the law illustrated in (1) is shown to be true whether c be 
a jvholo number or a fraction, as long as c is positive. 

Again, if (a + 6) c = oc + 6c, 

(a + 6)( “ c) = - (a + 6)c by the Law of Signs 
= - (ac + 6c) 

— - ac- be 
= a(-c) + 6(-c)3 
for all values of c (a + b)c^ac + 6c. 

In the cjise of division, 

(a + 6) 4- c = (tt + 6) X i 

c 

= aX'-H-6x- 

c c 

where c is any quantity, positive or negative (proved above) ; 

(a + 6)-rC=a-f c + 6-rC. 


Also 


a c ^ 

^ad^hd-\-bc-rbd 

ad+bc 




188 . If an expresHm has a factor^ any multiple of the expression is 
divisible by that factor. 

Let P be a factor of A then P will be a factor of mA 
For suppose A = aP, then mA = wiaP. 

P is a factor of wA i.«. wA is divisible by P, 


189 . If trvo expressions have a comnum factor^ the sum and the 
difference of any multiples of those expressions are divisible by that factor^ 
Let P be a common factor of* A and B, we have, to prove that 
P is a factor of mk±nS. 



280 


ELEMENTARY ALGEBRA 


[CHA7. 


Let A = aP, B=JP. 

Then mk±nB^wxiP±nhP—{7na±vh)\^, 

/• P is a factor of mk ± wB. 

190. To prove the rule for finding the H.C.F. of two algebraic 
expressions. 

Let A, B be the two expressions, from which it is supposed 
that monomial factors have been removed ; and let them be 
arranged in descending powers of some common letter. 

Divide A by B, supposing that A is not of lower degree in 
that letter than B. Let the quotient be p and remainder C. 
Divide B by C. Let the quotient be q and remainder D. 

Divide C by D and let the remainder be zero. 

The work is shown below. 

T. V 

pB From this we see that 

“cWj A-»B = C (1) 

JC B-2C=D (2) 

D)C(r = C (3) 

rO 

To show that D is a common factor of A and B. 

From (1) A=pB + C 

+ D) + C . . . from (2) 

=p{qrO + D) + ? D . . . from (3) 

= {pqr+p + r)Di 
D is a factor of A. 

]^om (2) B = 5C+D=f2rD+0 = (jr+l)D; 

D is a factor of B. 

*' .^us D is a common factor of A and B. 

'‘•'Next, to show that it is the highest common factor. 

All the common factors of A and B divide A -^B, i.e. C. 

Thus every common factor of A and B divides B - jC, i,e. D. 
Thus p is a common factor, and all the other common factors 
divide it ; . 

D is the H.C.F. 

Monomial factors were removed from A and B ; 

* .*. D contains no such factors. 
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» 

Moreover, if any stage a monomial factor were introduced 
for convenience into either the divisor or the dividend (say D 
or C), it would not appear in the result ; for it would not be a 
common factor of D and C, and consequently not a common 
factor of A and B. 

Also a monomial factor might at any stage be removed without 
affecting the result ; for such factors do not appear in D. 

191. The L.C.M. of two eurpressions is equal to the podvd of the 
esrpi'essioiis, divided hy their H.C.F. 

Or, The L.G.M. of two estp^'essmis multiplied ly their H.C.F. is equal 
to the product of the two expressions. 

Let L be the L.O.M., and H the H.C.F. of A and B. 

Let A = rtH, B = /yH, so that, by hypothesis a aud b horn no 
common faotor. 

The L.C.M. of A and B is the L.C.M. of aH and 2^H, which is 
ahHy which 

n 


♦CHAPTER XXXV. 

HARDER FACTORS. SYMMETRICAL EXPRESSIONS. 
CYCLIC ORDER. 

192. Foi' all positive integral values of n, the expiesswn is 

divisible by x- a. 

When we divide x^-aJ^ by a -a, the remainder = a" - a" = 0. 
(Remainder Theorem, Art 95.) 

is divisible by x-a, as long as rt is integral and 

positive. 

We have already used simple cases of this^ 

= (a; - a){x + o), (x® - a®) = (x -h){x^ + ax-\- dP). 

Again, n being a positive integer, the remainder, when ive 
divide x" + a" by x - a, is a** + a** = 2a’‘ ; x" + a" is never divisible 
by X - a when w is a positive integer. 

If n be a positive even integer^ x*'-aP is divisible by x-\- a. 

When wc divide x" - a" by x + the remainder is ( - a)" - a\ 
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Now if w be an even integer ( - a)" = a" ; 

the remainder is zero ; 

- tt” is then divisible by 3? + a. 

If n be an odd integer, the remainder 

= ( - ay -- rt" = - tt” - tt" = - 2tt", 

which is not zero ; when n is an odd positive integer, a;" - a" 
is not divisible by o: + a, 

193. If n be any odd positive integer y tlie espi'esmm of + a" « 
diomhle by a; + a. 

The remainder, when we divide a;"4-tt" by a: + a, is ( - tt)"^■ a". 
Now if n be an odd positive integer, ( - a)" = - of) 
the remainder is zero ; 
i.e. x” + af is then divisible by ar + tt. 

If n bo an even positive int<)ger, the remainder — tt" + a" = 2tt", 
which is not zero ; xf tt" is not divisible by a; + tt in that case. 

194. The theory of quadratic equations is often useful in the 
determination of factors. 

Example 1. Consider the expression + 7. 

If wo solve the equation 3 j:^ - .'5j;+ 7=0, 
the quantity under the radical sign =25 - 4 x 3 x 7 - 4ac) 

=25 - 84, 

which is negative ; the equation has imaginary roots ; 

the expression 3a:* - 5a: + 7 has no real factors. 

Example 2. Find factors of the expression a:* - 4a: + 1. 

If we solve the equation a:* - 4a: + 1 =0, 

. 4±Vr6-4 The method of finding factors 

— 2 by cqfnpleting squares is useful. 

. a:®-4a: + l 

=a;*-4a;-l-4-3 

=(a:-2)»-3 

' =(a:-2+>/3){*-2-N/3). 

the reqd. faotore are !r-2-N^3 and »-2 +n/3. 

195. a" +b® + c® - 3abc = (a +b +c)(a®+b® + c* - ab - be-ca). 
This can be seen by dividing a® + 6®+c®- 3aJe by a + b + e. 

(See Ex. 2, Art. 93.) . 

By writing - 6 instead of h in the above we see that 
a* - 6®,+ e® + Snlx = (a -b + c) (a® + 6® + c* + oi + Jc - ca). 
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In the same wiay, writing - a for a, 

-aS + i* + c3 + 3a6c = (-a + 6 + c)(a2 + 62 + c2 + a6-6c + ca), 

and similarly 

(jfi .f _ c3 + = (ji + b-c){a^ + h^ + c^ -db + bc-^ ca). 


Example 1. a:® + 8y* + z® - 6a!yz 

= aj* •*- (2y)® + z® - 3(2a:)yz 
= (x + 2y + z) (a:® + 4y® + z® - 2a:y - 2yz - za:]. 


Example 2. Factorize the expression 

(a:® - 3a: + 4)® - 5a: (a?® - 3a: + 4) + 6a:®. 

The expression is in the form a®-5aa: + 6a:® which is equal to 
(a -2a:) (a -3a:) ; 

the expression = (a*® - 3a: + 4 - 2x) (ar® - 3a: + 4 - 3a:) 
= (a:3-5a: + 4){:p®-6a: + 4) 

= (a: - l)(a: -4)(a:®-6a: + 4). 

Example 3. Factorize the expression a* + a®/>® + b*, 
a4 + a2/i® + 6^ = (a** + 2a®/>® + h'^) - a®6® 
--^(«®4-/>®)*-a®6® 

= (a® -I- 6® 4* (tb) (a® + 6® - a6) 

= (a®+a6 + 5®)(a® - a6 + 6®). 


Example 4. Factorize the expression 


The given oxpre88ion=**+ - 12 

I- 

Aa* - 6o ~ 14, writing a for 
= (a-7)(a+2) 

'V 


Bzaxople 6. Factorize the expression 

6a:2+7ay-3y*-‘14a7-10y + 8. . 
Consider the equation 6r* + 7a;y - 3y® - 14a: - lOy + 8.=0. 
Arranging as a quadratic for x, 

6a:® + a:{7y - 14) - V - lOy + 8 = 0. ' 
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^ - (7y - 14) dh N/(7y - 14)» - 24< - 3y-» - IQy + 8) / -6 +n/ 6* -4ac\ 

12 » V 25 ) 

_ -7y+14±\/l21y*+44y+4 
12 

_ -7v + 14d-(lly4 2) 

12 

_4y + 16 -18y+12 

" 12 12 

-y±± or 

3a; - y - 4 and 2a; -I- % - 2 are the reqd. factors. 

DIVISION BY MEANS OF FACTORIZATION. 

196. Divide x^ + 2{a + h)x + a^-^2ah + })^ by x + a-^h. 

*2 + + 6) + + 2ah + = a;® + 2x{a + b) + (a^ + 2ab + b^) 

= { x-h aT6)2. [(^ + 5)2 =p2 + 2^5 + 52] 

.’. a; + a + 6 is the reqd. quotient. 

Divide a2 + j2-(;2-rf2^2a6-2cd fty a + 6-c-rf. 
a 2 + 62 ^ c 2 - d 2 + 2a6 - 2cd = (a2 + 2ab + 62) - (c2 + 2cd + ^ 2 ) 

= (a + 6)2-(c + rf)2 
= (a + 6 + c + rf)(a + 6-c-(i). 

.’. a + 6 + <? + is the reqd. quotient. 

Divide a;2 + 2a:y + y2+a; + y-6 6y a; + y-2. 
x^ + 2xy + y^ + x + y-6 = (x + y)^ + (x + y)-6 

= (a:+y + 3)(y + y-2). 

[a2+a- 6=a + 3. a-2] 
a; + y + 3 is the reqd. quotient. 

ZSxamples. XZXV. a. 

1. Prbve, without actual division, that is divisible by a; -a 

. without remainder. Find three terms of the quotient by division, and 
<^eBce write down the complete quotient. 

Do the same with 
2, af^ + a^ and ar+a. 

4. a;* ~ o® and x + a 
6. a^-64 and j?-2. . 


3, and a; - a. 

5. a;® - a® and a; - a. 
7. a:®-64 and x + 2. 
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Factorize the following expreseiona : 


8. 

a;® + a;® -4a? -4. 

9. 

(a;® + a;)* - 2(a;® + a?) - 3. 

10. 


11. 

a®+ 

o® 

12. 

(a»-4a:)» + 7(*»-4x) + 12. 

13. 

a;®y*-a;®-y® + l. 

14. 

c(c-6)4 a(b-a). 

16. 

a;®-2a;-2. 

16. 

a«-23a®+l. 

17. 

ofea;® + (a* - 6)a® - 1. 

18. 

a{a + c)-b(b + c). 

19. 

a®+6*+l -3a6. 

20. 

a;®-10a? + 23. 

21. 

4a;* - 4a;y + y® - 10a; + 6y - 24. 

22, 

a^ + 4. 

23. 

a;® - 8y® - 27 ~ 18a;y. 

24. 4a?® -8a: i 1. 

26. 

9a;a-16y®-9a;+28y-10. 

26. 

15a;® - 16a?y + 4y® + 41aj - 22y + 28. 



27. 

a?^ + a;®+ 1. 

28. 

o»-&®-t8 + 6a&. 

29. 

16a;2 + 8a;-6. 

30. 

163^^ + 43;®+ 1. 

31. 

8a® + 6® - 1 + 6a6. 

32. 

(2a;® -5a; + 3) (2a;® -5a; { 4) -2. 

33. 

6ir>- ia!Ey + 16y« + 23a:-36y+2I. 


34. 

a^ + 64. 

35. 

a^ -a*®y®+ 16y^.* 

36. 

(a?® + 2a; - 8) (a;® + 2a; - 2) - 27. 

37. 

a;® + aa:^ + a®a“* + cf®x® + a^x + a®. 

38. 

81a^^ 9a® + L 

39. 

2a:®4-5a'y + 3y® + 6a?+ lOy-8. 

40. 

a;* + 4a^+ 16. 

41. 

81a;* +64. 

42. 

a;® - oa;* + a®a;® - a®a;® + a^x - a®. 

43. 

a;®+x- 10 + -+;^« 

X X* 

44. 

ar®+ llaj-6(a;®4 1). 

45. 

!B»-6iC-10- — + i. 

X x^ 

46. 

2a;® + 5a;® + a; - 2. 

47. 

a;® - 5a; - ^ + i. 

X jr 


48. **+3a;«-8 + i + l. 


[The foUovmg examples shoM he done by vMng your hnoidedge of 
factors^ and not by actual multiplication and division,'] 


Find the product of ; ^ 

49. a:+2y4 3z and a;+2y-32. 

51. a + 6-2 and a+6-.3. 

63. + l and a:® + aj+l. 

55. rc®-«-2 and ac®+a; + 2. 

57. 2a + 6+a?+2y and 2a+6-aj- 

58. 2a;*+ Sajy - 4y® and 2a;® - 3a:y + 4y® 

69. a;*+a;®+a;+l and a:* + a;®-a?-l. 60. a?® - 2a? + 4 and a;® + 2a; + 4. 
61. (2a+6)*-(a+26)®and(2a-&)®~(a-26)*. 


60. 2a?-3y+42 and 2a?4-3y+4«. 

52. a+6 + a?+y and a4“6.-tt;-y. 

54. a;®-a?+.2 and a;®+a; + 2. 

56. aj®-3a:y + 5j^ and (B®+3a;y + 6y®. 


62. a;+l + i and a;- 1 + -. 63. a;®-2a^+aj-2anda:®+2a:®+a?+S 

X X 

64. (ai^+® + l)»-(a!»-a!+l)>«id (2a!»+a.-2)*-(2®»-a»-2)>. 
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66. SaV - Sax + 3a;®, a* + a®a:®. 

66. (a - ft), (a + &), (a® + a6 + ft®), (a® - oft + ft®). 

67. (a-ft)®, (a + ft)®, (a®+ft®)® 

68. (3ar-2), (5a; + 4). (15a;®-2a:-8). 

69. (6a:® + 5a? - 4). (3a? - 4), (2a: + 1 )- 

70. (a; + 2), (a;® -2a? + 4), (a;®+2a?+4). 

71. '(a -ft)®, (a + ft)®, (a2<-ft®)® 

72. (3a + ft)® - (a + 3ft)®, (3a - ft)® - (a - 3ft)®, (a® + ft®)®. 

73. (a + ft + c), (a + 6-c), (a-ft + c), (a-ft-c). 

74. Divide (3a?® + 2a: + 1 )® - (2a.’® - a? 4 5)® by a?® + 3a? - 4. 

75. Simplify (6a;® + a?- 1) x (2a:®-9a:+4)-f (3a:2- 13a: + 4). 

76. Show that (2x® 4- 3a; + 2)® - (a:® 4 a: + 1 )® is divisible by (a; 4- 1 )®. 

77. Divide the product of 2a:® 4- a: - 6 and 3a;® - 5a; - 2 by 2a:® - 7a? 4- 6. 

78. Divide (a - 2ft 4 3)® - (a 4- 2ft - 6)® by a - 1 . 

79. Show that (3a;® - 7a; 4- 5)® 4- (a?® 4 3a: - 4)® is divisible by (2a? - 1 )®. 

80. Simplify [a:® + (fa; - fta? - oft] x [a:® - aa? + fta? - aft] 4- [a:® - a®]. 

81. M ultiply the square of 3a - 26 by 9a® + 12aft 4- 4ft®. 

Write down the quotient when 

82. M divided by a? - y. 83, divided by a; 4- y. 

84. X* - 16y^ is divided by x-2y, 85. - IGy* is divided by a?4- 2y. 

86, Prove that a-^^ - is divisible by a? - a, by a?® - a®, and by a?® 4- a® 

87. Prove that a:® 4- 3a?* 4- 4a:® 4- 224 is divisible by a:® 4- 7. 


SYMMETRICAL EXPRESSIONS. 

197. An expression is said to be symmetrical when it is unaltered 
by interchanging any pair of the letters which it contains. 

Thus the following are symmetrical expressions : 

a + ft + c, a® + 6® + c3, 

a^ - ah - he ca^ ah + hC’k’Cd’\‘da-{’aC’\- hd. 

The expression (a-ft)(6-c)(c-a) is not symmetrical, for if 
. we interchange d and ft, the expression becomes 
(ft-a)(a-c)(c-ft), 
i.e. -(a-b)(c-a){b-c). 

In connection with symmetrical expressions the following nota- 
tion is useful. 

2[a(ft- c)] = tl]LC sum of all terms like a(ft-c) when we inter- 

a&o 

change the letters a, ft,, c, in order ; 
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i,e. 2 [®(i - c)] = a(ft - c) 4- J(c - a) + c(o - 6) ; 


c2 

^(a - h){fl - c)~ {a - h){a - c)^ (h - c){b - a)"^ (e - a){e-b)' 
The following are simpler cases : 

2(a*) = tt* + 6* + c2; 

abe 

2 (a2 - be) = (a^ - be) + {b^ - m) + {c^- ab). 


• CYCLIC SYMMETRY. CYCLIC ORDER. 

198. When an expression is written so that the letters forming 
it are taken in a selected unending order (generally the order of 
the alphabet) it is said to be in cyclic symmetry^ an^l the letters are 
said to be taken in cyclic m'dci\ 

This is well illustrated by an*ang- 
ing the letters in order round the 
circumference of a circle. 

Arranging the letters a, r, d in 
this way and looking at the expres- 
sion 

{a - b){b - c){c -d){d- a) 
we see that the letters are taken in 
cyclic order, and the expression has 
cyclic symmetry. 

On the other hand, in the expression 

(a - b^(c - b){d - c)(rf - a) 

the order is changed in the second and third factors. 

By changing the signs in these factors, the expression may be 
written (a-.6)(J-c)(c-rf)((f-a), 

and is now reduced to cyclic symmetry. 

The work will be much simplified if the expressions used are 
first arranged in cyclic symmetry, where such is possible. 

DiinensionB. The dimenBions of any algebraical term are 
determined by taking the sum of tjie indices .of .t)ie various letters 
employed. 


a 
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Thus ig of five dimensions ; is of eight dimensions. 

In the latter case it must be remembered that the index of y is 
unity. 

Numerical coefficients are not taken into account. 
Homogeneous. A compound algebraical expression is said to 
he* homogenemis when all its terms are of the same dimensions. 
+ 2xij + y^ is homogeneous, every term being of two dimensions. 
- da^b + - 5a^b^ + ab^ - 6® is homogeneous, every terra being 

of five dimensions. 

HOMOGENEOUS AND SYMMETRICAL EXPRESSIONS. 

199. Find the factors of ah{a - J) + hc(b - c) + ca(c - a). 

Let X denote the given expression. 

AVheri = 

X = 0 + hcQ> - c) + cJ(c - 6), 

— 6c(4~c + c-6) 

= 0. 

a - 4 is a factor of X, by the Remainder Theorem. 

In the same way we may prove that' 6 - c and c - a are also 
factors of X. 

Also no two of the factors a- 4, 4-c, c-a have a common 
factor, 

.’. X is divisible by (a - 4) (4 - c)(c - a) without remainder. 
Again, X is entirely of the third degree, 
and (a - 4) (4 - c)\c - a) is also of the third degree, 

the only other possible factor of X is a numerical one. 
Let that &ctor be k, so that 

ab(d-b) + bc{b - c) + ca(c - a) = k{a - 4)(4 - c)(c - a). 

This equation must be true for all values of a, 4, and c, 
putting a = 0, 4=1, and c=-l, 

... -l(l + l)=^(-l)(2)(-l), 

• • ' *=- 1 . 

• - 6) + bc(b - c) + cd(a - c) = -(a-b)(6- c)(e - a). 

The value of ^ might be deterwned in the following manner 
' Ex^ine .the pquation • 

ai(a -b) + bc(b-e) + ca(e - a) sk(a-b)(b-c)(c- a). 
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The ooeff. of a% on the left-hand side is unity. 

The coeff. of a% on the right-hand side is - k. 

(We see this by taking the product of A, with a in the first 
factor, h in the second factor, and - a in the third factor.) 

1 or - 1. 

The expression ah(a-h)-^hc{b--c)-\-ca(c-a) may be written in 
any of the following forms 

— h^a + h^c - (?h + c^a — a^Cf 
a (c^ - 6^) + - d^) + ^(6^ - a^), 

or a^(b - c) + 6^(c - a) + c^(a - b). 

We therefore have the following important results : 
ab(a - b) + bc(b - c) + ca(c - a) 

s a‘^ - b^a + b^c - c^b + c^a - a-c 
= a(c2 - b2) +b(a2 - c2) + c(b2 - B?) 
sa2(b - c) +b2(c - a) + c2(a - b) 

= -(a-b)(b-c)(c-a), 
or 

^[ab(a-b)] ^2[a(c* -b«)]s2[a*(b*- c)]s - (a-b)(b- c)(c-a). 
200. Factorize the eocpression 2[n®(6 - c)], 

abe 

i.e, a3(6 -r) + 6^(c-a) + c®(a-&). 

Let X denote the given expression. 

When 6 = c, 

X==b^{b-a)-{-b^{a-b) = 0 ; 

- (J is a factor of X. 

In the same way it may be proved that r -a and a-^b avQ also 
factors. 

Now X is of the fourth degree and {a - 6) (6 - c){c - a) is of the 
third degree. 

there will be one more factor, and it must be of tho first degree. ' 
Also it must be symmetiical with regard to a, 5, and c. 

It must therefore be k{a + b + c) where k is some numerical 
quantity. 

/, a\b - c) + b^{c - a) + c®(tt - 6) = k{a - b){b - c)(c - a){a + J + c).,.(l) 
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Putting a = 0, 6 = 1, c = 2, 

2 + 8(-1) = A(-1)(-1)(2)(3) 

whence 

~ -{d- 6) (6 - c) (c - a) (a + 6 + c). 

'A might be determined as follows. 

The coefft. of a% on the left in (1) is unity. 

right is - i. 

(This is found by taking a from the first and fourth factors, 
- a from the third, and 6 from the second.) 

-A; = I, i.e. &= - 1. 

201 . Find the factors of 

2[rt2(6-c)»], Le, a2(6-c)3 + 62(c-a)3 + c2(a-6)3 

I^et X denote the given expression. 

When - 6 = 0, X-a^(a- c)^ + tt2(c - a)® 

= 0, for {c - {a - = - (a - c)8, 
a - 6 is a factor of X. 

In the same way it may be proved that 

6 “ c and c - a are factors. 

.'. X is divisible by (a - 6) (6 - c){c - a). 

Now this expression is of the third degree, and X is of the fifth 
degree, therefore the remaining factor must be of the second 
degree. 

Moreover it must be symmetrical with regard to a, 6, and c. 

.*. it must be of the form 

% {a^ + 6‘^ + c^) + Z (a6 + ac), 

where k and I are numerical quantities. 

a2(6-c)3 + 62(r-«)3 + c2(^-6)8 
5s {a - 6) (6 - c) (c - a)[k{cfi + ¥ + c^) + Z(a6 + 6c + ca)]. 


'Whe 4 a = 0, 6 = 1, c = 2, 

(2)S'+ 4( - 1)3 = ( - 1)( - 1)(2)[^(1 + 4) + Z(2)] 

Z.c. 5A + 2Z = 2 (1) 

Whena = 0, 6= -l,c = 2, 

(2)3 + 4(1)3 = (1)( - 3)(2)[Z:(1 + 4) + Z( - 2)] 

i.e^ 5 ^- 2 /= -2 ( 2 ) 



XXXV.] H0M0GM|:0US and symmetrical expressions 291 

To find k and 7 we must solve equations (1) and (2). 

By addition A = 0. 

By subtraction Z = 1. 

2[a2(6 - cf] = (a - b){b - c){c - a){ab + bc-^ca). 

Methods of testing accuracy of working — 

(1) In dealing with homogeneous expressions it is useful to 
notice that if two such expressions are multiplied together, or 
if one is divided by the other, the result must be homogeneous. 

Thus if an expression in which every term is of the 5^*^ degree 
be multiplied by one in which every term is of the degree, 
the product must be homogeneous of the 7^' degree. Any term 
which does not stand this test betrays an error. * 

Similarly, if the former expression be divided by the latter, 
the quotient must have all its terms of the 3^ degree. 

(2) Results may be checked by substituting special values for 
the letters employed. 

(3) In multiplying together symmetrical expressions the pro- 
duct must be symmetricaL 

202 . The equation x^-^y^ = 0 may be interpreted geometrically. 
We know that the equation = represents a circle whose 

centre is at the point (0, 0) and whose radius = o. 

By making c zero we sqe that the equation y^ = 0 represents 

a circle whose centre is at the point (0, 0) and whose radius * 0, 
i.e. it represents the points (0, 0). 

.'. the equation - q is equivalent to the stateihent that 

x = 0 and y=0. 

From this wo see that^ if an equation can be reduced to the 
statement that the sum of certain squares is zero, we can. equate 
these squares simultaneously to zero. 
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Examples. XXXV. b. 


« s 

a6o(6-a)(c-a) 


6. 2t(«-i')(«-c)(»+a)]. 

a6o 


Write down in full : 

1 - St®*-*®)- 2 . 8 . S( 6 -a){c-a)* 

Find the factors of the following expressions : 

6. 2(a-6)". 7. 2[«»(6»-H>)]. 8. 2 9. 2t6c(6*-c^'» 

nfrb a6o a6o 

Prove the following identities : 

10. 2 - />)] = - (a - 6 ) (6 - c) (c ~ o) (a 6 + &c + ra). 

u6l 

11. 2 [a:^(y-2)]=-(a:-y)(y-2)(«-a:)(a:2 + y2+22+a:y+yz+2a-). 

xyz 

12. 2 [a(&-r)®]==(a - 6 )(&-c)(c-a)(a + & + c). 

nbL 

13. 2 (® “ = 5 (a - 6) (6 - c) (c - a) (a® + + c® - a& - 6c - ca). 

abe 

14. 2[(6-<-)(*-&)(*-c)J=-(«-6)(&-c)(c -a). 

abc 

15. (x-y)(.i?+y)*+(y- 2 )(y+ 2)2 + ( 2 -jr){z+x)’* + (x-y)(y-z)(«-a?)=0. 

16. (a + 6 + c)’ + (a - 6 - f )3 i- (6 - c - o)® + (c - a - hy*=2iabr, 

17. (*c - y ) (a? + y )“ •+ (y - 2 ) (y + 2)® + (2 - a:) ( 2 + x)^ 

+ 2 (a;-y)(y“ 2 )( 2 -a:)(a?+y+z)= 0 . 

18. (j: + y 42 )’ + (a7-y-z)®+(y-z- jr)® + (Z“aj-y)® = 80a:yz(.c®+y® fz*). 

Reduce the following to their simplest forms : 

{Check your reauits by giving a, 6 , c, etc., particular valuta,) 

-p _0'^b 0 +^ _ 6 + c 

C 16 + c* - ac - 6 c ac-f- 6 ®“a 6 - 6 r hc + a^-ab-ae 

on ? I ^ 1 . 

a 6 ( 6 -'r)(c-a)^ac(a- 6 )( 6 -c)^ 6 c(a- 6 )(c-a) 

a;(y + z) ^ _ !/(«+£)_ 2 (a;-fy) 

{.r - y){z ~x) (x- y)(y -zy{z-x){y- z)’ 

^ a ^(6 -c)^+ 6 ^(f -ei)^ 4 -c^(g- 6 )^ 

“ 6 c + cg-f ah 

Oft g-g . g -6 

a» - (6 - c)« ^ 6 * (c - a)* c» - (a - 6 )*' 

24. * .+_* + . 

" x(x-^y}(x-z) y(y-z)(y-x) z(z-x)lz-y) 

25 ^ L • 

• (a-a;)(a;-yl(jc-«z) ' (a-y)(y-a?)(y-z)’^(a-z)(z-;r)(z-y)’ 
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^ 2( 6--c)(c-a)(a»&) c«-a« 

'(6 + c)(c+a)(a + 6) “(c+a)(a+8)"(a+6)(6 + c)"(6 + c)(c+a)‘ 

_ o*(&*-ca) + 6»(c®-a2) + c«(a*-6») 
aa(6-r) + 6^(c-a) + c-'(a-6) ‘ 


2a 

2 

oAo 

1 

(a-h){a-c)' 

2 

aJbc 

a{a 

1 

-b){a-e)' 

30. 


6+c 

-a)(o- 


SI. 

1 

o*(oa-6»)(a’'-c*)‘ 

2 

abc 

(a- 

a® 

h){a 

-c)' 

3a 


-a)(o- 

T)- 

34. 

1 

1 

(a-6)(a-c)(a?-a)‘ 



35. 

abe {a - 

a 

■h){a- 

e)(x- 



sa 

2 

abc 

a® 

(a - 6) (a -c) (05 + a)* 



37. 

^ a(6 + f) 

^(a-6)(a- 




38. 

2 

abe 

a® -6c 

(a l-6)(a + cr 



39. 


aV 

-y*)’ 




203. Find the value of X if the expression a;® - ajy - 6y® + 7x - y + X 
can be resolved into two factors of the first degree. 

Taking the terms of the second degree a;®~a^-6y®, we see 
that they can be resolved into {x - 3?/)(a: + 2y). 

the factors of the given expression will be of the form 
(jc - 3/y 4- a)(.'C4* 2y + h). 

Multiplying, this expression is equal to 

x® - - 6y® + (a + h)x + (2a - Sh)y + ah. 

Hence by comparison with the given expression we see that 
a + 6 = 7, 2a~36=i--l, and o6 = X. 

From the firat two of these equations 

a=«4, and ^ = 3, X=a6=12. 

204. If the expression 9'y+gX'{-fy'{-c can he resolved into two 
factors of the first degree^ find the relation between g, f and c. 

If the expression has factors they must evidently be of the 
form (a; + a), (y+/3). 

their product xy-h^x + ay+a/S must be the saibe as the 
given expression. 

/. by comparison, 

fj^g, a=yj and a^^c. 

• . fy—^» 
u 


Ti n A 



m 


ELEMENTARY ALGEBRA. 


[chap. 


206 . If two expressions of the degree {n being a positive integer) 
are identically egml to one another^ the coefficient of any power of x in 
one expression is equal to the coefficient of the same power of x in the 
other. 

Let the two expi‘essions be 

+ + ...+qx^ + rx + s, 

and + + +fx^ + r's + s\ 

They are equal to one another for all values of x. 

putting x equal to zero, 5 = s\ 

/. asS* + + . . . + 2^;'^ + ra; = aV* + + . . . + q[x^ + r'x. 

Dividing both sides by a:, 

aa;"~^ + Ja;”'*'* + ... +^a; + r = a'a;’‘"^ + ... +^'a; + r'. 

Putting a; = 0 in this identity, 

r = r\ 

In the same way we can prove that q = q'... b = b\ and a^a\ 

206 . To find the relations between the coefficients in older that the 
expression a;^ + oa;® 4- + ca; + may be a perfect square. 

If it is a square it must be of the form {x^ +pj + v/rf)2. 

.*. x^-\-ax? + hx^’^cx + d = {x^’\-px^-JdY 

2px? + (2n/ 5 + jp2)a;2 + 2pxjd + d. 
by equating coefficients of like powers of x wo get 


= (I) 

2v/rf+p2 = &, (2) 

2pjd-c (3) 

from (1 ) and (3) by divison ^/5 = -. , 

a 

.’. a^d — c^ ( 4 ) 


F rom (2) 8^d = 46 - 4j^ 

= 46-a2 ... from (1). 

by squaring we get 

64rf = (46-a2)2 

Kquations (4) and (5) are the required conditions. 


( 6 ) 
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207. If a, jS, y are the roots of the eqmtion a?+px^ + qx + r=rO, 

a + ^ + 7= -p, al3 + I3y + ya = qy aj8y= -7*. 

«» A y evidently satisfy the equation (ac- a) (.^-j8)(x-y) = 0. 
This may be written 

£c 3 - (a + )8 + y)x^ + (a/3 + /Jy + ya)x - ajSy = 0 ,(1 ) 

Thus we sec that the given equation and equation (1) must be 
identically the same. 

by comparison 

a + /3 + y = a/3 + /3y + ya = 5 ^, and a^y = - r. 

Similar properties may be proved for equations of higher 
degrees. 

The sura of the squares of the roots 

= (a-\- fl + y)*^- 2 (f3y + ya + aj8) 2q, 

208. If two expressions of the degree in x are eqml for riwre 
than n vahiss of x, they arc identical; ie, they are equal for all 
values of x. 

Suppose that aa;” + + cx''~^ + . . . = jnt" + qxf^~^ + +...,( I ) 

when X has the values a^, ag, a^.,.a^ and jS. 

Then {a-p)x''-^(b-q)jf^~^ + (c-r)x^~^+,..=0, (2) 

when X has these values. 

by the Kemainder Theorem, x-a^y ic-ag, £C- ag ... j; - 
are all factors of the left-hand side of equation (2). 

(a ~ "^ + (c - -i- . . . 

-r) 0^ - "i) (■'« - Oji) . . . (x - a,) 

Now, by hypothesis, the left-hand side of this equation 
vanishes when a; = /3. the right-hand side also vanishes when 

But no one of the factors (jS - aj), (/3 - a.,) ... (/3 - is zero. 

, a-p = 0, ie, a^p. 

from (1), -h ca;"”® -f ... =qaf'~^ + rx'"~^-h ... for more than 
» - 1 values of fli. • 

.’. from the above and similarly c = r, and so on. • 
the theorem is establishetl. * 
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Examples. XXXV. c. 

*1. Find the condition that x^-%ax+p may be a perfect square for 
all values of x, 

2. Prove that ar” - 1 is not divisible by x + a, unless a is equal to± 1. 

3. Prove that ir®’‘+^ + l is not divisible by af+a, unless a is equal to 
unity. 

4. What number must be added to £c®-5a;® to make the expression 
exactly divisible by a? - 1 ? 

6, If x^ - 5px + 7® is exactly divisible by x -p, prove that q=^±2p, 

6. Find the relation between p, 7, and r, if ae^-pa^+qx + r is exactly 
divisible by a; -p. 

7. If a + 6 + c =■ 0, prove that a® + 6® + c®= 3a6c. 

8. Prove that '2 “ V )^ = 3 (a: - y ) (y ~ 2) (2 ~ x). 

xyz 

9. Prove that 4pa:® - 8p®a;® + 3/>7®ar + is exactly divisible by a:-p, 

if q- -irp- 

10. Use the remainder theorem to prove that 2 (^ + ^ - 2a)® - 9 2 (a®) is 
exactly divisible by a + & + c. 

11. Solve the equation (x - a)® + (y - 6)®=0. Distinguish between it and 
the equation (x - o) (i/^b)= 0. 

12. Prove that 2 (6 + c-2«)^==3(6 + c-2a)(c + a-2ft)(a + 6“2c). 

abc 

13. Prove that if 2(ct*)= then a=h=c, 

abr abc 

14. Find the condition that ax-p may be a factor of aa^ + hx + c. 

15. Prove that the equation (aa; - 6y + 2a6 )® + {ax -H 6y)® = 0 has only one 
solution, and find that solution. 

16. What value of x will make - 10a:® + 29a?® - 1 6a: - 8 a perfect square ? 

17. What must be added to ar* - 6a:® + 17a:® - 32a: + 12 in order that it may 
be a perfect square for all values of a: ? 

18. Prove that (3a-6)®+(36-c)®+(3c-M*=3(3a-6)(36-c)(3c-a) if 
a + 64c=0. 

19. Prove that ^ = 7=3r®, if x^+px^+qx-hr^ is a perfect cube. 

20. Prove that (a; + y + zf - a:^ - y^ - 2^ is divisible by (a? + y) (y + 2) (z + x), 

21. Prov&c5that the equation 8a:®-4a?y + y®-4a: + l=0 has only one 
solution, and find that solution. 

.. 22, Provo + if a+6+c=0. 

23. Find an integral value of x which will make (a;+l)^ greater than 
6a:- 1 and less .than ^a: - 3. 

24.. Provo' that if a:=a + ef, y = b + d, z=c + d, then 

a;® +y®,+,z* - yz - a» -xy^aa^ fr® + c® - fee - ra - ofe. 
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26. Prove that if (|+s) (i+ 5 )=^* then *+|+ ®=0. 
26. Resolve the followiDg exptession into two factors, 

4aj« - + 1 + a; V 6ajy^ + V* 


27. Find what number must be added to the expression 

~ ^ + 1 to make it a perfect square. 

9 4jir 3 X 

28. Simplify the expression 

(h-c)(v- a)® + (c - o) (a? - h)® + (a - h) (a? - c)^ + (6 - r) (c - a) [a - 6). 

29. Simplify the following 

30. If (6+c)x=a, {c+a)y-b, {a+b)z=e, prove that 

yz {-zx+xy +23eyz—\. 


31. If S„ stands for a?* + ^, pro\e that 

(i)Si»-Sj4‘Z (li) 

(iii) S,8i=8j h8,. (iv) 


8 ,*= 8 „.+ 2 . 

Sn8i=8„+i+8..i. 


CHAPTER XXXVI. 

SURDS. 

209. When the root of a quantity cannot be obtained exactly, 
that root is called a surd or irrational quantity. 

s/2= 1-41421 .., ^7'= 2-645..., <73 = 1-442... 

a 

are examples of surds. • 

n/ 9 = 3, and \/49 = 7. .*. >/9 and n/ 49 are quantities. 

By continuing the operation of finding the square root of 2, 
we can obtain its value to as many decimal placeav^q^we please^ 
but its exact value cannot be found. We might express this in 
another way: no exact quantity multiplied by itself has a 
product which is 2. ^ 

Surds may often be simplified by the use df factors. 

Thus ^147=^40 = 7-^3, and 
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It must be remembered that •Juh=^>/a but \/a + b is not 
equal to Va + Vb. 

Care must bo taken when the quantity is a decimal. 

Vi -69 = r3, and is not a surd, but v^r6*9 is a surd. 

N/i*44 = l-2 s/Tii 

Similar or Like Surds are those which are rational multiples 
of the same surd. 

^/:^ = ^/4T=2^/7, vT75-nA^.7 = 5>/7, v/ 7’00 = VT()(r7 = lOx/7 ; 
these are like surds. 

Conversion into an entire surd would be the reverse of this 
process. 

Examples. 8\A)=V04.G=\/S^. 

Expressions can often ]>e simplified by the use of factors. 

Example. ^12 + ^75- 2 \^=n/4.3+n/ 25.3- 2\'ir3 

=2^/;U5^/3-^W3=^^S. 


Important. To find Hie mine of - - correct to 3 deciyml places. 

v 2 


0 6 

Wc might say that >- - 1 . 7-1 .ifr approx., and then find the 

1 ’ 4 - 1 4:21 

value of the expression by division. 

A nineh shorter method is to rationalise the denominator first. 


fi _ 6 v/2 



= 3^2 = 3 xl-41421 


= 4'243 correct to 3 decimal places. 


Examples. ZZXVI. a. 

( These 7my he taken orally^ if preferred . ) 
Writ9 down, or read ofl*, os entire simls : 


,1. 3n/2. 

2. 5v/2. 

3. sVo. 

4. 

5n/3- 

5. ■ 7^6. 

6. 2s'8. 

■ 

8. 

10 

s/5 

9 ^ • 

* 40, -i- 
.n/3' 


12. 

Gs/S 

n/2 
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Simplify ; 

13. n/ 15. 14. 16, 16. s/TO. 

17. N/ai5. 18. 19. '3'81. 20. -i'^l 

21. '3'16. 22. Sl»2. 23. >/.m 24. \/507. 

26, J/ 26. 2*^3 27, ^'I8+^^2 

28. n/75+2n,/ 3. 29. 2s/5+-^^- 30. \/8-v'2. 


210 . The product of two siivdic expressioiiR is found hy 
multiplying each term of one by each term of the other, as in 
ordinary algebraic multiplication. 

Example. (5\/3 f 2>j2) x - x'2) 

= (5n/;< t 2n/2) X 3\/3 ‘ (5V3 + 2n/2) x 
=454 -4^41 t-N/6. 

Or 5\/3 I 

45 hW6 
“ 5n/G 4 
41 + n/G 

Results in surds arc only practically useful when ('xpressed as 
decimals. 

The process is much shortened by simplifying the expression 
first, and by rationalising the denominator if the expression is 
in a fractional form. 

We can obtain any required degree of accuracy by taking tlic^ 
root to as many decimal f)laces as we please. 

Such cases as wo have noticed in Art. 209. 

V2 


Example 1. To find the value of ootreot to three decimal places. 


(3-^/2)x(3 i-V2)i=3“ •(V2)* r (o^ 6Ha-6)=o*-fc!'n 

— 9“2. >/y)(>/4!-.^)=a!-y. J 

wo multiply numerator and denominator by 3 h->^. 
.1__ 3-fN^2 _3-hs/2_4-41 421 

3 - a/2 (3 - n/2) (3 + ^/2) - 2 ~ 7 

= *631 corrert to 3 decimal pli|pe8.\ 


Henoo 
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JSxample 8. Find tho value of - — / — - correct to 2 decimal places. 

(Wo shall first rationalise tho \/3 in the denominator by multiplying 
numerator and denominator by 2 +n/5+\/3.) 

1 2j^\/r) + N/3 _ 2+\/fi f\/3 _2 + \/5 + \/3 

'2 + sJo - \^3 “ (2 + ^/5)2 - (n/3 )‘'* “4 + 4-^5 + 5-3" 4\/5 + 6 

_2+>/5+N/3_(24N/5 + N/3)(2\/r)-3) 

2(2n/ 5 + 3) 2(2N/r) + 3) (2\/5 - 3) 

_ 4>/5 + 10 + 2\/l 5 - 6 - 3\^5 - .3 V3 _ 4 + \/5 - 3\/3 + 2\/l6 
2(20-9) “ 22 

4-0000 
n/. 5= 2-2361 
2x/i5 -=2 x 3-8730= 7 7460 
13 9821 

' .3n/3 = 3x 1-73205 = 5 1962 
2|^-78i^ 

11 *4 3^ 

•399... 

the given fiaction=“ *40 correct to two decimal places. 


Examples. 

Simplify : 

1. v '12 + 2\/48 + 5n/147-4\^. 

3. 3\/24-5\^+Vl50. 

5 . ^yin 87 - 24 /^. 

9 . (\/ 5 -N/ 3 )(Vfl 



13. (s/3hn/ 2)2 
'15. (2N^-i\^)(as/3+\^). 
17. (2N^Hri)(3s/3-r-l>. , 

19. (6;?3-4\^)(3n/3+2\^). 
a. ( 9 ^/' 2 ^ 5 ^/ 3 )(W 2 -,.W 3 ). 


XXXVI. 1>, 

2. 3\/i25-2V80+N/678. 

4 . ^/ 8 ^+ 2 ^/ 246 -^/ 3 ^ 2 ^ 5 . 

6 . lOv'^+v' 500 . 

8. \^(W3-m^)-n/3(2n/2-n/3). 

12 . (n^- 2 ){V 7 »- 2 ). 



16. (n/6+1)(2V6-2). 
la ( 3 \/ 2 - 2 VS){.' 5 n/ 2 -v^). 
20. (6\/7 + <s/l5)(J7-\/3). 

22. (3n/5+2\/3)(3-«/«-2n/3). 
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Rationalise the donominatois of, and express in then simplest fox ms : 


23. 


24. 

V.^ 

26. 

VS 

26. 

VS- 

27. 

1 

^/2+l 

28. 

1 

2-n/2 

29. 

l 

s/2+l 

30. 

sfa-\^E 
'Ja + ‘jr> 

31. 

1 

.3 ^2\/2 

32. 

\/o f 1 

33. 

3 

sjs+iji' 

34. 

2 + 4n/7_ 
2n/7 + i‘ 

35. 

.5+2\/b 

6 -2N/b 

36. 

\/rt + h -sla 
•Ja f h 1 s^a - 

h 

-ft 





41421, >/3- 1 7320), \/5=2 2361, n/6=2 4496, \/7=2 6468, 
1 he above values m ly be used in the following examples.] 

Calculate to tuo dccimil places the value of 


37. 

1 

n/5-I 

38. ^ , 

3 2 V 2 

89, 

A 4-s/7+3n/2 
■ 6n/24 2.s/7' 

41. 

3-4 

-s/6 

42. (-s/3-n/2)» 

43. 

n/2-1 

44 * 

n/7-n/3 

45. 

3;^3-l 

3s/2 r 

46. 

r)-s/3-3\'2 

47. 1-=-"^^^ 

4 

48 ? 

■ \/3+n/2-V.') 

49. 

12 

2i s/3-v'7 

60. , , 61. 

\^i1 + n/3 + 2v2 

-s/34 -s/2 

\/3 1 \/2 - 1 ’ 


211. If a wheie a, r aie 'iatioml and Vi, sjd aie 

sm rZs, then a — c ami b = (J 

For if not, lot a -^c+v, 

X + y/b = \/dy 

by squaring, x^ + 2 r>/b — 

t e. a surd = a rational quantity , which is impossible. 

a = c and 'Jb = sJd, 

212. The square of the sum of tm swrds^^n laitoml quantity + a 

e.g. (v‘5+>/3)* = 8 + 2>/1B. ^ 

Consequently the sq rt of a + may soYiletimes be found in ^ 
the form ^Jx'V^ly^ 
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213. If Va + N/i = \/i + N/j/ we have, by squaring, 

+ ^' = a; + y + 2 \/ xy. 

Equate rational to rational and sill'd to surd. 

Then a-x-vy^ \lh = 2>Jxy\ 

Thus if + + then \la-'Jb==s^x-^y. 


Example. Find \/lO-f-2N/21. 
Let n/iO + 2n/2 I = ^^x m- fjy. 

Then •J 10 - 2yl2\ - six - 
hy niiiltiplieation, 
n/ 100- 84 = .i--y; 
^=x-y. 

n/To-T 


I By s(piaring we get 

104 2\/2l =j; + y + 2\/a’y. 
! By equating rational parts, 

I x + y=\Q. 

I But a:~y=4; 

! /. a:=7, y=3. 

2n^=\'7+<s/S. 


Square roots of surdic expressions can sometimes be deter- 
mined by inspection, by rcmoni1>eriiig that 

{a±by^ = a^ + ¥±2ab, and (s/x±-Jy)^ = x + y±2-Jx^. 

Thus 4-2>/3 = 3 + l-2V3. 

\/4- 275 = s/3-1. 

Also 10 + 273 1 = 7 + 3 + 270. 

710 + 231=77 + 73. 


Examples. XXXVI. c. 

Find the aq. root (evaluating results to 2 d.:uimal places) of 
1. 4) 2 n/ 3. 2. 7+2Vd. 3. 12-6 n/ 3. 4. lU 6 n^ 

5. 30 + 4«/i4. 6. 17-12\/2. 7. 12 h2\^»5. 8. .32-8./15. 

9. ® 10. 27+4n/3.5. 11. 101-28s/i3. 

12. sil + iVa 13. 4\/2-27]. 14. .^3-18^/2. 

^iiid -the 4tli roots (leaving your results in siii'dic form) of 

16. 49 +8075. 16, 17+12n^^ 

17. SQ-ii-JS. ■ 18. 284-.48n/35. 

19.. Find to fovr decimal places tlie value of 

1 
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20. Simplify^ 9 n/5 \ 

V9 + ‘2>/5 / 

21. Caloulttte to 3 decimal places 

3 -Jh 

22. Simplify ^ ~ * and find its \alue to 3 places of decimals. 

/s/5-2 3-\/3 

23.. Find the value of when a:=o(l H 2v^3). 

m, llcduce Vo - n/i 7 - I2\'2 to its simplest fomi. 

25. Simplify - , and , ^ -j - - 

N'5-f/s/2 -s/.'HKt-s/iKH) \/l6 + \/6 /s/C0-\/24 

Find the value of their pnxhiet to 3 decimal places. 

26. Simplify ^^■^•L^75 ^'^r,-V75 

%/.■»- \/3 s/5|\'3 


27. If a(b - c)*— (•(6 + c)*, find tlie value ol ^ 

" \'(t \C 

29. Simplify \/\ i \/ 1 - a*** f v^l - v'l rA 

u 

Find the product of 

30. s/2 + s/3, >/2 + \/^/s/3, s/'i 1^2 1-^2 + n/.3, n/2-n/2 + -s/?/’C' 3, llie 
positive value of the root being taken in each case. 


Simplify . 

1-/s/2s/s/3 


CHAPTER XXXVII. 

INDICKS. 

• 

214. “ What is the meaning of ” A very common answer 
is “a multiplied by itself 5, times.” Of course this is wrong. 
There are 5 factors, but only 4 multiplications, is the product 
of 5 factors, each factor being a. 

(/" = a ,a .a ,..v factors, a^ = a ,a ,a ...p factors. 

,a^ =^a .a ,a ... n factors xa.fi.a ...p factors-^* 

= a ,a .a\..n+p factors *: (!)• 

. a ,a ...n factors 
a,a .a ...p factors 
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If there are more factoi-s in the numerator than in the denomi- 
nator, cancelling will leave n -f factors in the numerator ; but if 
there are more in the denominator, cancelling will leave ji-n 
factors in the denominator. 

' Thus ^ 

215. These results depend upon the definition “a** is the 
product of n factors a”; and this definition evidently requires 
that )i should be a positive integer. If we wish to employ 
fractional or negative ifidices, it is necessary to give a definition 
which is applicaWe to them. 

Def. Fractional and negative indices are defined as being 
such that they obey this law: — To multiply powers of a 
quantity add the indices.. 

I 

216. To fuul the meaning of a^. 

Following the above law, 

xa*=-a^^=a^=a. 

But s/a X \/rt — a. 

We therefore denote Va by a^. 

1 1 1 1x1x1 

In the same way, xa" xa ’’ ® = o. 

But sfiix \l7i X ^i = a. 

We therefore denote v^a by a I 

1 X 

Similarly, a” when raised to the power becomes a. 

We therefore denote by a'*. 

Example. 8^ =4^8 = 2. 

217. To fiwl the meaning of a°. 

tt" tt'* (following the above law) 



,i.e, ^ 1, for all values of a. 
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• 7 ^ 


Ezamplee. 2®=1, (-2)o=l, (n/3)0=1. 

3^x3“*=3^““* = 3® = l. 


218. To find the meaning of a'**, n being a positive integefi*. 

g"” X g” ft****” 1 

/. a““ = for all values of a. 
a" 


Bzamples. 


2 - 3 = 


1__1 
2* “8* 




3-»= 


1 __l 
3* ■"9* 



= 2*=16. 


219. Following tho same law, m, 71 , 2^1 <L being positive integers, 
a''xa* = a="^ 

m ^ 4,P 

Also a” *^xa^=:a” « «=a 



p 


a» 


m p 

a**’®. 


Ezamplea. 


I i HI 

X a^ = a* *^=a. 
a^=a*~^=a^=N/a. 
3- x3--3^‘^^ = 33=9. 


220. To prove that (a”*)” - a’"" /w a// of ni and n, 

(1) When n is a positive integer {m having any value), 

(a”*)** = a*" X a^xa^ ,..n factors 

_ hrn+m . . . lo n teniiB _ 

(2) When n is a positive fraction (m having any value), 
take n--jp and q being positive integets. 

writing (a”*) ^ instcad..of 

we have (a’")^= V • 
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(3) Lastly, when n is negative, fractional or integral (m having 
any value), 

take n= -s, s being positive. 

(O" = («”)-' = (Jny = = «■”" =“ 

Examples. ^ = a\ 

(2«)-^=2-*=J=i. 

221 . To prove that {ahy = f<yr all values of n. 

(1) When n is a positive integer, 

{ahY = ah xahx ah ... (the product containing n factors ah) 

^a%‘^: (1) 

(2) When n is a positive fraction, 

take w = ^ and q being positive integers. 

ia'Kh'^ from (1), 

= (a6r= ((aJ)^*; 
taking the root of each side, 

P V p 

vve have a*. = (aft)*. 

(3) Lastly, if n is negative, 
lot n = - s, where s is pjsitive. 




1 


; = «-*. i- 


Examidea. 


'{ahy a’\y 

=tt". J“. 

{ah'Y =a<‘b'». 

(s^ . 3^)*=(2» . 30^=2^ . 3^ =>/§. 

Siinplijy 'the expression 
•< Express jit* in powers of 2. ) 


4-3/1 


The expression =2'*. (2'**)“+*. (2®)"®". 2®** 
= 2” 2^“*^**, 2“®**. 2®** 

— 2*H 6n42it~2® = 64. 
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222. In multiplication and division of compound expressions, 
we work, both as to method and arrangement, as if the indices 
were positive integers. 

Example 1. Multi jily by a^ + 6"i. 

-i- IT ^ 
a -2ahr^ 



a 1 a^h ^ -2aVr^ - 2h~^ 

Example 2. Multiply ■\ x^y^ + y^ by -x^y^ 

{ (a; - + y^ ) + x^y^ ) • { (a;^ + ) -* I 
= (a;^ + y^ Y - {x^y^ Y ^ + y ~ 

=x-\-x^-y^ + y. 

Example 8. Divide a®4-4a^6“^ + 6a?;~2 + 4a‘^6”** f 6"“* by + 

+ 6-1 ) a2 + Aah-^ + 6a&“2 + 4a^6‘8 + />"*( J + Sat"’ + 

Sah-U-^h-;^ 

3a6“*®+4a®6“’ 

3aft-^+3tt^6-» 

ah-^ + b-* 
ah -’‘ + b-* 

• 

Examples. ZZXVII. a. 

{These examples may he taken orally.) 

Write down, or read off, in their simplest forms : 


L 

16^. 

2. 2 ~\ 

3. 2»x2». 

4. 8- ^ 

5. 

27^. 

6. 4’^. 

7. 3*x3"i 

8. 

9. 

a®-ra”^. 

10, ri^. 

11. 2a:^-r»^. 

12; !a,»rt 

13. 

1 

2-2- 

“• (s')"- 

15. 4*. 

16. 25'*^ ■ 
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Write down, or read oflF, in their simplest forms : 


17. 64*. 

18, (6»)*. 

19. 

2x2->. 

20. 3-. 

a. } . 

4* 

22. 

23. 

16*. 

24. 16“ », 

00 

2a 3*x9*. 

27. 

16^ X 16”*. 

28. ( 2 ^)“*. 

32. ’ 

29. 125*. 

30. 1'25~*. 

31. 

3"-* X 3’"". 

33. («*+6*)*. 

34. (o*+5*)(a*- 

hi). 

35. (x+x- 

41 " 

1)2. 36. X®-* X X«+^ 

37. (x®”*-*)"”*. 

38. (e'+e-*)*. 

39. 

{xi-yi)\ 



Examples. XXXVIL b. 

Express as sin^pl}' os possible with indices, without denominators : 
1. 2. S!fa%. 

o 4 -2-. 

5. Simplify 8^ and 25“^. 6. Simplify 27~^ and 49^. 

7. Express with iwsiti ve indices be + c + a6“’ c“^. 

Simplify 

8 , 16*. 9. 256~*. 10. 289~i. 11. 32“*. 

12 7*29*”^ isoex lii 1024^®^ 1C ^ 


9. 256" *. 


13. 62.5*. 


11. 32“*. 
15, 


ia(iV*)-». 

17. 18. (276-V)* 

(^r)* 

a. 22. 

23. ( 1024 "*)*. 

On Jw*"! 

24* 26. 

Multiply 



a^4f>* 

5-»i,25«“"2 

53n-2^ 10-1 ‘ 


26. + by 7a;^ + 5y^. 27. ^ by n/ J5® - 1 + 

. 28. + a“ by 'a“^ - a”^6~^+ 

29, a^+a®l^+a^6^+a6+a^6^+6^ by a^-6^. 

30. a+^^+3c^ by a+26^-3A 31. ar^+aj^y+aj^y^+y* by x^-y. 

32. a«+3a6-^ + 4c-* by a*-3a6-i-4c“» 
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Divide 

33. 8a:®“27y“® by 2a; 34. ar*-64y* by a;'’^ + 2y^. 

35 . a-2ah^+bhy a^-2ah^+h^. 

36. Simplify 

37. Divide by 

38. Give the product of + a^b^ + and + b^. 

39. Factorise 2 ^) + 4 a ^). 

40. Square - 2a^ b^ />, and divide the result by (a^ - 6^)*. 


CHAPTER XXXVIII. 

RATIO, PROPORTION AND VARIATION. 

RATIO. 

223. If two quantities are of the same kind, they have a ratio ; 
and the ratio of the 1st to the 2nd is the quotient obtained ])y 
dividing the 1st by the 2nd, whether that quotient be integral or 
fractional. 

The ratio of a to 6 is expressed as a : or 

a, b are respeetivcly called the 1st and 2nd terms or iimiibcrs 
of the ratio, or the antecedent and consequent. 

If the antecedent = th^ consequent, the ratio is a ratio of 
equality, and is equal to unity. 

If the antecedent is the greater, the ratio is called a ratio 
of greater inequality, ie, an improper fraction. 

If the antecedent is the less, the ratio is a ratio of less in- 
equality, i,e. a proper fraction. 

224. A ratio of greater inequality is diminished by adding 'the same'' 
positive quantity to both its*members. 

Let ^ ^ of greater inequality (i«. a > b). 

B.B.A. X 
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Let ^ be the new ratio. 

6 + x 

a a + aj _ a6 + a.K -ah- bx _{a-h)x 
h i + aj” 6(6 -fa;) ”6(/>» + :**) 

= a positive quantity, for a > 6, 
i.c, the original - the new ratio = a positive quantity ; 
the new ratio < the original ratio. 

Sirn ilarly it may be proved that a ratio of less mequality is iivcreascd 
by adtimy the same positive quanlUy to both Us member's. 

The proof of this should be written out as an exercise. 

The two statements may be combined in one, viz. : A ratio is rtmle 
nearer to unity by adding the same positive quantity to both Us members, 

225 . Katios are compounded by being multiplied together. 

The duplicate ratio of « to 6 is a ? : 

The sub-duplicate ratio of a to 6 is : 6^. 


226. Many properties of ratios are easily proved by taking 
some single letter k to represent a ratio, or to represent each of 
several ecjual ratios. 


Example. 


To prove that, if 




eauh of these ratios = 


la -f- me + nc 

Ib + md-vn/' 


Lot 


? a-. Then -®=A:, and 
h d * J ' 

a — hk^ c=dk, e=/k. 


la + me f ne __ Ibk -f mdk -f nfk _ {lb f md + nf) k_^_a 
Ibi-md’i-nf^ Ib-^md-k-vf ~ Ib + md + vf ”” ”6* 


As a simple case take 


a-^-c + e 

bTdTf 


Tills tfk -^dk-\-fk _ (6 + d +f)h 
^*”**"' 6 i d+/ ' h + d+f 


k 


a 

6 ' 


From this we see that if a number of ratios are equal, a new 
ratio equal to each of them can be formed by adding their 
antecedents for a new antecedent and adding their consequents 
for a new consequent. 


Note. — A ratio may sometimes l)c simplified by the use of this Artiolo 
for piiri)oses of approximation or checking. 

Thus ‘ j“ = (approximately) 

■ The fuller working is 


^26 

1007.r 


11 3l-'> 

4*5 roughly = —^ 


4526 -31 *5 _ 4494-5 _ 
1007-7 “ 1006 “ 
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227. If j are unequal, the ratio magnitude 

between the greatest and least of these ratios. 

Suppose 


a + c + e 


a 

b 


c e 

d^r 


Let 


j-A.. 


Then ^ ^ j <^> 


a-^hky c<dki 

fl + c + c <C. {b (I f) h j 


Let 


G <fk\ 

. tt + c + c 
b + iUf 
a + C + C 


< h 


- = Then in a similar way . — ) .>h\ 


Thus between the greatest and Igast of the ratios 

a c c 

V it r 

Example. Find a ratio intcTniediate between J and J jf. 

By wliat has i>oon proved we see that such a ratio can be found by adding 
the numcratois and adding the denominators. Result I4, f.e. 4,^. 

228. If i'Vbtws is equal to 

y, 7’, n being any qxuintitles wltatever, 

T j a c c 1 

Let = 

so that a =^*k, c = dk, e= fk, 

and ar = b^k‘\ = 

/. pa'^^pbV, (jd^^qdVy re”^rf**k\ 
by addition, 

+ ^/c" + re" - k*'{pb'^ + ?</" + 7/'*). ■ . 

■ ■ t»Wng the »“* root of side, 

« t « ■ • 

( 


pa'* + qd* -f rtf" ^ ^ ® 

pb** ’\-qct* + rf*) ~ 


Q.E.D. 
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Graphic Representation of Ratio. 

229 . Take an abscissa OA to represent the consequent of the 
ratio, and an ordinate AB to represent the antecedent on the 
same scale. The magnitude of the angle AOB enables us to 
estimate whether the ratio is greater or less than another ratio 
represented in the same manner. 


D 


O AC 

DC 

Suppose -- to be the 2nd ratio ; and let OD meet AB at E. 

OC 

By simiLu ^‘EAO, DCO, 

OC OA 
EA 

’ * OA represents the 2nd ratio. 

Thus v,e can compare the ratios by means of the lengths of 
AB and AE. 

A lafw of less meqmhfii is incim'ied by adding tlie same quantUy 
to both it^ t&i ms, 

H 


G 


O A F 

AsJ^fore, take an abscissa OA and ordinate AB, so that — 
represents a ratio. 

If OA bo produced to F, and an ordinate FQH be drawn, where 
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AB 

FQ = AB and GH = AF, the ratio — has been altered by adding 

the same qaantity HQ or AF to both its terms. 

HF 

The now ratio > the old ratio, if OH cuts AB above B ; i.e. 

if tho L HBQ > the L BOA. 

But /.HBG = 46°; 

AB 

the new ratio > the old, if l BOA < 45* i.e. if the ratio — ^ 
is one of less inequality. 

Note. It is convenient to have a name to denote this graphic ropraseri- 
tation of a ratio. In trigonometry tho ratio AB : OA is called the tantjent 
^of the angle AOB. In many mathematical woiks this ratio is denoted by 
the nlope of the line OB. 

230. ThennornHiic scales. In a Fahrenheit tjiermometer the 
freezing point is marked 32° and boiling point 212* ; in the 
Centigrade thermometei* these are marked 0* and 100“ respec- 
tively. If a corUin temperature be indicated on the Fahrenheit 
scale by F dcgr'cos, and on the Centigrade scale by C degrees, we 
can compare these by noticing that the distances of the given 
temperature and the boiling temperature from the freezing point 
must have the same ratio in whichever scale they arc expressed. 
Thus 

F - 32 distance of the given temperature from freezing point 
212 -32”' distance between boiling and freezing points 
_ C-0^ 

■“loo-o’ 

F-32_C. .F-32 0 

“180* “100' ” 9 “6' 

For the graph of this equation see Article 80, p. 123* 

Example 1. If find the ratio ar.-y. 

6x-{4y 33 

33(7a:-3y)=29(5ar+4y); 

231a: -99y=145.r+ 116^; 


86a:=215y; 



. x_2l5__5* 

'• .p" 80 "2* 
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Example 2. If 2x^ - Hxy + find the ratio x : y. 

2 ('-y-r>-+ 2 = 0 ; 

\y) y 

by solving this quadratic equation we get 

X ^ 1 

- =2 or 

• y 2 

Example 3. When a straight line is divided in extreme and mean ratio, 
what are approximately the ratios of the parts to the whole ? 

Ijet the whole measure a units, the two parts x and a-x units. 

By hypothesis a (a -x); 

x^ + ax=a" 

' 1 

x—a .-^ — , rejecting the negative solution, 
the ratio —sr'GlS approximately. 


Example 4. If ^=3 and find the value of 

1 2ax - hy __ 1 2nx - Ivy ^ 2ax + ^hy 
2^^^hy~~ hy * by 

12. ^.3-1 

Jljl ^ 

2'i.?+3 27?^ 3+3 

by o 

_y~l_72-5_67 
Y+3 12+15“ 27* 


231. Cross Multiplication. From the. equations a^pc + b^y + c^z = 0, 

a^x 4- & 2 ?/ + ratios 5 and 

z z 

By multiplying the first by and the second by Jj, we get 
aj}^^ + b^h^y + b^c^z = 0, 
a^h^x + b^b^ + b^c^ = 0 ; 

by subtraction, x(a^h^ - a^b^) 4- - b^c^) = 0 ; 

. . x{a^b2 — O261) = - (^>>1^2 “ ^2^1) i 
X _ z 
^1^2 “ ^2^ 1 ^ibo "■ ^2^1 

i,e. -= -'7^ — V- 

z 


..( 2 ) 
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By eliminating x from the original equations,' we get 

5? _ -y 


Hence we have the ratio 

Results (1) and (3) combined read thus : 

X -?/ ^ 


( 3 ) 


^ l '*2 - Vl '^^2 “ 

This is easily remembered in the following manner : 

Write down the coefficients, omitting the x, y and thus : 


a 


/ 


iU 


‘2J 


*2, ^*2- 


To obtain the denommatm' of ir, imagine the a column erased, 
and take the products of the 6’s an<l rh crossways as indicated, 
the downward arrow being accompanied by a + sign and the 
upward by a - sign. 

To obtain the denominator of -y, imagine the h column erased, 
and proceed as before. 

To obtain the de7ioniinatat' of Zy imagine the c column erased, and 
proceed as before. 

This metho<l is called Cross Multiplication. 

Simultaneous equations can be solved by this method : for by 
putting z=\y we find the equations 

n^x-{-}\y-{-c^^0y + + = 0 

solved in the following fqrm : 

X __ -y 1 

Example. Find - and from the equations 
z z 

4x - 6y - 24z =0, 3a; + 7y + 5z=0. 

X _ -?/ _ z . ' > 

-6x6 + 7x24“4x5 + 3x24"'4y7 + 3x6' 

X _ ~y _z , 

. *• 3x46“2x46"46' 

?=- 2 . 
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232. To eliminate three unknowns it would in general be 
necessary to have four equations ; but from the three equations 


( 1 ) 

rtjj3: + S2.V + Cjjr = 0, (2) 

as* + *8y + V“0» (3) 


it is possible to eliminate for we are really only elimi- 

natiiig two ratios between them. 

From ( 1 ) and ( 2 ), 


— ? _ ~ 1 = Jc suppose. 

hyC ^ — 62^1 ®1^‘2 ■“ 

By substituting in (3), k{\c 2 - 62 ^ 1 ) for a;, and similar expression 
for y and and dividing by k, wc obtain 

O'iihh- Vi) + - "/2) + - «2^i) = 0- 


Examples. ZXXVIII. a. 

1. By means of squared paper compare the ratio -} y with 

17 7 14 7 .'j a 
73fU> Si lS:}i 1T> jr- 

[Join the points (0, 0), (19, 11) and produce this line. Observe whether 
the point (30, 17), for example, is above or below this line.] 

2. Find the ratio of 2 lbs. 6 oz. to 3 lbs. 9 oz. 

3. Find the ratio of £2. 5«. 6d. to £4. Os. 

4 . Express as a decimal the ratio ] inch : 1 cm., if 1 m. =39*37 inches. 

5. What value of x will make equal ? ? 

37 'i' X O 

6. . If ^ 

7. If g=|, find the ratio of a? f 6 to y + 8. 

8. ~ = ?f Find the value of 

y 5 • y-x 

9. 3.r«-10a:y + 3y®=0. Find 

iC + 6 

■10. the duplicate ratio of 4 to 5. Find a?. 

11 ' rr « C ' €;‘V . 3a* + 4a\* + 6c®6 a* 

.prove thot 

12. — 2— = Provo that 0 = 6 + c.' 
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14. Two numbers are in the ratio 3 : 4, and when each is increased by 7 
they have the ratio 4 : 5. Find them. 

15. Find two numbers in the ratio 5 : 4 such that when each is diminished 
by 5 they shall bo in the ratio 4 : 3. 

16. Find two numbers whoso sum is 85 and whose ratio is 8 : 9. 

17. Divide 92 so that the two parts may be in the ratio 8 : 15. 

18. Divide 65 into two parts so that f of one may be {; of the other. • 

19. The ratio of a rectangle to the square on its diagonal is 6:13. 
Find the ratio of the sides. 

20. The ratio of A's age to B’s is 5 : 3. 28 years ago it was 4 : 1. How 
old is A? 

21. If 4 : 3 = the subduplicate ratio of a; + 6 to a; + 2, find x. 

22. If f >3. then <“ and • 

23. Find the least integer which, added to each terra of 9:17, gives a 
ratio greater than |. 

24. Find the least integer which, added to each term s)f 25 : 12, gives a 
ratio less than f. 

25. What quantity must bo added to each term of the ratio a : 6 to 
make it equal to c : d ? 

26. If ~ ^ = , each of these ratios =—^ ' 

y + 2 x^y x-z x-\-y 

27. Find a ratio intermediate between f ^ and 

28. If 7 = prove that each of these ratios and that 

c~“ (jp 

29. On squared paper represent the ratios q, and boo whieli is 
greatest and which least. 

30. By observing where the hypotenuse of each cuts the ordinate wliose 
abscissa is 10, find tho value of each of the al)ove ratios in a decimal form. 

31. Draw tho ratio formed by adding 6 to the immorator and denomi- 
nator of 1^. Compare it wi^i ^ 

32. Show graphically that, if 3 ’ j 

is equal to any one of them, by taking a, c, e for oMinates and.- 

O + Co -\~j 

5, df f for abscissae. 

ace '* flt I c I c 

33. Show graphically that, if J are unecjual, Bos 

in value between the greatest and least of them. • y ' . . , " 

34. Which is the greater, or ? 

. y : ■ 

35 . If an object of height A at a distance d from the ol^hrvcr subtends" 
a mxdl angle of A degrees at his position, it may be proved' that'^oughly 

Ad/57 *3. Use this to find the height of a tower whico!/ subtends hai 
angle of 9® at a point 170 yds. away, 
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38. If be taken away from each member of the ratio the 

Jib -a b 

hew ratio is 

pb 

37. A and B trade with different sums : A gains £200, B loses £,00, and 
now A’s stock : B’s=4 : 1 ; hut if A had gained £100, and B lost £85, their 
stocks would have been as 60 to 1 3. Find what each had originally. 

38. Construct a scale of feet for a drawing in which 10 ft. 6 in. is 
represented by 3J inches. 

What ratio does the area of the dnawing bear to the area of the figure 
niprosented ? 


If prove the following (39 to 43): 


h~ d 

:ib'^ - rydj'+ \f'^ ~ hdf ^ Ati A- c 


la -i- me -f- nt 
lb + md + ?;/* 


la - mr. -f- ?/« a 
lb -md-\-7if~h' 


40. 

42. 


41. 

43. 

44. If f5nd the value of 

0 a 

45. If K = **'*^*1 value of ^ 


fflfi +2r*®_«“ + r2 

b^Td^~r)d/ 


pa“c^ qa^“ _a 
y pJrd + qbdf^ + rf^ ~~ h ' 


7a 4 - 25 
4a H 1(>6’ 


3ar + rM 


5T+7y T y 


48. 


r 

(V 


a -I- h 
h 


4ttc + Hbd 

47. If prove that ad— he. 

a-b c-d ^ 

c-fd ja + 6 c + d 

d a-b c-d 


49. 


I. If ^ = prove that a’^ + c''*=^a4-|^^(a®- + 


50. If C, F be the readings of any temperature in Centigrade and 
Fahrenheit scales respectively, prove that C + 40= fj (F + 40). 

What is the Centigrade reading which corresponds to 41° Fahrenheit ? 

« a: + 2y 2a:-z 5//-,3x + 2 ' . , r i.L i 

61. If 5 ^ = 5 — ; — = 1 — 4 — , prove that each of these ratios = 1. 

.3a?- z ^y + x 4y-4a: + s ^ 

52. If ^rr,-^ = - , prove that ic-y + S”0. 

a b^-ch + r-a 


53. If 

54. If 


g _ c 

x-y~ %-x 
ah' 

1 =-* prove that - = — o* 

h c* ^ c 6* &*+c® 


prove that a + 6 + c = 0. 
a® + 


t»otion=^=|, if mq and np are unequal. 

56. At present A*s ago is to B's age os 5 to 2, but in 30 years’ time the 
ratio will be 35 : 23. ^ Find their ages. 
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67. If + lQy®=7y(J! + y), what is the ratio of a; to y? 

68. If?=®=i, then a + 3c + 2«:a-e=i!i + 3d+2/:6-/ 

0 a J 

59. l^ind X : y from the equations 3a? - 4y - 7z = 0I 

3jf + 4y- 17z = 0J ‘ 

60. Find X : z from the equations 3a? - 4?/ - z=01 

(5ar + %- 82 =Ol* 

61. Find X : y and x : z from lx-Gy + 592=0\ 

3a:-8y + 47z— of 

62. Eliminate r, y, z from the equations aa; + cy + 

ra? + 6y + a2=0 !-• 
fca; + ay+c2 = 0J 

63. Eliminate a?, y, z from the equations ax + hy-\-ffz — 0\ 

/ia?+6y+/z=0 >• 
fjx+fy^cz = 0) 

64. A sura of money is divided into two parts in the r«tio x : ?/. A and 
B divide between themselves the first part in the ratio a : h and tlic second 
part in the ratio c :d. If tht^y rcccnve equal amounts, find the ratio of .r 
to y. 

65. On a certain map a road 1320 yds. long is represented by 2j inches. 
Determino the scale of the map. What area on the ma}> would represent 

sq. mile ? 

66. Find the ratio of a? to y from the eexuation 2a;® - 9a?y + 10y®=0. 

67. Two vessels contain mixtures of wine and water in the ratios of 
8 to .3 and 5 to 1 respectively. In what ratio must liquid be drawm from 
each vessel to give a mixture in the ratio of 4 to 1 ? 

68. In a certain examination the number of those \idio passed was 
3 times tlic number of those who failed. If then; had been 16 fewer 
candidates and if 6 more had failed, the numbers would have been as 
2 to 1. Find the number of candidates. 

09 If each of these ratios - unless ft + c = 0. 

cy-az by-ax x + z y 

70. Tw'o men set out at thosfime time from A and B along a road ABC, 
both going in the direction BCJ. The hinder man travels at ^ of the pace 
of the other and overtakes bira at a point 10 miles from B. Find the 
distance AB. Solve this question also graphically. 

71. The marks gained in an examination-paper for which the maximum 
was 65 were 53, 42, .37. Find by a diagram w'hat these would Ik? if the 
maximum were 100. 

72. A quantity of milk is increased in the ratio 4 : 5 Iqr w]\tcring, and 

then 3 gallons are sold : tlie rest by l>cing mixed with 3 quarts of water is 
increased in the ratio 6:7. How many gallons of milk were there at 
first? . ' ■ 

73. Two vessels jji and B contain mixtures of water and wine, A in the 

ratio 2:. 3, B in the ratio 3:7. IVhat quantities must l>e taken from A 
and B respectively to form a mixture which shall consist of 5 galloDS of 
water and 11 of wine? • 
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PROPORTION. 


233. The equality of two ratios forms a proportion. Thus 

CL C 

a, h, Cy d are in proportion if - = 

Quantities are in continued proportion, if the ratio of the 
1st to the 2nd = the ratio of the 2nd to the 3rd = the ratio of 
the 3rd to the 4th, and so on; 

fin 1 — 2 _ 4 _ 

e.g. o - T — 8 - — 

1, 2, 4, 8 ... are in contimied proportion. 




atl==bc; that is, in any pqpcniion the product of the 


extremes = the p'oduct of the means. 

If ? = -, ac = h^-, i.e. if three quantities are in cantimied 2 >roportion, 
0 c 

the p'oduct of the 1st and 3rd = the square on the 2iuh 
In this case b is said to be a mean proportional between 
a and c, and c a third proportional to a and b. 

If v = -, then - = : ie. if three magnitudes are in con- 

he c b e ¥ 

tinned jyi'oportioti the ratio of the \st to the 3rd is the duplicate ratio of 
the to the 2nd. (See Art. 225.) 

If the following results are important and easily 

dcducible : 

(1) ? = 5* (Altemando.) (2) ^ ~ . (Inveitendo.) 
c d a c 

(3) ?+ 1 = ^ + 1, or (ComPon«ndo.) 

D , d D d 

• or = (Dividendo.) 


A large number of questions in proportion may be solved by 
method e^tplained in Art. 226. 
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Example 1. If a, h, c, d are in ooiitinued proportion, 

Since = take each of these ratios equal to k ; 

0 c d 

a=:hk, b=ck, c=dk; 
{a-c)(h-d)-(a~‘d)(h-c) 
=ab-hc-ad-\ cd- ah+bd+cu:-cd 

1} c c 

=ac - ewi - 6r + bd=hk . -^-bk . j^-bc + ck 
= 6a-26r + c2- 


Example 2. 

Since 


If a + b ; 6 = c + d : d, then 




a + h c + d a. c- 


^=^=1: suppose ; a -hk, c-dk; 

. a^ + b^_W\h^ Ji:^+\ (PL^ + (P c^+d^ 

* ■ b^k^ - 62” - I - d^' 


m 


Examples. XXXVIII. b. 


1. If ah=icdj express this in the form of a proportion. 

2. Find a mean propoitional to 7 and 63 ; and a 3rd proportional to 
2jc and 5x». 

3. Find a 4th proportional to a, c ; to 3x, 4v, 9xz ; and to a\ ah^Cy 
hc\ 


If prove the relations 4-7. 

. 3a^_5a2-2c2 

^ 362+«:P“66a-2<^** 

lh^^md^''bd' • 


5 + _c^-\ cd-\-d^ 

a** - aft + - cd + cP* 


\2&d-‘+3d»” 


a 

ft‘ 


8. If a:b=b:c, a’*+ft*=a(a + 6)(a-& + c), and 

+ aV + = (a** + ft* + c*) (a* - ft* + c*). 

9. Find two numbers such that their sum, product, and difference of 
squares are proportional to 7, 12, 7. 

10. Three numbers are in continued proportion ; the middle one is 15- 

and the sum of the others 50. Find them. , 

11. Find a third proportional to n/ 3 + 1 and n/3 + 2. 

12. Find a mean proportional between >/5 +\/2 and * 

13. If (a + 6+c + ci)(a--ft-c + d)=(a+6-c-d)(a-ft + c-d), then a, b,. 
c, d are in proportion. 
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If a\h^h\c, prove the following (14, 15, 16) : 

14. a-h\b-c^b\c, 

15. a\c = a“ + b^\b^-\ (*“. 

16. (a + b-{-c){Jb ~c)=ab-c\ 

17. If a:b = b:€f and if b-c=^^, prove that a-c=— 

' (it ct 

• 18. If fi*'*- 6^— piit this in the form of a proportion. 

19. Tf a, X, a-x are in continued proportion, find x. Give also a 
geometrical construction. 

20. If a-b :b-c — h :Cj then «, />, c are in continued propoi'tioii. 

21. The coin]H)nonts of gunpowder are: — nitre 75 per cent., charcoal 
15 per cent., and sulphur 10 per cent. How many grams of each (to the 
nearest gram) are needed to make a pound (454 grams) of gunpowder ? 

22. Find 2 nunihers such that their sum, their difference, and the sum 
of their squares are propoi'tional to 5, 3, 51. 

23. Given a + b :a - b^c + d:c -■ fZ, express the ratio 

, n/ci'^ \-p(ih + 5* : vV^ ■{■pal + 

in terms of a and c alone. 


24. If .ir4-2y :o + 3/> = y + ;U* :a + 45, prove that a? : y=a + 56 : 2a + 56, 
and that y + 2x : x + 3y =4a {- I6b :1a -{- 206. 

25. If p:q-a^i b’\ and a :h = (a -{^p)^ : (a - g)^, find in terms of a and p 
the value of - 

7 

26. If b {a - c) \ c{h - d)- a -- b:c- d, then either 6 = c or ocZ = be, 

27. If aih^C'.df then tt6-i al is a mean proportional between a^+c’* 
xind //•* + d\ 

28. If 6, c, d are in ct)iitiniied proportion, 

: 6'* -h c*= 6* + c* ; c® + (P, 


a_c n \\ /I W 

^ b~d’ \a^d h e " ii/«: 


30. If a, 6, c are in continued projXM'tion, 


a - 6 -I c b'^ f 


31. If a^ + c^:ah-{-cd=: ab + cd : b^ + cP, i)rovo that a : 6 = c : of. 


32. Ifa:6 = c:flf, 


11 1 1 I fa h c. d\ 

nm nb pc qd bc\q p n mj 


VARIATION. 

234. When it is said that x varies as y (written x oc ?y), it is 
meant that, howe^r^ x and y may alter their values, the ratio 
X : y remains unchatiged.. 

^ if X a y, == a constant ratio = m suppose. 
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Thus if X oc y, x—my, 

E.g. in a circle the circumference cc the diameter ; 

/. circumference diameter = a constant. 

This constant is 3T4159... and is denoted by tt. 

circumference = '27rr. 

235. Variation is a functional way of expressing pro- 
portionality. 

When we say that y varies as a*, we mean that y is proportional 
to X ) i,e, y is such a function of x that any change in x produces 
a proportional change in y. 

Thus the symbol oc means “is proportional to.” 

If y oc X, and when x has a definite value w/, y tfikes a definite 
value w, then Xy y, m, w are so connected that • 

x:y — m: n, 

236. A statement of the following sort is commonly made : — 
“ if y denotes the distance travelled by a man walking uniformly, 
and X the time he has boon walking, y « aJ, i.e. yfx is a constjint 
ratio.” 

Here the distance and time arc not quantities of the same 
kind, and therefore cannot have a ratio ; but y and x are numhm, 
y being the number of units of distance, and x the number of 
units of time. 

y may be the number of miles walked, x the number of hours. 

/. yjx is an intelligible ratio. 

If it is found that, when 4 hours have elapsed, the distance is 
12miles, y;a:=12:4; y = 3*. 

If we give x any other special value 5, the relation is still 
y==3x; y = 3 X 5 = 15. 

k 1 

237. If y = y is proportional to i.e. y varies inversely as x. 

X iC , 

If y = mx + nx% where m and n are Constantsa, y is a function of 
X consisting of two. terms, one proportional to % the other 
propoitional to x^. 
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If y — kcz, where A; is a constant and z are variables, y is 
conjointly proportional to x and z, or y is said to vary conjointly 
as X and z. 

lex 

If y = y varies directly as x and inversely as z, 

z 

h 

If y = y is said to vary inversely as the square of x. 

The law of gravitation furnishes an example : for the attraction 
of the earth on an external objeet varies inversely as the square 
of the object’s distance from the centre of the earth. If the 
distance of the object were doubled, the attraction on it would 
bo multiplied by } ; if the distance were trebled, the attraction 
would be -J- of what it was. 

If y X a;, and we express this by y — mx^ the constant m is 
called the constant of the variation. If at the same time y oc z, we 
may put y = where « is a constant. We must not put y = 
mzy because the constant of the variation is not necessarily 
the same in both cases. 


238. If y is a function of Xy the graph of this may be drawn. 
When y X a;, y=^mx. 

The graph of this is a straight Hue through the origin. 

When y a a;-, y==mx^. 

The graph of this is a parabola. (See Art. 133.) 

When y xy^m. 

The graph of this is a hsrperbola. (See Art. 166.) 

239. If X ex, yy and y ex Zy then x ccz. 

Since a: a y, -=m. 

y 

Since y (x Zy \-n. 


by multiplication 




-mn-a constant 


f 


X ecz. 
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240. If X Qc y when z is constanfy and x oc z when y is consfani, 
then X ccyz when both y and z are variable. 

[The meaning of this is most easily understood from an example. 
In a triangle the area oc the base when the altitude is constant, 
and varies as the altitude when the base is constant. When both 
base and altitude are variable, the area oc base x altitude.] 

Proof. X ocy when z is constiint ; 

aj = my (where m is independent of y) (1) 

But X cc z when y is constant ; 

my ecz when y is constant ; 
m ocz; 

m-nz (where n is independent of z) (2) 

Also 71, being a factor of is independent of y.* 

From (2) substitute in (1). 

x^nzy (where n is independent of y and z). 

X oc yz. 

Example 1. If a; xy, and a; =10 when y = 3, find y when 

Here x=7nyf m being a constant (1) 

The statement, that a;=: 10 wliun y ~3, enables us to find m. 

For from (1), 10=mx3; 

/, the relation between x and y « a;=-^ y ; 

when we have ^ = ^5 

«-_4 6 __9 

Example 2. If 0 horses can plough 17i acres in 4 days, how many acres 
will 54 horses plough in 2J days? 

Denoting the number of horses by H, of acres by A, and of days by D, 
wo know that A x H when D is given, and A x D when H is given. “ 

AxDH; 

/. A = mDH. 

The statement is *‘6 horses plough 17J acres in 4 days.” 

This gives us =?n x 4 x 6 ; ; 

A=f§DH; . 
when D=| and H=.54,' 
the number of acres = x-J x 54'~ 

• ■ i - 

\ Y 


B.RA. 
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Example 3. The time of one awing of a simple pendulum oc the square 
root of its length. If a pendulum of length 17'44 cm. makes 105 boats in 
44 seconds, what is the length of a pendulum which beats exactly once in 
a second ? 

If i l)c the time of a l)cat in seconds, I the length in cm., 
we have t=k>Jl. 

When /= 17-44. ^ = 


We mjuirc the valne of I when l^\. 


_44 

■■ i65xVl7-44‘ 


I 10^x17-44 
44 ‘‘« 


121 


la^x 105 x_l W) X 16 105 X 105 X 1 -09 
121x16 
mi 7 -25 
' 121 


.-99-32 cm. 


241 . Instances of Variation are of frequent occurrence in the 
subject of Physics. Some are quoted here : 

{a) The pressure of a given mass 6f gas is directly proportional 
to the temperature measured from - 273*' C., and inversely pro- 


portional to the volume. 



{h) The pressure at any point of a heavy fluid is proportional 
to the depth of the point. oc rf, where d is the depth.] 

{c) The tension of a stretched elastic string is proportional to 
the extension. 

If T be the tension, I the original length, V the stretched 
length, then V - / = the extension. 

T cn{V -l)^k{V -~l). 

Observe that the tension is proportional to the increase of lengthy 
not to the stretched length. 

' Example. A string. 4 feet long is stretched to 5 feet by a weight of 
3 lbs. To what lengtA will a weight of 5} lbs. stretch it ? 

When the tension fs*3, the extcnsion=5-4=l. 

But T=i(f'-f). 

3=i(.'>-4)=i. 

. ■ ; . , T=3(f'-/). 
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WhonT=64, 

The stretched length is 5 ft. 10 inches. 

(rf) Ohtn!s Law, — The resistance of a wire of given material to 
the passage of an electric current is directly proportional to the 
length of the wire, and inversely proportional to the area of its 
cross section. 

Example. If the resistance uf a copjKT wire 1 kilometre in lengtli and 
1 sq. millimetre in section is 16*42 ohms, calcnlato the lesibtance of a 
copper wire 1 sq. cm. in section, and 480 kilometies in length. 

R = the resistance — (whore the length, A the area of the section 
of the wire). 

When / =1 kilometre, and A=1 sq. mm., R = 16*42; 

. 16 42 ^1:. 

In the 2nd case I — 480 kilometres, and A =100 sq. mm. ; 

.1 o 1 16*42x480 , 

.*. the resistance in the 2nd ca&e= — = 1 *642 x 48 

lUU 

= 78 8 ohms approx. 

(e) The intensity of illumination of a surface varies inversely 
as the square of the distance from the source. 

Examples. ZXXVIII. c. 

1. If ^ac.i;, and y=-f) when a; =6, find the equation between x and y, 
and (Iraw its graph. 

Find y when .c=0, and find x when y-3*.>. 

Obtain the results graphically and algebraically. 

2. If y X ^ I and y = 3 whol a? =2, find x when y - 21. 

X 

3. If y X and y- 3 when j?=9, find y when u;=2. 

4 . If a oc 6 directly and c inversely, and a =8 when 6=10 and t =15, 
find c when a= 1 and 6=2. 

5. y consists of a constant term and a term which varies as x, y=3 
when j?=:0, and y =7 when .r= 1. Find the equation between x and y, and 
determine y graphically when a; =3 *5. 

8. y « a?, and oc ; proVe y^z=a constant 

• 2 

7. a® + 6^ X _ ^ 2 . prove that a + 6 « a - 6. 

8. a + 6xa-6; prove that a® + 6® x ah 
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9. The attraction of the earth on an external object varieft inversely as 
the square of the distance of the object from the earth’s centre. Find tlie 
•apparent weight of a body at a distance of 2000 miles from the earth’s 
surface^ supposing it to weigh 1 lb. on the surface of the earth wliose 
radius may to taken to be 4000 miles. 

10. If xyccx^+i/^, and 3, 4 bo contemporaneous values of x and y, 
e^xpi'ess xy in terms of x^ + y®. 

11. If y=the sum of a constant term and a term varying as xy, and 
y = - 2j when a? =2, and aj= -2 when 1, express y in terms of x. 


12 . 


» « and « I ; 


1 

prove y Of 2 oc - . 


13. If a?ac- f and aj=3 when y=l and s=2, tlien a*ys=2(y + 2 ). 

y z 

14. If X varies inversely as and is equal to 5 when y = 7 and z=2, 

then xyz = 14 (y - z), " 

16. The wages of 100 men for 6 months amount to £1080. How many 
men can be emplo 3 'ed for 7 months for £453. 12s. ? 


16. With a capital of £450 a man gains £99 in 11 months. What profit 
does ho make in 10 months on a capital of £1000 ? 

17. A garrison of 1500 men has just provisioTis enough to allow 26 oz, 
of bread a day to each man for 38 days. The garrison is increased by 
400 men. How manj' ounces of bread must be assigned to each man to 
prolong the siege for 27 days longer ? 


18. A sum of money at simple interest amounts to £688 when the rate 
is 2^. por cent, and the time 3 years. What would be the amount if the 
rate wore 3 per cent, and the time 2 J years ? 

19. Tlio pressure of wind on a plane surface a the area of tho surface 
and the square of the wind’s velocity. Tho pressure on a sq. foot is 1 lb. 
when the wind is moving 15 miles an hour. Find the vclocit}^ o^the wind 

' when tho pressure on a sq. j'ard is 16 lb. 


20. If the wages of 15 Ix^ys for 4 weeks come to £30, how many l)oyB 
will £17. Kte. hire for 5 weeks? 


21. A brx)k which was 12 feet from a light is moved so as to be 3 feet 
from it. Compare the intensity of illumination with what it was. 

22. A surface is illuminated by a certain light at a distance of 2 feet. 
Where must it bo placed to receive twice the intensity of illumination ? 

23. If 5 men can do a piece of work in a certain time, how many men 
will perform another. piece of work 7 times as great in one-fifth of the time? 

24. If it costs £6 ^ dig a pit 24 ft. deep and 28 sq. ft. in horizontal 
aeotion, what, is tho depth of a pit of horizontal section 14 ft. by 9 ft. 
which costs £9 to dig out? 

^ 25.. 50 men .do a piece of work, working for 12 days at 7 hours a day : 

how many hours a day must 15 men work in order to do the same amount 
in 35 days? , . .. 
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2o. The expensos of an institution are partly constant and partly 
pi’oportional to the numl)er of inmates. When the number of inmates 
is 80, the expenses are £1700, for 90 inmates the expenses for the saniQ 
length of time are £1850 : vrhat arc the expenses for 95 inmates ? 

27. An elastic string whose iinstrctchcd length is I foot, is stretched to 
14 inches by a weiglit of 7 lb. What weight will stretch it to 15 inches ? 

28. If a weight of 5 lb. will stretch an elastic string originally 3 incly&s 
long to twice its length, what will be its length when stretched by a 
weight of 4 lb. ? 

29. The pressure on a horizontal disc immersed in a liquid oc the depth 
of the disc and the squai-c of its radius. If the pressure is 600 lb. when 
'the depth is 5 ft. and radius 3 ft., what is the pressure when the depth is 
12 ft. and radius 4^ ft. ? 

30. One surface is illuminated by a light of 8 candle-power at a distance 
of 10 ft. ; another surface by a light of 25 candle-power at a distance of 
30 feet. Find the ratio of the intensity of illumination at the two surfaces. 

31. The annual expense of a household of G persons is £870. Find the 
expense of 11 persons, supposing £150 of the expense to^be constant and 
the rest to vary as the niimncr of persons. 

32. The area of a circle oc the square of the radius, and the area is 3*14 
square metres when the radius is 1 metre. Find the area when the radius 
is 5 metres. What radius gives an area of 18*84 sq. metres? 

33. The distance fallen by a body from rest ac the 8(iuare of the time of 
fall, and a body falls 64 feet in the nrat 2 secs. Hom^ far does it fall in the 
next 3 secs. ? 

34. I'he value of a diamond oc the square of its weight, and a diamond 
of 3 carats is worth £8 ; find the value of one of the same quality weighing 
4 carats. 

35. y consists of a constant term and a term varying as a?. When a* - 2, 
y = 20, and when a;— 3, y=63. Find y when a;=2*5 : and find x when y=r40. 

36. The distance of the horizon at sea oc the square root of the height 
of the eye above sea-level. Find the distance when the eye is at a height 
of 6 feet, given that it is 9 miles when the height is 54 feet. Find the* 
height of the eye when the distance is 4 miles. 

37. The time of vibration of a pendulum oc the sq. rt. of its length. • 
The length of one which beois seconds is approximately 30 inches. If it 
is lengthened by 6 inches, find the time of 1 beat. 

38. Weight above the earth’s surface varies inversely as the square of 
distance from the centre, below* the surface it varies as the distance from 
the centre. The earth’s radius b«hng reokoned 4000 miles, at what 
distance below the surface is the weight the same as at lOO^iniles above it ? 

39. If a mixture of gold and silver, in which f is gold, l)e worth £49, 
what will bo the value of a mixture of equal weight, in which is gold, the 
value of gold being 16 times that of silver? 

40. If the carriages in a railway train be all of the same class and alwaVs 
just full ; and if the expense of running a^,,ti's>in lie proportional to 
square of the numlibr of carriages ; and if a'^ blrain of 36 can-iages just pajF., ' 
the expense of working *it ; prove that it will be just as profitable to the' 
railway company to run trains of 16 carriages as train^of ^ carriages.* . ^ 
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41. The expenses of a household are partly oonstant and partly vary as 
the number of inmates. For 6, 8 and 14 persons the expenses are £16. 10s., 
£18, £22. 10s. Draw the graph, find the constant term, and the formula 
for the expense. 

42. The pressure of a quantity of giis in a cylinder with a sliding piston 
is 30 lb. per sq. in. when the piston is 2 feet from the bottom of tlie 
cylinder. If the gas is compressed (without changing its temperature) 
until the piston is 9 inches from the bottom of the cylinder, what pressure 
docs it then exert? 

43. Compare the electrical resistances of two copper wires, their lengths 
being as 3 ; 5, and the diameters of their cross-sections as 1 : 4, respectively. 


CHAPTER XXXIX. 


LOCARITHMS. 


242. If one number be chosen as base, the logarithm of 

any number n to this base is the index of the power to which 
the base must be raised to be equal to n. 

The logarithm of n to the base a is written log^Ti. 

'J’hus if = i> = log^w. 

Logarithms calculated to the base 10 are called commmi 


logarithms. 


10 = 10 ' 
100=10*2 


1000 = 103 

*001 =itjV(iT ~ 

1*25 = 53 


I __ 
TIT- 


9 




by definition log^Q 10=1, 

„ logiol00 = 2, 

„ log,ol000 = 3, 

»» = — 3, 

» c log,(T^^)== -4. 


243. = 1 ; .'. log^l = 0, i.e,, whatever the base, the logarithm 

of 1 is zero. 


244. log„mn = log„m + log,.n. 

Let and log„7t=y. 

Then n = a^ ; (by definition) 

■hg„mn=r+y=\og„m + \og„n, 

i.e. the logarithm of a product the sum of the logarithms of its 
fbctorsl 
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log 20 = log 10 +log2 = l +log2 ; 
log500 = log 100 + log5 = 2 4-log5. 

Here log 2 means logj(,2, and similarly for the others. 


245. To prove log,, ^ = log„m - log„n. 

Let log„w = .r, log„w = y. 

Then ?n = o* n = a^ ; 


log,, - y = log„rw - log„?*, 

i,e, the logarithm of a fraction = log numerator - log denominator, 
or the logarithm of a quotient -= log dividend ~ log divisor. 

Thus log *02 - log , 2 - log 2 - log 100 = log 2 
When coiumoii logarithms are used, the base is generally not 
written. 

Thus log *02 is understood to mean log^y*02. 


246. To pi ove log^n** = r log,jn 

Let log„n = /, then a -a""; 

.-. Iog,.w’' = 7v = rlog„?i, 

Le. the logarithm of any power of a number is the product of the 
logarithm of the number and the index of the power. 

Thus log 10000 = 4 log 10 = 4; log 16 -= log 2^ =■ 4 log 2, 
and log, 1 28 log, 2^ = 7 log., 2 = 7. 


247. To prom ihai log *n = 

Let n = a*, so that log„ w = x. 

Also, taking logarithms of both sides to the base.fr 
logftW = log6a* = a;logfta; 

. log^n 




^.e. 


log,a’ 


Notice that we have changed the base. 


Q.E.D. 
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If by a stretch of imagination we regard the Vs in the above 


formula as cancelling, as in the fraction - (though no such process 
goes on), it is easily remembered. r 


Iloginners often make a mistake in saying that 

248 . A particular case of the formula of Art. 247 is 

_lofoi 1 


log„A = 


logja logja 


log„&.logjO=l. 


Or we might prove it thus : 

Let * log,J)=x, so that a‘=b. 

Taking logs to base b, x, log^a = \og^b = 1 , 
i.e. log,.J.log*a=l. 


Example 1. Simplity log^a . log^lf . logdC. 

logfca . logcZi = log,a (by Art. 247, the b'a appearing to cancel), 
log* a . logct . logjc — logo a . log,«c ■= lug<(a. 

Or thus, without assuming Aiticle 247. 

Lot log6a=j?. 

Lot logt6-y. b = c^. 

Let logrfr=z. c=d*. 

Required xyz, 

a {c^Y = = (d' 

logdU =,ryz=log*a . logc6 . log,*c. 

* Examples. Simplify log|o64 . log^ 10 -rlogg8. 

The expression = log|Q64 • = logio64 . logg 10 

=log864=logB8*=2. 


, Cliaxacteristic and Mantissa. 

249 . Dbf. Th wUgral part of a logarithm is called its 
. l^MntctexistiC) the decimal part its mantissa. 

EaSiiiine. log 20 - 1 *3010. 

.*. the characteristic of log 20 is unity, 
and its mantissa is ^3010. 
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If a number, w, lies between 10" and n = 

its common logarithm is jt? + a decimal, 
the characteristic of logu,n is 

Hence, to determine the characteristic of log^oW, we only have 
to find what two conseciUivc powers of 10 the number w lies 
between. 

Examine. 125 >10^ and <10^. 

log 125 — 2 + a dec i iiial 
. . iho dial act oiiBtic f>f log 125 is 2. 

2354^10* and < 1(H. 

. . the characteiistic of log 2354 is 3. 

07 04 >10^ and <10^. 
the chaiactciibtic of log 67 04 is unity.* 

Hence we see that : 

The characteristic of logn, when n> 1, is one less than the 
number of integral digits in the number n. 

Again, logiQl=0. the logarithm of a number less than 1 
is less than 0, i.e. it is negative. 

We will now show how to find the characteristic of logn when 
n<l. 

For convenience sake a negative mantissa is made positive by 
changing the characteristic. 

Thus log -3= -0*5229 = -1+0-4771, 

which we write thus 1-4771, the bat over the 1 indicating 
that the mantissa is postiim, though the lest is negative. 

(2-4771 is read thus “2 bar decimal 4771.”) 

Examide. log •025=logTV= “log4-log 10= - 1 6021= -2 h(l - 6021) 
=2-3979. 

We will now examine several different cases. 

= which >yV <1, 
ie, it- > 10"! and < 10® ; 

• Jog -3 = - 1 + a decimal ; 

/. the characteristic of log -3*i& I. 
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•035 >-01 and < -l, 
ie, it > 10”2 and 

log ‘035 = - 2 + a decimal ; 
the characteristic of log *035 is - 2. 

•00003781 > 00001 and < 0001, 
ie. it > 10“'* and <10"'*; 
the characteristic of log *00003781 is - 5. . 

These examples csta])lish the following rule : 

If n is any decimal less than unity, the characteristic of logn 
is negative, and numerically one more than the number of zeros 
before the first significant figure. 

[Reminder. ’ The significant figures of a number arc those 
which remain when all zeros at the beginning and end have 
been removed. 

Example. Tlio significant figures of *0032016, and of 32016000 are 
32016.J 

250. The mantissae of the logarithms of numbers are the 
same if the numbers have the same significant figures. 

This is the same as saying that the logarithms of numbers 
u’//o,^c qvofiont IS any power of 10 have the same mantissa. 

The following examples establish the truth of this statement : 

32016000 103x3-2016 

•0032016 ’‘10“^ X 3-2016'"^^ ^ 

.-. log 32016000- log •00320'i6 = 10, 
i.G, log 32016000 and log -0032016 have the same mantissa. 

10*357 lOvOO X -010357 
•010357 -610357 ’ 

log 1 0-357 - log -010357 = 3, 

ix. log 10-357 and log *010357 have the same mantissa. 

Example. log 624 xc 2*79.')2 ; 

.*. log 624000 =5 -79.52, log •0624=^2-7952, 

lVg6 -24= '7952, and log *624=1-7952. 
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Examples. XXXIX. a. (Oral.) 

{The logaHthma are to the base 10 unless otherwise indicated.) 

Read off or write down the following logarithms to the base 10 : 

1. log 1000. 2. log 100,000. 3. log *01. 4. log -0001. 

Road off or write down the followitig logarithms to the base 2 : ' 

5. log 64. 6. log 256. 7. logl. 8. log -J. 9. logiV’ 

Read off or write down : 

.10. logaHl. 11. log4l6. 12. log/27. 13. log5l25. 14. log464. 

15. log7343. 16. logy32. 17. log,8. 18. log,, I 

19. log,81. 20. log93. 21. log._,73. 22. log, 24,3. 

23. log53125. 24. logo., 5. 25. logias^). 26. logs 10- 

27. Jog432. 28. log82. 29. log^8. 30. log.,, 10. 

Write down or read off otlicr forms of : 

31. log al>c. 32. logdW'. 33. log^. 

cd” 

Write dow'n or read off in terms of log 2 and log 3 ; 

34. log 4. 35. logo. 36. log 8. 37. log 15. 38. log 18. 

Simplify : 

39. log 2 + log 5. 40. log 2 ^ log 3. 41. log 12 - log 3. 

42. log 12 -2 log 2. 43. log 54 -2 log .3. 44. log .3000. 

Solve orally the equations : 

45. 2' -^(34. 46. 2^ X 3^-216. 47. 5^=3125. 

48. 2'^ *5. 49. 2' .^12,5. 

Write down or read off the eliaraotcristic of each of the following : 

50. log 317. 51. log 1234. 52. log 12-3. 53. log *023. 

54. log *048. 55. log 6043. 56. log 801. 57. log-0()17. 

58. log -.32. 59. log 3 -241. 60. log 000026. 

61. Given a-10*./>, find logm^log^. 

62. Given logiQ5=a:, find log, ^ -00.5. 

Simplify : 

63. log„8-f-log.j2. 64. log34 X log4.3. 65. log.,4 x logj,3. 

66. Explain why log 3251 and log 9999 have the same characteristio. 

67. Provo that log 723 and log 7 *23 have the same mantissa. ' 

68. In what other form can log (a® - 6®) be put ? 

69. What are the significant^ figures in 203500? 


70 20-35? 

71 . r -(Klolfi? 

72 -01308? 
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73. Givon log 2592 = 3*4136, write down log 2*592. 


74 log 259200. 

76 log -002592. 


76. Express log 5^. S'*. 7' in terms of log 2, log 3, and log 7. 

77. Read off* log 3762 -log 37 *62 without tables. 

78/ log 134*5 -log 0 1345 

79. log 7 -8 -log 0*78 

80 log 543 - log *00543 

Given that log 2= *3010, read off the value of 
81. log 20. 82. log 2000. 83. log -2. 

84. log -0002. 86. I<.g2xl0». 86. 

Given that log 2364 = 3 *3736, read off the value of 
87. log 2 364. ^ 88. log 236 *4. 89. log 236400. 

90. log *2364. * 91. log *002.364. 92. log (2*361 x 10»). 

261 . Care must be taken in dealing with numbers in the 
form 2*034:5. 

Example 1. 4*4771 x5=( -4+ *4771)x5= -20 4 2*3855 
=18*3855. 

Example 2. Divide 4*4771 by 5. 

The charaoteristic -4 is not exactly divisible by 5. 

Therefore we make it so by. writing 4*4771 in the form -5 + 1*4771. 

Hence -1+ •2954=1-2954. 

5 5 

Example 3. Add together 3*4771, 6*4812, 9 *9023. 

3*4771 , 

6*4812 

9 *9023 

5*8606 

To the left of the deoinial point we have - 12 + 6 + 1 (oarried)— -5. 

Example 4. Subtract 4*6917 from *0312. 

•0312 

4*6917 

« • 3*3.395 (Check by adding the 2nd and 3rd lines.) 

Or thus : *0312 - (4*6917)= *0312 + 4 - *6917 

^4*0312- *6917 = 3*3395. 
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Example 5. Simplify 2 log + 3 log ^ f log 

mu 1 

The expression = log 

/ 28 53 3® \ 

^‘^^VPTP’ 2-‘‘ 5.2*j 

/28.33.5n . . 


Example 6. Given that log 5 =*6990, find how many digits there arc 
Iog5»=91og5 =9x-6900= 6-2910. 

The oharaoteristic 6 tells iia that there are 7 integral digits in 5» ; and 
we know that it is entirely integral ; 

the number of digits is 7. 

Example 7. What power of 3 is nearest to 10®? (log 3= *4771.) 

Let 3'=10«. 

Take logarithms of both sides. • 

Then rrlog3 = 8; 

.*. T = 8 -f log 3 = 8 4* *4771 = 16-8 nearly. 

This is nearer to 17 than to 16 ; 

.*. the 17^ is the nearest power. 


Examples. XXXIX. b 

1. Add together 1*2864, 2*1072, 3*7^32. 

2. Add together 5*6391, 1*5534, *7431. 

3. Subtract 1*2345 from 2*6.387. 

4. Subtract 2*5461 from 1 *0386. 5! Multiply 2*4771 by 5. 

6. Multiply 3*6990 by 2. 7. Divide 1*5423 by 3. 

8. Divide 2*3184 by 4. 9. Divide 3 .3075 by 5. 

10, How many zeros follow the decimal point in *238 ? 

11, How many digits areethere in 2*®? 

12 225? 

13. Prove that log (9® - - (log 9® - log .3*) = log 8. 

14. Simplify log } |^ + log - log 

16. Simplify |■logl96+log26-21og2+log5 -log376. ■. 

16. How many digits are there in 7^*® ? 

17. Given log 2= *3010, find what power of 2 is nearest to 10*.1‘' 

18 10-. 

20. Given that logio?= *8451 and log,,. 4= *6021^ find log^7 to 2 ^ifit 
places. 
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21. Find tho value of log^a . logeb . log,*c. 

22. • log 4 10 -r log43. 

Solve to 2 decimal places : 

23. 6*= 126, given log6= 7782 and log 12G=2-1004. 

24. 2^. 144, given log 2= -3010 and log 3 = '4771. 

25. 3* ^ 5* - 1, given log 3 = *477 1 and log 5 = *6990. 


The Principle of Proportional Parts. 

262. /o/* numbers differ iaff^hy stmll qmntitiesy i.e. by small fractions 
of themselves, the differences of the logarithms are approximately pro- 
portional to the differences of the numhm's. 

This pririciide is most important in the construction, and to 
some extent in the use, of tables. 

If we know log 213 and log 214, by this principle wc can find 
log213-7. log213 = 2-3284 

and log 214 = 2-3304. 

Here the numbers diftcr by 1, and their logarithms differ by 
• 0020 . 

If the numbers differed by ^ of 1, their logarithms would 
difVer by | of *0020; and similarly for other cases. 

If we wish to obtain log(213+a:) from log 2 13, wc may call 
it 2-3284 + y, where wo recognise that y is the same fraction of 
0020 as X is of 1. 

Thus log 213*7 =^log(213 + -7) = 2-3284 +y, 

-0120 “P y-= '<>014. 

’ Ilcncc log 213-7 = 2-3284 + -0014,= 2-3298. 

253. MATHEMATICAL TABLES. 

Logarithms. 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

123 

4 

5 

6 

7 

8 

9 

15 

174)1 

17(10 

ISIS 

1K47 

is7.j 

100.3 

1031 

10.00 


2014 

3 

0 

8 

11 

14 

17 

20 

22 

25 

16 

-J041. 


2005 

2122 

2148 

2175 

2201 

2227 

2203 

2270 

3 

5 

8 

n 

13 

10 

18 

21 

24 

Iff 

2304 

2:^30 

2.3').') 

2380 

2405 

2430 

24.05 

2480 

2004 

2020 

2 

5 

7 

m 

12 

10 

17 

20 

22 


2m 

2.*)77 

2001 

202.') 

2-548 

2072 

2000 

2718 

2742, 

2705 

2 

5 

7 

■9 

12 

14 

m 

10 

21 


27^-8 

2Sli> 

.2833 

2S.'i0 

2878 

20rm 

2023 

2040 

2007 

2080 

n 

n 

7 

0 

11 

IS 

IG 

ED 


El 

irnum 

;^0.12 

30'. 1 1 

307.'i 

.3n(Xi 

3118 

31.30 

:U60 

.3181 


n 

4 

0 

8 

11 

13 

10 

m 

m 

21 

3222 

.^24 3 

3263 

X2S4 

3304 

3324 

3340 

33 0 

3380 



n 

0 

8 

10 

12 

14 

10 

m 

1 22 

8424 

3444 

.3404 

:{4S.3 

.3502 

3.022 

3.041 





4 

0 

8 

m 

12 

14 

16 

5 








XXXIX.] 


LOGARITHMS 


339 


The quotation given above from a table of 4-figure logarithms 
will show the method of reading the logarithm of any number. 
For instance suppose that log 1756 is required. Look along the 
line beginning 17 until you reach the figures below the 5 which 
occurs in the top line. The figures are 2430. For the final 6 
take the figures below 6 in the columns on the right of the page, 
viz. 15. The total result is 2445. The decimal point in the 
logarithms is not printed, so that in reality the figures are *2430 
and ’0015, giving a total of *2445 as the mantissa of the logarithm 
of a number whose significant figures arc 1756. 

Add the proper characteristic, and the logarithm of 1766 is 
3*2445. 

Also log 17*56 = 1*24 15 and log *01756 = 2*2445 ; 
for the logarithms of numbers have the same mantissa if the 
numbers themselves have the same significant digits. 

lly the principle of proportional parts, if we recpiirexl log 1756*7 

we should have to add diflercnce for 7 ; ie, 

i.e, *0002. 

Thus log 1756*7 = 3*2447. 

Antilogaxitlims. 

264. Def. If ic is the logarithm of ?i, then n is called the anti- 
logarithm of X. 

The reverse process, that of finding the antilogarithm of a set 
of figures (ie. the number whose logarithm is the given set ^;f' 
figures), can be accomplished by searching in the columns for tin* 
given set of figures or the set next less than these, and making, 
in the latter case, the proper allowvance for the diflerence by 
means of the right-hand columns. Labour is saved, however, 
by using tables of antilogarithms, which are read in a similar 
manner to the tables of logarithms. 

It must be remembered that the mantissa only is given in the 
table and only the signifleant digits of the antilogari^hip.' The' 
position of the decimal point in the antilogarithm must be deter- 
mined by the given characteristic. 
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Antilogarithms. 
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Find the antilogiirithm of *2445 and of 3*2445. 

The significant digits are found by going along the line which 
begins with *24 until the column headed by 4 is reached, and 
adding to the 1754, thus obtained, the figure under 5 in the 
right-hand columns. 

Thus the antilogarithm of *2445 is 1*756, since the significant 
digits are 1756 and the characteristic 0 shows that there is om 
integral figure. 

So also 3*2445 is the logarithm of 1756. 

266. The tables of logarithms may bo used in such a manner 
as to obtain the proper characteristic without direct reference to 
the rules given for writing down the characteristic. The method 
itself explains how the characteristic occurs. Any logarithm as 
it appears in the tables, viz. with 0 for characteristic, is the 
logarithm of a number containing one integral digit. This may 
f>€L regarded as tlio standard form ; and all numbers, whose 
logarithms are rcquii'ed, may be expressed in terms of this 
standard form by multiplying or dividing by some power of 10. 

For instance log 7*253 = 0*8605. 

log 7253 = log(7 *253 x 1 O^) = *8605 + 3 = 3*8605. 
log *0007253 = log(7 -253 x 10"") = *8605 - 4 = 4*8605. 

B^fore.attempting examples involying logarithms, the student 
should have some oral practice in the use of logarithm and 
antilogarithm tables. 

E,g. X^ad off log 62*37, log 620*9, log *0271, and so on. 

Bead off the numbers whose logarithms axe ' 

3*235, 1*067, *0824, 1*6|258, and so on. 
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Examifla l. 
edge. 


A oube oontains 3 o. ft. 904 o. iu. Find the length of its 
3 0 . ft. 904 c. in. =6088 c. in. 


log 4/6088=ilog (H)88=?‘'^|^= 1 -2615. 

Looking at the table of aiiiilugarithniB, we find that corresixindiiig 
to *261 are the figures 1824, and from the oolumiis on the right we s^o 
that for the final 5 we must add 2. 

the significant figures required are 1826. 

The oharooteristio 1 (in 1*2612) shows that there are 2 integral figures ; 
.*. aiitilog 1*2615=18*26. 

.*. 4^6088= 18*26. 

.*. the length of edge is 1 ft. 6*26 in. 

After a little practice it would only lie necessai'y to write down 

log g log 6088 = = 1 -ooin^ log 1826. 

Length of edge = 18*26 in. = l ft. 6*26 in. 


Example 2. Find by logarithms the product of 2*413 and *6052. 
The logarithm of the product = log 2 *41 3 + log *6052 

= 3825+1*7819= 1 4 1*1644 

= *1644. 

From the table of antilogai ithmo ^e find aiitilog *1644 = 1 *4(50. 

.*. the required product =1*460 to 3 decimal xdaces. 

This might Ijo worked concisely as follows : 

2*413 X *6052= antilog F . *.1825 
L-l 1*7819 

=antilog *1644 = 1*460. 


Example 8. Find the value of 2*644+ *2863. 

The logarithm of the quotient = log 2*644- log *2863 

• =*4223 -I *4569 =1*4223 -*4569 
= *9654= log 9*235. 

.*. the required quotient =9*235 (correct to 3 decimal places). 
Or, more shortly, 2 *644 + *2863 = antilog r *4223 

L- 1-4569 

s antilog *9654 = 9 *235. 


Example 4. Find the value of (£1. 3s. 6d.) x *784. 

£1. 3«. ^.=£1*175. 

log (1;175 X *784) = log 1 *175 + log *784 = *0701 + 1*8943 
= 1*9644 = log *9212. 

.*. the required value ^*9212= ISa 5d. 

B.B.A. 2 V 
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Example 5. Find the square root of 73. 

^/ 73 = antilog (log n/73) = antilog log 73) 
= antilog ( 2 * X 1 *8633) (from tables) 
= antilog (‘93165) 

=8*544 (from tables). 


Example 6 . Given log 2810 = 3*4487, and -log 2820= 3*4502, find log 28*16. 
We will first find log 2816. Let log 2816= log 2810+ a: = 3*4487 + a;, 
log 2820-log 2810= 3*4502 - 3*4487= *0015 ; 

i.e, *0015 is the diff. between the logs when 10 is the diff. between the numbers, 
and X 6 


•0015 "'10* 


.*. a:=*0009. 


.*. log 2816= 3*4487 + *0009 = 3*4496. 
.*. log 28*16 = 1*4496. 


Example 7. Given log 3450 = 3 *5.378, and log 3460= 3*5391, find 
antilog 3*5388. 

The number required evidently lies between 3450 and 3460. 

Let it be 3450+a;. 

3*5391 -3*5378= *0013, 

3*5388 - 3*5378= *0010. 


/. by the Principle of Proportional Parts, 


ar *0010 10 
lO^’OOlS^l'S 


and 


100 


x = to the nearest integer. 


.*. 3458 5= antilog 3 *5388. 


Examples. XXXIX. c. 

From tables write down 

1. log 26. 2. log 2600. 3. log 265. 4. log 2658. 

5. log 2*658. 6. log 265*8. 7 . log *002658. 

8. Given antilog *6153 = 4*124, find antilog 2*6153. 

If antilogarithni tables are supplied, they may be used for Examples 
9 2*2. Otherwise, the method of Proportional Parts must bo used. See 
Art. 252, and Example 6 above. 

Find the antilogarithms of the following : 

9 . -3851. 10 . 1*3851. 11 . 2*3851. 12 . 2*7861. 13 . 3*8423. 

14 . I*7e2i. 16 . *7449. 16 . 2*9022. 17 : *9032. 18 . 2*8021. 

19 . 1*8591. 20 . 3*4623. 21 . 5*5400. 22 . 5*92*28. 



xxxix.] LOGARITHMS 343 

Reduce the following (23 to 34) to standard form, and find their 
logarithms. 

23. 36840. 24. 368-4. 26. 1567. 26. *01567. 

27. 428-6. 28. 4286000. 29. 2113-5. 30. •0021135. 

31. 3865. 32. 0 0571.3. 33. 7641000. 34. 0 7648. 

35. I^'ind approximately by logarithms the product of 1-414 and 1 -7321 

36. Vt. 

37. ... \’'7. 


38. Solve the equation 2* =3. 39. Stjlvc the equation 3''*^^-405. 

40. Solve3'.2<'=100, 2'..3.<'=50. 

41. riot the curve y-2-' from .ir=0 to a; =6, ubin^ 1 inch for the unit 
of abscissae, onc-tenth for unit of orcliiiates. Hence find 2^®, 2?'*, 2*®. 

Find also log^ 14 and logo 23. 

42. Simplify log 98^ + log 245 - log 17‘16. • 

43. Simplify log 15 + log 105 log 2-2.5. 

44. Find log 81 to the base 243. 

45. Provo lug20 t 71og}§-i 51og.i;J+31og“5 = l. 

Find approximately the results of the following by four figure 
logarithms : 

46. 2*3x1270. 47. -2413 x 6-052. 48. 4-951x2-836. 

49. -3463 X -3973. 50. -746 x -0235. 51. 3 72*. 

52. -407 X 40-3 X -006. 53. 04.38 x 937. 54. 48-25 + 634-9. 

55. 07644+147. 56. -86751+24-3.. 57. 8,30676 + 3596. 

58. -s/TsTiS. 59, (-OSTfix-OlsO*. 60. 

y -(HKVJt) y 190’ 

61. -v'lo coiTect to 3 plaoos. 62. 3-8». 63. N'0H92i. 

64. 66. -J 66. Solvo4x2’-'-.^«‘-^. 

v'WM ‘Jom 

67. Given ir=3142, find 68. Solve 182* x 3=5. 

69. Solve (^)*=0-0016. 

70. Calculate the value of 3-74/4ir to 3 decimal places. 

71. Calculate the value of 30-26 x 18 x 8*5+ (13*0 x 22). 

72. Find a fourth proportional to 0*001233, 13-6 and 51, correct to 
2 significant figures. 

73. The specific gravity of pure alcohol at a certain teiiipe/i^ture is 

stated to bo — .* Work this out correct to 3 decimal places. 

50-7 42-91 
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74. In oaloulating the eloctrio capacity of a certain wire, tlie following 
formula ocoura: 4*2 x 6087 x 30*48 -r {4 ‘6052 x (28*8)^ x 10^}. Work it out 
to 3 decimal places. 

75. By successively taking square roots it may bo found that 
10^^3-1623, 10* =^1-778, 10* = l-334, 10*=1-155, 10*=l-074. 

9 S 

♦ By multiplication obtain the values of 10’^ and 10^^. 

Plot the curve y=10*, using 16 inches for the unit of x and 2 inches for 
that of y. From tins read off logio 1 ‘5 and log|o2. 

76. Find by logaiithms — correct to 2 decimal places. 

77. Provo that “ ^ogyX - z, 

78. If a;=logftop, what is the log of a** to the base 6**? 

79. By the aid of tables, piove that approximately 

, 2(Xn'o+logio *2003=1. 

80. Compute by tables «7\/34*3-r\^14*4. 

81. If log ] 0 j 4 = l°g ~ 4100=a H 12/3. 

82. Prove th<it log 1250 -» log ‘.343 - log 40 \ log 25 I log 6 *4 = 2 -}• log J 4. 

83. Find X con eot to 2 decimal places if 5*. 7' "* = 1 

84. Simplify log *06+ log (‘0)® -log 4 -log 54 + 4. 

85. If the logarithm of a given numlicr to Ixiso 4 is *3518, what is its 
logantlim to the base 8? 

86. (liven 5^^ • 2 -8^”^, find x conect to 3 di'cimal places. 

I 

87. Calculate the following by logaiithms, and show how you would 
roughly check your results : 

(i) pr**, where /?~93‘75, r=l‘03, w=4 ; 

(ii) Js-H, where ir= J r=5‘876. 

88. The weight in pounds of a toot of iroh piping is given by the formula 

1 . , (5 f 0> when the thickness is t inches, the lx>re is h inches, and ir= 3*142, 
14t 

w l>eing the weight of a cubic fixit of the iron. With 5=3, <=f, the 
weight of a foot is found to be 13*3 lb. ; 6nd w. Hence calculate, to the 
nearest pound, the weight of a foot if 5=2.j, f 
> 89. The rcsistanoe to an express train on the level is given by the formula 

‘ . p_ ^ vi 

^ where R=r resistance in pounds per ton drawn; v:;: velocity of train in 
miles per hour ; L= length of train in feet. 

Calculate R for, a train 3(J0 feet long when v is 60. 
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90. Make a list of the integral poiivem of 2 from index - 2 to index + 4. 
Use your values to draw a curve, the ordinates of which show the logarithms 
of numbefa between 0*.3 and 16*0 to base 2, using 1 cm. as unit for the. 
numbers, and 5 cm. os unit for the logarithms. From your oiuve deter- 
mine as accurately as you can log 2 1*7 and log^5*4. 

Fiom Tables of Logarithms, where logarithms of five-figure numbers 
are given to 7 places of decimals, we find Uiat • 


log73603 = 4*8668955, and log 73604 = 4 *8669014. 
91. Calculate log 73603*2 correct to 7 decimal places. 

92 log 7360*37 

93 log *0736036 

94. Find the number whose logarithm is 2*8668979. 

96 0*8669002. 


♦CHAPTER XL. 

HARDER GRAPHICAL AND MISCELLANEOUS PROBLEMS. 

266. One tap will fill a cutcfiii in 6 hours; a second will fill it in 
9 hmrs : lum long will they take to fill the cist&i'u, i mniiiy together 1 
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Let OA (1 in.) measured nip the page along OY denote the 
capacity of the cistern. OC is the graph of the first tap. 

From D, the pt. where this meets the vertical 9 hour line, take 
DE = 1 in. upwards. 

OE is the graph of the work done by the two taps. 

Thus PN is the portion of the cistern filled by the two taps, 
running together, in time ON. 

BM = OA. OM is the reqd. time = 3-6 hours. 

267 . Multiply 3*7 by 2‘3 by a graphical methocL 



Draw two str. lines AC, AE. With a convenient unit, make 
AB-1, AC = 3*7, AD-2-3.* 

• Join BD and draw CE || to BD. 

Then -- = — , *.«, AE x unity = AD x AC 
AD AB ^ 

= 2-3 X 3-7, 

4 

.’. the number of units of length in AE represents the product 
2*3 X 3-7. 

By measurement, AE = 8-51, the reqd. product. 

' Squared paper might be used for the above, BAD being made a 
rt. angle. 

Drvisipn may be performed in a similar manner. 

258 . A man walked from k to B at Hie rate of 4 ’miles an hour, 
without delay ran back at the rate of 6 miles an hour for half an hour, 
then waited for 3 ^ minutes, and then completed the journey home, by 
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wcdUng ihe rest of the way^ in an hour. How far is it from A to B, 
if the whole journey occupied 3} hours^ and what distcmce did he walk 
in the last part of the journey ? 



[In the printed diagram, which is reduced, the side of each 
small square denotes one-tenth of an inch.] 

Measure time along OX, taking 2 in. to denote an hour, and 
distance along OY, taking 1 in. to represent a mile. 

OCH is the graph of 4 ni. an hour, DE is the graph of the 
distance he runs at 6 m. an hour, OF = 39 minutes, the time he* 
waits. 

FQ = 1 hour. Let the line through Q parallel to OY meet OC 
at H. 

Then HF is the graph of his walk at the end of the journey. 
Thus wo see that the distance of H from OX = tiie distance of 
A from B. .'. from the diagram, the dist. reqd. = 6‘4 mile^ 

Also QH=!2-4 miles = the dist. he walked at the end of the 
journey. 

^The order -in which the different parts of the journey 

and the waiting are taken is immaterial. 
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269. A vxilks at tlie rcUe of 2 miles cm hofwr^ B aJt the rate of 3 miles 
an houYy round a circular track 1 mile long^ starting at the same pointf 
and at the same time in opposite directions. Find the times of (heir 
first four meetings. 



The point to observe is, that between each two meetings the 
men together walk one mile. 

Measure times along OX as shown in the diagram. 

Take OF along OY to denote one mile. 

OC is A’s graph for the first 30 minutes (1 mile). 

A is then at the starting point. we may take DE for his 
graph in the next 30 min. 

Taking F as B^s starting point, FQ is his graph for the first 20 
min., and as with A, HK his graph for the second 20 min. and 
LM his graph for the third 20 min. 

The points P, Q, R, S, where these meet, give us the times reqd., 
'Which are 12, 24, 36, 48 minutes from the start. 

260- 4 man receives 4 shillings for evmj day that he vcorks^ hat is 
final Is. 6d. for every day he is absent. After 26 days he receives 
£2. 16.*;. in wages. How many days vxis he absent ? 

Take OA to represent 26 days, OB to represent 100 shillings, 
so that OC is the graph of the money the man earns. 

Draw AD, the graph of his fines, from the point A, instead of 
frppi 6.' ‘ 

Examining any ordinate PQN, we see that 

PN represents the money he earns in ON days, 

.and QN... -**, amount of his fines in AN days; 
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PQ represents the money he actually receiver 
To solve this problem we have to draw PQ equal to 56 shillings. 
Take CE equal to 56 shillings, and draw EQ parallel to OC to 
meet AD at Q. Draw the ordinate PQN. 

PQ «= EC = 56 ; 



ON represents the number of days he is at work, 
and AN the number of days he is absent. 

From the diagram we see that he is absent from work for 8 days. 

261. Find gi'aj)hicdlJy {to Hie nearest mwiUe) the tiiaes after 1 o'tlocL 
when, the hands of a dock are (1)5 minute divisions ajmrt^ (2) first at 
fight a7igles, (3) 25 minute divisions apai% (4) pointing in opposite 
directmis. * • 

Measure the minute divisions across the page an(^(uinutes of^ 
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time up the page, as shown in the diagram. OA is the graph of 
the minute hand. 

Remembering that the hour hand starts at 1 o’clock, and turns 
through 5 minute divisions in an hour, BC is its graph. 

Drawing through the 10, 20, 30 , and 35 minute division points 
straight lines parallel to BC, we obtain the points Pg, Pg, P4, P5. 
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Through these points draw parallels to OX. 

— minute divisions. ONg gives the time when the 
hands are 5 minute divisions apart. 

Similarly 

ON.J gives the time when the hands are first at rt. angles, 

ON^ 25 min. divisions apart, 

ON5 ppinting in opp. directiona 

The times, to the nearest minute, are 

(1) 11 min. past one. (2) 22 min. past one. 
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262. A iapy which would fill a cwtem in 30 hnirs^ is set mnning ; 
nflei' 6 hoursy an additional tap^ which running alone wffuid fill the 
dstem in 10 hours^ is opened. After another' 3 hours^ a valve is 
opened and with the two taps still open^ the cistern is emptied in 3 hours 
more. How long would the valve take to empty the fuU cistern if the 
taps were shut ? 



Measure the hours across the page as shown in the diagram, and 
let OP, drawn up the imge, represent Uie capacity of the cistern. 

OA is the graph of the first tap. 

From A, whore it cuts the 6 hour line, measure AM equal to 
10 hours, and draw the ordinate MVC meeting OA at V. 

Take VC equal to OP, J)he capacity of the cistern, and join AC.* 
AC is the graph of the work done by the two taps running 
together. Take the point B on this graph, 3 hours from A. 

BD is the graph of the work done by the two taps and the valve. 

Examining any ordinate FQH between BC and BD, we see that 
QF = the part of the cistern filled by the taps in time BQ, and 
therefore FH * the part of the cistern emptied by the valve in the 
same time. 

Hence to find the time taken by the valve alone to empty the full 
cistern, we have to frnd the points where the distance parallel to 
OP between BC and BD ijs equal to OP the captysity of the cistern. 
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KD is this line. Therefore BN denotes the time taken by the 
valve alond to empty the full cistern. 

From the figure BN = 3 hours. 

This should be verified by the algebraic method. 

^63. A man mixes wine at 305. a dozen with wine at 80s, a dozen. 
How mmy dozen of each kind must he take in order that a mixture of 
60 dozen may be worth 505. a dozen ? 



Q 10 20 30 40 50 60 Dozen 


€' • 

In the diagram, OA is the graph of the 305. wine, OB of the 
805. wine, OC of the mixture. 

From C, the pt. (60, 50), draw CE parallel to OB to meet OA at E. 
Draw the ordinate FGEN as shown. 

ON ( = 36) gives the no. of dozen of the cheaper kind. 

. NK ( = 24) dearer kind. 

i . . *• 

Proof. The gain on ON dozen of the^ cheaper is CA x ON, i,e. 
OE X 60. 

.*. if he sold ON dozen of the cheaper iHne at 505., QE x 60 
would represent hw gain. 
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If he sold ON dozen of the dearer wine at 50^. FQ x 60 would 
represent his loss. 

Now 


— = — (similar as ONQ, OKC) 
NK CQ ' 


=f9(. 

QE ' 


GE = FQx 


OFQ, CQE) ; 
ON’ 


i.e. his gain on ON dozen of the cheaper = his loss on NK dozen of 
the dearer wine, when he sells the mixture at 50s. 

he sells 36 dozen of the cheaper with 24 dozen of the dearer. 


Examples. XL. a. 

The following problems should be solved by graphical methods. They 
may be verified algebraically. 

1. One tap will fill a cistern in 6 hours, and a second will fill it in 
4 hours. How long will they take to fill the cistern running together ? 

2. A tap would fill a cistern in 10 hours. When the cistern is half 
full a second tap is turned on and the cistern is full in one hour more. 
How long would the second tap, running alone, take to fill the cistern ? 

3. A man can dig over a garden in 5 days, and a boy in 10 days. 
What fraction of the garden do they dig over working together for 2 days? 

4. A man starts digging a garden at a rate which would complete the 
work in 10 days. After working for 4 days, he takes 2 days’ rest, and after 
that, working at a faster rate still does the work in the 10 days. Find 
approximately how long he would take to dp all the garden working at the 
faster rate. 

5. A does in 5 days a piece of work which B docs in 7 days. For how 
many complete days must they be engaged to do the work when they work 
together ? 

6. A cistern has 3 pipes A, B, C ; A and B can fill it in 4 and 5 hours* 
respectively, and C can emgjjby it in 2 houra. If these pipes aie opened in 
order at noon, 1 o’clock, and 2 o’clock, find when the cistern will be empty. 

7. A walks round a circular track one mile long in 20 minutes, and B 
motors round it in 5 minutes in the opposite direction, but starting from 
the same point. Draw graphs to shew when and where they meet, 
distances to be measured in A’s direction. 

8. A travels at the rate of 7 miles an hour, and B at 2 miles an hour 
round a circular track one mile* long, starting at the same time from the 
same point in the same direction. Find the first three times when A 
passes B. Also write down the distances from the start, measured in 
the direction of the travellcyrs, at which the passing points lie. 

9. 1000 German marks are equal to £49. Find graphically the value 
of 550 marks in pounds, and £65 in marks, to t,h 9 nearest pound, and 10 
marks respectively. 

lO, Find the square root of 9'3 x 3*5. 
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11, In a hundred yards race, A beats B by 11 yards, and C by 19 yards. 
Find to the nearest yard how much B beats C by in 100 yards. (Use 
iqnilliinctre paper. ) 

12. A walks at the rate of 4 miles an hour, resting for half an hour at 
the end of bach hour. B, starting 3 hours later, and travelling uniformly 
witlinut resting, catches him up 14 miles from home. Draw their graphs, 
and determine B's pace. 

'13. If I buy oranges at the rate of 5 for 3(i., how much, to the nearest 
penny, shall 1 give fur 57 ? 

14. Two trains start at the same time, one from Liverpool to Manchester, 
and the other from Manchester to Liverpool, and running steadily complete 
the journey in 42 minutes and 56 minutes respectively. How long is it 
from the moment of starting before they meet ? 

15. A and B run over a course, B having 50 yards start. A runs 4 
yards while B runs 3 yards, and arrives at the end of the course 150 yards 
ahead of B. Find the length of the course. 

16. Two men run at uniform rates over a course of 4000 yards. One 
starts 24 seconds after the other and arrives 16 seconds before him. Where 
does he pass him*; 

17. Suppose that it takes a train just 6 days to run the whole length of 
the road, and that one train leaves each end of the road each morning. 
How many trains will a person meet going the length of the road, not 
counting the train which arrives just as he starts, nor the train which 
starts just as he arrives ? 

18. A man receives 3^. 6d. for every day that he works, but is fined Is, 
for every day he is absent. After 20 days he receives the same wages that 
he would have earned by working steadily for 11 days. How many days 
was he absent from work ? 

19. A, walking from P to Q at the rate of 4 miles an hour, starts one 
hour before a coach travelling at the rate of 12 miles an hour, and is picked 
up by the coach. On arriving at Q he finds that his coach journey has 
lasted 2 hours. Find the distance from P to Q. 

20. A, B and C travel from the same place at the rates of 4, 5 and 6 
miles an hour respectively, and B starts 2 hours after A. How long after 
B must C stcirt in order tliat they may overtake A at the same instant ? 

21. A man w^alked from A to B at the rate of 3 miles an hour, bicycled 
back without delay for 2 miles at the rate of 8 miles an hour, and walked 
the remaining distance home at the rate of 2 miles an hour, taking 4 hours 
over the journey. How far is it from A to B ? 

22. A man walks from A to B at the rate of 4 miles an hour, waits half 
an liuur^ut B, and then returns at the rate of 3 miles an hour. He took 
3^ liours over the journey. Find the distance from A to B. 

23. A man did a journey of 11 miles in the following manner, lie 
ji^alked part of the way, then bicycled at the rate of 11 miles an hour, and 
''finally completed the journey by walking for 15 minntes. If his walking 
was at the rate nf H miles an hour, and he took 3 hoars over the journey, 
find how far he bicycled. 

24. A ma^ walked a pertain distance at the rate of 4 miles an hour, and 
then ran par^ of the way back aCt the rate of 6 miles on hour, walking the 
remaining distance' home ^ l3 minutes.,- 7he whole journey took him 
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1 hoar and 20 minntte. How far did be run, and what is the distance ? 
If a second man does the reverse double journey uniformly, starting at the 
same time, and occupying the same time, when and where will they meet?, 

25. Two towns are 50 miles apart : A is to leave one of these towns at 

6 o’clock and to arrive at the other at noon, making four stops of half an 
hour each at 10, 20, 90 and 40 miles from the starting point. B leaves the 
other end of the road at 7 o’clock, travels 20 miles an hour for an hour, 
then turns back and retraces his course for an hour at the rate of 10 milbs 
an hour, then turns round and advances again at such a rate as to meet A 
as he is starting from his tliird halt : continuing at the same rate B meets 
at 10.30 a third man C, who left the first end of the route 2 hours later 
than A, and has been going at a uniform rate. At what rate has C been 
travelling, and where did s meet him ? 

26. A travels 6 miles in the first hour, 5 in the second, 4 in the third, 
and so on. B starting 14 miles behind him travels at the uniform rate of 

7 miles on hour. When and where does he catch B up ? 

27. A tap wdiich would fill a cistern in 3 hours, and a plug which would 

empty it in 7 hours, are both opened at the same instant, when the cistern 
is empty. How long will they take to fill the cistern ? * 

28. A tap and a plug when both open fill an empty cistern in 120 
minutes, whilst the tap alone would fill it in 40 minutes. How long would 
it take the plug to empty the full cistern ? 

29. Find graphically (to the nearest minute) the times when the hands 
of a clock are (1) coincident in direction, (2) at right angles, (3) 20 minute 
divisions apart between the times given below : 

(i) 2 o’clock and 3 o’clock. (ii) 6 o’clock and 7 o’clock. 

(iii) 9 o’clock and 10 o’clock. (iv) 11 o’clock and 12 o’clock. 

30. If 4 men, or 5 women, or 6 boys cun do the same amount of work in 
the same time, how long will one man, one woman, and one boy take to do 
a piece of work which 4 men do in days ? • 

31. A, B, and C together do one-quarter of a piece of work in one day, 
B and C do one-half in 4 days, C completes it in 6 days more. How long 
would A and B take to do it, working alone ? 

32. Two plugs are opened in a cistern containing 192 gallons of water : 
after 3 hours one of the plugs becomes stopped, and the cistern is emptied 
by the other in 11 more hoiirl. Hod 6 hours elapsed before the stoppage, 
it would have required only 6 hours more to have emptied the cistern. 
How many gallons tvill each hole discharge in an hour, supposing the 
discharge uniform ? 

33. Two workmen of unequal efficiency cun make a drain in 60 days. 
After working for 20 days, A falls ill, and his place is taken by C, whose 
efficiency is the same as that of B, and they get the drain finished in 
80 days. In how many days could A or B alone have made the drain ? 

3L A man mixes tea at Is. Id. per lb. with tea at Is. llcf. per lb., and 
sells the mixture, without gain or loss, ut Is. 4d. per lb. : find the per- 
centages of the two kinds in the mixture. 

85. A man mixes tea at Is. per lb, with some at 2s. 2d. perib,, and sells 
the mixture at Is. 4d. per lb., without gain or loss. HoW* mau^^. of each 
kind did he sell? 
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36. Two taps running together would fill a cistern in 15 hours. After 
running together for 6 hours, one is turned off, and the other fills the 
cistern in hours more. In what time could each fill the cistern, running 
separately ? 

37. A tap which would fill a cistern in 4 hours is opened. After it has 
been running an hour, a second tap is opened which would, running alone, 
fill the cistern in 8 hours. At the end of a second hour, a plug is opened, 
add the cistern which was empty at the start, is empty again in 7 hours 
from the start. How long would the plug, nmning alone, take to empty 
the full cistern ? 

38. A cyclist rides 3 miles an hour faster downhill than uphill, and 
takes the same time to ride 22 miles downhill and 48 uphill that ho takes 
to ride 50 miles downhill and 27 miles uphill. What are his speeds uphill 
and downhill ? 

39. The population of a town increases uniformly, and in each period 
of 3 years tlie increase is 20 per cent, of the population at the beginning of 
that period. If the population was 90,000 in January 1003, what will it 
be in January 1906, and 1912, and what was it in .January 1897 ? 

By drawing a graph, find the population approximately in January of 
each year from l^K) to 1905. 

40. A and B are points 20 miles apart. At noon one man starts from A 
to walk to B at the rate of 4 miles an hour, and at 2 p.m. another man 
starts after him on a bicycle at 10 miles an hour. Draw a <liagram on ruled 
paper to show how far thev are apart at any given time, and at what times 
they pass any given point between A and B. 

[Scale to be 5 miles = 1 inch, and 1 hoar=r I inch.] 

Also find from the diagram when and where the cyclist overtakes the 
man walking. 

41. A and B are at two places P and Q 30 miles apart. They start at 
the .same instant to travel from P to Q and Q to P respectively and meet 
at R, i2 miles from P. If A arrives at Q 24 hours after B arrives at P, 
find graphically their rates of travelling. 

42. A tap A fills onc-half of a cistern in the same time that a tap B fills 
three-quarters of an equal cistern. Starting at the same time B fills the 
one cistern 2 hours sooner than A fills the other. Find how long each tap 
takes to fill its cistern. 

43. 'i'wo mon, starting at the same time from two places A and B, 
travel from A to B and B to A re8X)ectively at uniform rates. They are 
30 miles apart in 3 hours and meet in 9 hours at a point 30 miles from A. 
How far is it from A to B, and what are their rates of travelling? 

44. Twok men, walking from A to B and B to A respectively, and 

starting at the same time, meet in 7 hours at a point 264 from A, 

and arc 15 miles apart in 4 hours. How far is it from A to B, and what 
are their rates of travelling ? 

45. A man, who can row 2 miles against a stream in the same time as 
3 miles with it, rows 15 miles and back in 6| hours. Find his times of 
rOyring up and down. 

46. Two pipes together, fill a cistern in bours.^ Running singly, 
takes 6 hours longer than the other to fill il. How long ernes each 

"tap take to fill it? 

4T..A and B start together/ from^ the foot of a mountain to go to the 
muninit. A would reao^ the summlt^ halfSi!i-hpur before B, but missing 
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his way, goes a mile and back needlessly, during which he walks at twice 
his former pace. He does the rest of the walk at his original pace, and 
reaches the summit 6 minutes before B. C starting 20 minutes after 
A and B, and walking at the rate of 2y miles per hour, reaches the summit 
10 minutes after B. Find the rates of walking of A and B, and the 
dist^ince from the foot to the summit of the mountain. 

Draw the graphs of : 

48. *y=0. 49. 60. (ir-6)(y-6)=0. 

'6L (a!-6)»+(y-6)»=0. 62. 53. y=(*-l)(a:-2). 

Examples. XL. b. 

MISCELLANEOUS PROBLEMS. 

1. A and B run a race ; B has 50 yards start, but A rims 20 yards while 
B runs 19 ; wliat must be the length of the course, that A may come in a 
yard ahead of B ? 

2. A man buys a certain quantity of apples to divide among his five 
children in succession. To the eldest he gives half th^ whole, all but 8 
apples ; to the second he gives half the remainder, all but 8 apples ; to the 
third half the second remainder, all but 8 apples ; to the fourth half the 
third remainder all but 8 apples. To the fifth he gives the 20 apples which 
remain. Find how many he bought. 

3. One army contains 3 men for every 2 in another army. In a battle 
the first army loses 1600 men and the second 600 men. After this there 
are only 4 men in the first army for every 3 in the other. How many men 
were there in each army at first ? 

4. A trader begins business with a certain capital. The first year he 
spends £100 on himself, and at the end of the year finds that the rest of 
his capital has increased by one- third. At the end of the second year, 
after again spending £100 on himself, he finds that the capital with which 
he began the second year has (in a similar nfanner) increased by one-third, 
and that he now has £1466. 1^. 4d, How much had he to begin with ? 

5. Fin<l two integers whose sum shall be 21 , and which shall be such 

that the sum of the digits of one of the integers shall be double the other 
integer. , 

6. Find what quantity ^f tea at 2s. per lb. must be mixed Mith 30 lb. 
of tea at 3s. per lb. in order that 2s. may be gained by selling 10 lbs. of 
the mixture at 2s. 6d. per lb. 

7. A man sots out to walk from A to B, a distance of 16 miles, at the 
rate of 3^ miles an hour. Three-quarters of an hour after, a man sets out 
from B to meet him, at the rate of 4 miles an hour. When and where will 
they meet ? 

8. A and B possess together £22. After A has given to B one-fourth 
of his money, then one-third of what remained to him, and then £4 more, . 
he has left only onc-tenth of what B now has. How much money had each 
originally ? 

9. In a bicycle race A goes x feet per second and B goes ^ miles per 
hour. After 3 minhtes A is 88 yards ahead of B ; find x. , 

10. There is a number from which t wq other numbers are formed, one ^ 
by adding 4 to it and 4he other by subtracting 4 frofn >t ; and the difference 
of the squares of these nambenais 144f What is the nuifiber? 

B.RA. * *' 2A ^ 
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11. A dealer buys 2a + ^‘sheep at c shillings each, and sells a + & of them 
at a profit of d shillings each, disposina of the remainder at a loss of 
d Bhillings each : find his gain by the whole transaction. 

12. Of a swarm of bees clustered on a tree, the square root of half their 
numl^r flew away. Eight-ninths of the original number then departed, 
leaving but two behind. How many were there at first 7 

13. A town is supplied with water from a reservoir into which the 
water has first to be pumped. The pumps if worked constantly could, in 
the case of no leakage or consumption of water, fill the reservoir in x days. 
They, however, work only on week-dajrs, and for only 12 hours a day. 
Also the town consumes a reservoir-full in 3x days, using it night and day, 
and all days, and by leakage a reservoir-full is lost in 39a; days. On 
Monday morning when the pumping begins the reservoir is empty. Find 
X, that on the next Saturday evening but two, when the pumping leaves 
off, the reservoir may be for the first time full. 

14. A clock is set going at 12 o’clock, but loses four minutes an hour ; 
at what true time between 2 and 3 o’clock will its hands point in opposite 
directions 7 

15. A grocer .buys a number of eggs at 6s. fid. per hundred. He sells 
all but 69 of them at the rate of 11 for a shilling, and finds that he has 
received 30a. more than he gave for the whole number. How many eggs 
did he buy ? 

16. There are two mixtures of wine and water, one contains twice as 
much water as wine, and the other three times as much wine as water. 
How much must be taken from each mixture to fill a pint vessel in which 
the wine and water are equally mixed? 

17. A started six minutes before B and walked nine times round a 
circular path, finishing just as B completed his seventh round. A now 
rested for five minutes, while B went on with speed increased to half as 
much again as before, and just as he completed his twelfth round A, who 
had resumed his walk with double speed, finished his sixteenth round. 
How long do A and B require «at first to walk round a path ? 

18. A litre of water weighs a kilogram, and a litre of .another liquid 
weighs 1'34 kilograms. A mixture of the two weighs 1*27 kilograms per 
litre. Determine tlie volume of each in a litre of the mixture. 

19. Potatoes are sold so as to gain 25 per cent, at 6 lbs. for 5d. : find 
the gain per cent, when they are sold at 5 lbs. for 6d. 

20. A grocer gains 20 per cent, by selling at 2s. a lb. a mixture formed 
by mixing with 7 lbs. of a common tea 2 lbs. of a better kind. But if he 
had mixed 7 lbs. of the latter with 2 lbs. of the former kind, he would have 
lost 20 per cent, by selling the mixture at that price. What did each 
kind of tea cost him per lb. ? 

21. A man has three sons, bom at equal intervals of time, whose united 
ages are at present equal to hid own age. 8how that when the age of the 
middle one is double of what it is now he will be exactly half his father’s 
age. 

22. A cricketer had a certain number of innings during the season ; he 
finds that if he hod not played 'the last, when he only made 5 runs, or if he 
had played an extra innings and made 31 runs, he would in either case 
have increased his average by 1. How many innings did he have, and 
what was hiidhvei^agp ? 
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23. Two parses contain money in such proportion that for every £1 
there is in one of them there is 15s. 6d. in the other ; and if £1 be taken out 
of the latter and put into the former, the difference of the contents will 
then be £3. 2s, 6cf. ; how much money is there in each purse ? 

24. I take a party by rail. Three times the number of those in my party 
who require whole tickets is equal to twice the number of those who require 
half-tickets. Find the number in my party, if 14 tickets suffice for all. ^ 

25. In a division in parliament, the Government had a majority of 18, 
and it was found that 5.3 per cent, of the whole number had voted for the 
Government. Find how many voted on each side. 

' 26. The age of a father is twice the sum of the ages of his two sons, the 
elder of whom is twice as old as the younger. Nine years hence the father 
will be three times as old as his younger son. Find their ages. 

27. I spend half of a certain sum of money in buying wheat at 28s. a 
quarter, and the other half in buying barley at 24s. a quarter. If the 
wheat had cost 32s. 3(f., and the barley 26s. 8d. a quarter, I should have 
altogether spent £13. 5s. more. How many quarters of each did I buy ? 

28. On a certain journey I walked at 3^ miles an hour, until the 
number of miles left to be walked was three less than thefnumber of hours 
I had been walking. Then I walked the rest of the way at 4 miles an 
hour. If the whole journey occupied 10 hours 55 minutes, how many miles 
long was it ? 


CHAPTER XLI. 

PAPERS FOR REVISION. 


Xlil. 91. 

1. Write down the square of x + x~^ - 1, rfnd the cube of + &^. 

2. Find the value to 2 decimal places of 

15-n/10 15+n/10 

3. If o:6=c:d, then o + i : 6 + -=c + i: <i + -. 

o a U c 

4. If A oc BC, and B* oc AC, prove that A * B* oc Q\ 

5. A can run round a circular path 5 times while B can run round 
another 6 times. If their rates are as 9 to 7, compare the lengths of the 
paths and determine how much per cent. A must increase his speed to run 
round his p^th 6 times while B with unaltered speed runs round his 
5 times. 

6. Find by logarithms the cube root of 4913. 

7. Solve a!®-3\/2a:®-a;-2=a!(l -«). 


- XU. b. . 

■I Tf I. 2a+c 2a-c 

2. Find the cube root of 3 to 3 decimal places. 
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3. The distance fallen by a body varies as the square of the time 
occupied, and it falls 16 feet in the 1st second. Find how far it falls in 
6 seconds, and how far in the 6th second. 


4. Prove that aa^ + bx^+cx hd is divisible by aj~l if a + 6+c-td=0. 

6. Simplify 2\/72+7 n/8 

6, If M=rPR", find the nearest integral value of n, when M=2P 
and R = 1 *05. 


7. How much are eggs a score when a rise of 20 per cent, in the price 
would make a difference of 80 in the number for a sovereign ? 


, „ , \^1 +a:+\'l - J* o 

1. Solve -r-^ — 

Vl+a;- Vl - V 


ZLI. c. 


2. Find the sides of a right-angled A whose area is 30 sq. in. and 
hypotenuse 13 in. 

3. Divide 35 by 2^6 - n/3. 

4. Draw the graph of y=x^-4x, and hence solve the equation 
a;2"4i=3. 


6 . 


If a : 6=c : d, then 




6. In which is the greater waste, in cutting a square out of a circle or a 
circle out of a square ? Find the ratio of the waste to the original area in 
each case. 


7. Given that the area of a circle varies as the square of the radius, 
prove that the area of a circle of radius 13 inches = the sum of the areas of 
two circles of radius 5 and 12 Inches. 


XLI. d. 

1. Express (a^-f &^)(c^+cP) as the sum of two squares. 

2. Solve a;* - 6x + 16 = 4 12, 

3. Draw the graph of ^=10* from x= -1 to a;=l*5, and find from it 
the common logarithms of 1*25, 23, and 6 ‘3. 

4. There are two vessels A and B each containing a mixture of water 
and wine, A in the ratio of 2 to 3, B in the ratio of 3 to 7. What 
quantities must be taken from them to form a third mixture which shall 
contain 5 gallons of water and 11 of wine? 

<3. Show graphically that the ratio a : & lies in value between the ratio 
is^ia : Tib+p and the ratio na : Tib 

^ f . , 

6. Simplify 2->.3i.a*+flr^.l2^.2^+!ri 

7. The volume of a cube is 17*5 cubic feet ; find by logarithms the 

len^h of its^ge. , - , ' , 
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1, Simplify 

\ 8-3-S/5 


XLL e. 


and find its value to 3 decimal places. 


2. A boy runs a mile race in 6} minutes ; he dues the last lap, one- 

quarter of a mile, at 3 miles per hour faster tlian ho docs the first three 
laps. Find his pace for the last lap. , 

3. Solve \/2j; + 8- 2N/a? + 6 + 2=0. 

4. If a ; 6=c : rf, show by similar triangles that ® 


6. The area of a right-angled A is 84 sq. in. , and its perimeter 66 in. 
Find the sides. 

6. The volume of a sphere varies as the cube of its radius. Prove that 
three spheres of radii 3, 4, 6 are together equal in volume to one of radius 6. 

7. If 3^=9 X 3^ find a; to 2 decimal places. 


XLL f. 


1. The third proportional to two numbers is 162, and the mean pro- 
portional 6. Find the numbers. 

2. A man receives a fixed allowance of £75 a year, but increases his 
expenditure by 25 per cent, every year. At the end of 4 years he is £69 
in debt. How much did he save the first year? Rt^yresent thin fjraphically. 

3. Which is the greater, 3 : 4 or 3ur* C® -h 1 : 43?* -i 8a; -h 1 ? 

4. If a-.d={a+h){a-c)-.(b-d)(c + d). 

6. Prove log. N =loga6 . log.N ; and find log \/B to the baso '008. 

6. Three diamond rings weigh 141, 116, 79 grains, and it is known that 
the weights of the gems are 3, 2, 1 caiats. The 1st ring is woith £82, the 
2ud £36. IGif. What is the value of the 3rd? [1 carat =4 grains, and the 
value of a diamond varies as the square of the weight.] 

7. Find the value of '5 V2 graphically and algebraically. 


XLL g. 

1. Find a number which added to each of the numbers 6, 8, 10, 13 will 
make them proportionals. 

2. Find the value of when 

3. Find the number whose logarithm is ^ of 2 '8471. 

(h + c)^ 

4. If a, h, c are in continued proportion, 4 -h25 + c= and 

• . 1 ^1 l_a9-Hf;*Jfc» 

6. Given that w cc tc+y and y oc and when a9^*t£;==2^t.x= 1, y =12; 
express to in terms of x and z. 
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6. Solve (i) a: + Va?+y=12-yl 

a^+y^=4l y 
(ii) 32*-2x3^+^ = 567. 

7. A walks from Cheltenham to Gloucester at 4 miles an hour : B starts 
at the same time from Gloucester and bicycles to Cheltenham and back at 
10 miles an hour. Find graphically where B passes A, the distance 
between the two places being 8 miles. 


XLI. h. 

1. Express {a’^ + h^){c'^ + (P)(e'^+/^) as the sum of two squares. 

2. The height of a spiral staircase is 40 feet and the internal diameter 
3*183 feet. The inner hand-rail makes 3 complete revolutions : find its 
length. 

3. Solve 2j^ + +7x + 2=0. 

X 

4. Prove froiii the definition that logy = logy a: - 1 - logyZ. 

y** 

5. If a. 6, r, d are in continued proportion (&-f-c)(l» + d) = (a + c)(c 4-rf), 

and (a-* 4 + c®) 4- 4- d^) = {ah 4- &c 4- c«)®. 

6. Find geomttriccdly the value of n/i 4- n/5. 

7. Findlog(2v'7T-3\'n)* 

XLL i. 

1. Add together 'M, ^ and 

2. Regarding a; as a known quantity, solve the following quadratic 

equation for y : -%i?+f-i^xy+nx-2y- 15-0. 

Ilcnce factorise the expression. 

3. Find, l)y logarithms, the square root of 3 015 correct to 3 significant 
figurc.s. 

4. If yocl and x=2 when y=2 draw the graph of the resulting 

X 

equation, and thus find the value of y when x=3*14. 

5. Two cisterns connected by a pipe contain 25 and 244 gallons of 
water. How much must flow from toe first into the other that their con- 
tents may be in the ratio of 5 to 6 ? 

• 6. If CLy hj Cy d are proportional, 

(a-6)(c-d)=|(<!-d)“=J(«-6)». 

(i) ar'+a/**‘T^+S=12-2ar, 
t 1 


7. Solve 


X 
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XLI. k. 

1. With the same axes trace the graphs of ^=:r+p' and 

X 

2 

Note from your graphs for what value of x the value of a: + - is fhe 
same as the value of ^ 

, 2. Solve 

va + a: 

3. A and B start to run a race to a certain post and back againr 
A returning meets B at 80 yards from the post and arrives at the starting 
point 1 minute before him. If he had then returned immediately to meet 
B, he would have met him when B had still to run ^th of the distance 
between the post and the starting-place. Find the length of the course 
and the duration of the race. 

4. o, p arc the roots of x'^+px + q=0. Find ap~^ + a~‘lp, 

5. Extract the square root of 16+ s/252. 

6. Find the product of a^, ^ and 

7. If X men do as much work as y women, and p women as much as q 
boys, what should bo the ratio of a man’s wages to a boy’s ? 


XLI. L 

1. A man loses ^ of his money ; then wins £10 ; loses ^ of what he 
then has, and wins £20, and finds that he has exactly what he had at 
starting. What had he ? • 

^ ni. 1.0 2 + >/3 2 — ^3 

3. If and 2 *ac 2^, prove that a? oci. 

y® x^^ y z 

4. To do a piece of work A takes m times as long as B and C together, 
B n times as long as C and A together, C p times as long as A and B 

1 1 1 

together. Prove 


W+1 7i + l p+1 


5, From the e<iuations ;r®+y®=25, find the ratio x : y. 

6, Verify this by drawing the graphs of the two equations and finding 
the equations of the lines joining the origin to their intersections. 

• Qgi4C 

7, Find by logarithms the 4^^ root of and verify by extracting the 
square root of the square root. 
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1. ^ then tjab+ Jed -t\/^=\/{a + c + e)(b + d+f). 

2 . Staplll, + ^‘4^^ 

J5-J2 ^/ 5 +^^ jBd-2SjiO 


3. There are two vessels, one containing 7 gallons of water and 3 of 
spirit, the other 4 gallons of water and 6 of spirit. How much must be 
taken from each to fill a 10 gallon vessel with equal parts of water and 
spirit ? 


4. Find the mean proportional betw^een 4*(> and 10*5. 


6. K (A - a) (1 - o) = (A - 6) (1 - 6) = A?, find k in terms of a and h only. 

6. In the equation ax^-hhx + c=0, 26^-=0ac, find the ratio of the roots. 

7. The value of a silver coin varies as the product of the thickness and 
the square of the diameter. Two silver coins have their diameters in 
the ratio 5:4. h ind the ratio of their thicknesses if the value of the 1st is 
twice that of the 2nd. 


XLI. n. 

1. By dividing a line in extreme and mc^an ratio, find by measurement 
the value of - l). 

2. If a oc 5 and c jointly, and b oc d\ and c cc the reciprocal of a, prove 
that aoed, 

3. If log 75 lie between 2 and 3, what integer is the base ? 

4. How many figures are there in 5^^, given log 2= *30103 ? 

5. Solve JSx-5-h2jx-2=ij5x-^l. 

6. A father gave his son a certain sum of money, telling him that at the 
end of every year he would give him os much as he then had left. The son 
spent £](X) a year, and at the end of 4 years had nothing left. How much 
did lie receive at first ? 

7. A and B start to run a race. When A h'^a run c yards, B is cf yards 
behind. B then increases his pace in the ratio m : n. The race lasts t 
minutes longer and results in a dead heat. Find the distance and the 
rates of running. 


XLI. p. 


• jJ,:, Solve the equation 12-^JS-x. 

2. Tht) perimeter of a right-angled triangle is 6 times the least side. 
^\nd the ratio of the sides containing the right angle. 

If prove that 

y - z 2r»; 
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5. The square of the time during which a body will slide down a smooth 
iiiclixie varies as the square of the length and inversely as the height. If 
the time is 1 second when the height is 4 feet and length 8 feet, what must, 
be the height of a plane 3 feet long that a body may slide down in half a 
second ? 

6. In a \i|ralking race A gives B a start of two^thirds of a mile. After A 
has walked for 36 minutes he overtakes B, but 18 minutes later he meets 
with an accident which detains him 27 minutes. On resuming the race/ A 
walks for an hour and a half and again overtakes B two-thirds of a mile 
from the winning post. Find the length of the course. 

7. If a(6y + M-aa:)=6(ca + aaj-6y)=c(aaf+6y-cz), then 

X _ y _ g 
6 + c c+a a + b* 

XLL q. 

1. Find a quadratic function of x which shall have the values 1,14, 

when a; = 1, 3, and -2 respectively. ^ 

2. Exixress as a proportion the stotement 

(a 4- h + r *4- ) (a - & - c + d) = (a - & + r ~ d) (a + & - c - d), 
and prove that a : h — c : d, 

3. Two travellers start towards each other from two places, one walking 
a mile an hour faster than the other. They meet a mile from the middle of 
the distance, and find that the time of the faster over the whole distance 
would be 3^ hours. Find the distance. 

4. The weight of a spherical shell is of what it would he if it were 
solid. Compare the inner and outer radii, given that the volume varies as 
the cube of the radius. 

5. In a proportion the sum of the means = 8, sum of extremes =16, the 
sum of squares of all the terms =260. Find Ihe proportion. 

6. Express in decimals 10“', 10' ®, lO”"®, lO'-®, 10®, 10^®. Draw the 
graph of y=10* on a large scale for values of x between - 1 and 1. 

Find from the graph the values of lO"-*, 10 ®, 10“ H 

Check the results by means of a table of logarithms. 

7. Find 3^ by extracting square roots, and state to how many places 
your result is correct. 
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CHAPTER XLII 

ARITHMETICAL PROGRESSION. 

264. A series of quantities is said to be in Arithmetical 
Progression when each term is formed by adding a constant 
quantity, positive or negative, to the preceding term. 

This constant <[uantity is called the common difference. 

The common difference = the 2nd term - the 1st term 


= the 3rd term ^ the 2nd term 
= the 4th tenii - the 3rd term, and so on. 
3, 5, 7, 9, ..j form an A.T*. whose common difference is 2. 

20, 17, 14, 11, -3. 

or, b.r, 9/, 13.r, 4a:. 


265. To find the nth term of an A.P. 

Let a - the 1st term, d = the common difference. 

The 2nd term ^^a + d. 

The 3rd tenn = a + 2rf, etc. 

.'. the nth term=a + (n- l)d. 

266. I'o find the sum of n ieiim of an a.p. 

Let rt=^thc 1st term, d = the common difference, Z = the last 
term, -= the sum of n terms. 

— (I + (fl + d) + (^ + 2(i) + 

Also 6' = the sum of the same terms jp reverse order 
= Z + (/ — d) + (/ — 2d) + . , . + flf. 

Ry addition 

25 = (fl + /) + (a + Z) + ((^ + /) + ... = 71 (a + Z). 


( 1 ) 

But i = a + (n-l)<Z (2) 


=|{2a + (n-l)d}. 


(3) 
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267. If we insert between two quantities x and y a series of 
quantities which, including x and y, form an arithmetical pro- 
gi'cssion, these quantities arc called Arithnietic Means. 

Example. 4, G, 8, 10 arc 4 arithmotic means l)otween 2 and 12; for 
2, 4, 6, 8, 10, 12 are in a.p. 


268. To insert n Arithmetic Means between x and y, i,e. to form an 
A.P. of n + 2 terms beginning with x and ending with y. 

y = the (n + 2)th term = .'C + ( 91 + l)d. 


d = 


91+1* 


... 2(?/-a:) 3(i/-x) , 

. . the moans arc j; + = , , + - . , etc. 

• 71+ r n+i * 7^+1 

269. To find the Arithmetic Mean htiveen x and y, ^.e. to insert 

one mean between x and y. 

Let A be the recpiired mean. 

A-.r = y - A. 


.•. A = 


x + y 

• 


Example 1. The 5tli term of an a.p. is ~ 5, and the 1 1th term ~ 23 : find 
tlie 30th term and the sum of 30 terms. 

Let the Ist term be a, the common difference d, 
a -hid — the 5th term =- - 5, 
a 1- lOd = the 1 1th term = - 23 ; 

.*. 6d=-18; .’. ti-= -3, a-=7 ; 
the 30th term ^7-29 X. 3=7 -87= -80. 

n *)0 * 

The 6uiu=^{a+/} =^-{7 - 80} = - 15 x 73= - 1005. 

We might find the sum of 30 terms without finding the 30th terra. 

For «=®{2a + ((t-l)d} = *^14-87}= - 1095. 

Example 2. Insert 5 arithmetie means between 1 1 and 37. 

Hero 11 and 37 with the intermediate terms form an A.P. of 7 terms.. 
The first term is 11, the 7th is 37. ^ 

i.c. 11 f = the 7th terra = 37 ; 

* . 6d=26; d=4^. 

.'. the required means are 1.5^, 19^, 24, 28^, *4-.' 
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Example 8. How many terms of the series 15+13+11 ... make 557 
Here « = 55, a = 15, cZ = 2nd - Ist = - 2 ; n is required. 

Now a=|{2a+(n-l)<i}; 

55 =“{30 - 2(« - 1 )} =|{32 - 2» } = 16m - n», 

B*-16MHf>5=0: 

71=5 or 11. 

It will be found on trial that the sum of 1 1 terms = the sum of 5 terras =55. 

Example 4. The sum of 5 terms in a.p. is 35 : find the middle term. 

To express 6 terms in A.P. so that their sum shall be as simple as possible, 
we may write them down as a - 2d, a > d, a, a + d, a + 2d. 

In this case 5a = the sum = 35 ; 

.*. the middle term a = 7. 

Examples. XLII. 

1. Write down tlio 5th term of the scries whoso 7?.th term is 7i + 2. 


2 . 

13th 


. .3n+I. 

3. 

12th 


. 271-1. 

4 . 

25th 


. 374-5. 

6 . 

4th 


. 771-4. 

6 . 



. 974- 5. 

7 . 

nth 


374-5 
* ■ 4 * 

8 . 

7th 

....(n + l)th... 

. n + 2. 

9 . 

10th 


. .374-1. 

10 . 

14th 


4»»~7. 

11 . 

7th 

....(n + 2)th... 

. 74 + 3. 

12 . 

9th 


. 371-1. 

13 . 

Ist .... 


. 4n-3. 

14 . 

Find tlio 12th term of 3 + 7 + 11 + etc. 



15 . 

„ 2l8t term of 6 + 4+2+ote. 



. 16 . 

„ 13th term of J + f + 1 + etc. 



17 . 

,, 101st term of 20 + 23+26+eto. 



“ 18 ; 

„ 17th term of 100+914 82 + etc. 



^ 19 . 

„ nth term of 1 + 3 + 5 + etc. 




the last term and the sum of the following scries : 

^ 2ldi 1 + + etc .4 to 12 terms. 21. 1 + if + 2^ + etc., to 12 terms. 

22 . '32 J,29+26+etc(*^,‘to 60 terms. 23 . *6+ '75 + 1 + eto., to 20 terms. 
* 24 . •7+"6 + *5+«ti^'to 31.tjerra8. 
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■ fi 

Sum the senes 

25. 13+12;^ + 11^ + etc., to 40 terms. 

26. 17 + "V* V* ^ terms. 

27. - 7 - 5| - - etc., to 21 terms. 

28. l*2 + 2‘4+3*6 + etc., to 16 terms. 

29. {StJt - 2/>) + (4a - 5ft) + (5a - 8ft) + etc. , to 2n terms. 

30. (.r + 1 ) + (x -f 3) + (a? + 5) + etc. , to 15 terms. 

Find the last term and the sum of 

31. 3 + 9+ 15+.. . to 13 terms. 32. 2 + 7 + 12+.. . to 11 terms. 

33. 21 + 18 + 15+ ... to 17 terms. 34. 2-5- 12- ... to 12 terras. 

Find the sum of 

35. 1 +8 + 15+ ... to 40 terms. 36. ^ + ^ + J-+ ... tf) 9 terms. 

37 . + . . . to 20 terms. 38. 1 + 3 + 5 + ... to 80 terms. 

39. 1 5 + 2 + I ^ + . . . to 14 terms. 40. ^ V“ ” • • • ® terms. 

41. The 7th term of an A.P. is 20, and the 13th is .38 ; ^nd the series. 


42. . 

.. nth 

36, 

20tli . 

. 27 

43. . 

.. lOth 

r>, 

17th. 

. 54 

44. . 

.. 12th 

10, 

20th . 

. 8 


45. Sum to n terms the series whoso 7ith term is 4 + 5?i. 

46 3 + 7?<<. 

47. The 5th term of an a.p. is 13, and the 9th is 25. What is the 7th 
term ? 

48. The 1st term of an a.p. is 3 and the 20t)i is 136. Find tlie common 
difTerence and the sum of the first 20 terms. 

49. Insert 6 arithmetic means l)ctwcen ligand 53. 

50 8 5 and 11. 

51 20 35 and -28. 

52. 5 x + y and x-y, 

53. Find the arithmetio mean hetween 17 and .33. . 

54 i and 

55. Find the sum of 30 consecutive odd numbers of which the last is 
127. 

56. The 7th term of an a.p. is 30 and the 13th is 42. Find the 1st 

term and the sum of 12 terms. •' 

57. Find the sum of all the even numbers from 2 to 38 inclusive. 

58. The sum of the 8th and 4th terms of an a.p. is 24, and thosuni of 
the 15th and 19th is 68. What is the series ? 

59. The sum of the first seven terms of an a.p. is 140, and the*-^^!^uct' 
of the 1st and 7th is 256. Find the terms. 

' *1*^ 

60. A workman.is to be paid la. for his Ist do^’s work;. la." Id. foY tlve 
'2nd day, la. 2d. for thd 3rd, and so on. Find'-bo^/nuch moi;o .he earns 
in the 2nd week than in the let, if he works ,6 dkyi^^'the we^. 
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61. A and B go round tlie world, of M'liich the circuit is 26668 miles. A 
goes east 1 mile the 1st day, 2 the 2iid, 3 the 3rd and so on. B goes 
.west uniformly at 20 miles a day. When and where do they meet ? 

62. There arc 40 stones in a row, 1 yard apart. How far does a boy 
travel in bringing them together one by one at the Ist stone (1) if he begins 
at the first, (2) if he begins at the last ? 

63. A travels 2 miles the 1st hour, 2^ the 2nd, 2.} the 3rd, and so on. 
B travels 4 miles an hour. When and where does A overtake B if they 
start together ? 

64. How many strokes does a clock make in 12 horn's, if it strikes 1 for 
the half hours ? 

65. Sum to 10 terms the scries whoso nth term is 3n-i-4. 

66. A man receives .6 sliillings the Ist week and 3d. more each week 
than the preceding. What docs he get in 20 weeks ? 

67. How may 5 numbers in a.p. Ixj expressed so as to make their sum 
as simple as possible ? How may 4 numbers in a.p. be expressed ? 

68. Insert 5 arithmetic means between a - 2b and 3a \' b. 

69. The last term of an a.p. is 10 times the 1st, and the last but one 
= the sum of *the 4th and 5th. Find the number of terms and show that 
the common difference = 1 st term. 

70. The sum of 5 terms of an a.p. is 10, the sum of 17 terms is - 17 ; 
find the series. 

71. Find the a.p. in which the first 10 terms together=100 and the 
next 10 terms =300. 

72. 'I'he Ist and last of 2a +1 terms of an a.p. are a and c. Write 
down the sum and the middle tei'm of the series. 

73. The mth and ?/th terms of an a.p. are p, q. Find the Ist term and 
common difference. 

74. The natural numlwrs 1, 2, 3, ... are arranged as a magic square, 

i.e. they are so placed in the compartments of a square that all the vertical 
columns, the horizontal rows and the diagonals have the same sum. 
1*10 vo that this sum is ^ I). Show that the first 16 numbers can l )0 

so arranged with each diagonal in a.p. 


CHAPTER XLIII. 

GEOMKTRICAL PROCiRESSION. 

270. A series of quantities is stiid to bo in Geometrical 
Progression when each term is equal to the product of the 
preceding term, and a constant factor. 

T]}is constant factor is called the common ratio. 

Thus 3, 12, 48, 192, ... formao.p.inwhibh the common ratio is 4, 


•1,-3, 9,-27,., -3, 

20;'10. .5. 2-5 
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271. To find the nth t&tm of a G.P. 

Let a be the 1st term, r the common ratio. 

The 2nd term is ar, 

3rd ar2 

• 4th and so on. 

Thus the nth term is 

272. 2'o find the smi of n terms of a g.p. whose first term is a and 
common ratio r. 

Let s be the sum. 

s = a + ar + ar^+ ... +ar"’\ 
sr = ar 4 - + ar" ; 

by subtraction .s(l - r) = a( I - r’*) ; 

/. s = r where / is the wth term. 

1-r r-l r-1 

273. The meaning of 

The sum of an infinite number of terms of a G.P. 

If the common ratio, r, is not numerically less than unity, the 
terras do not decrejise as wo proceed with the scries. 

, in this case, the sum of an infinite number of terms is 
infinitely great. 

But if r is a proper fraction, the ternvs decrease as we proceed, 
and it is possible to find a limit which their sum cannot exceed 
however many terms we take, and to which it becomes indefinitely 
near if we tiike a sufficiently large number of terms. 

This limit is called the jfim to infinity. 

274. To find the mm of cm infinite number of terms of a G.P., 
wJme common ratio is less than unity. 

[Infinity is represented by ao .J 

If S„ denote the sum of n terms of the series a, ar, ... , • p 
^ a(l-r") a ar^ 

Since r is a proper fraction, continually decreases- m 
increases. ” 
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Honce, the more terms we take, the more nearly does their 


sum approxmmk to 


1 -r 


\ or as it is 


(r being 


is called the sum of this series to in] 

1 -r ^ 

written, S* = 

f 1 - r 

We might express this thus : 

The sum of n terms of the series a, ar, ar^ . 
numerically less than unity) never exceeds but continually 

approaches and becomes indefinitely near to it as n is indefinitely 
increased. 

Example 1. 07 - 0*777... to infinity 
7 7 7 


TV 


(Herea=-j^ and r=y\y.) 


7 


Example 2. 0*6^$ =0*62323... to infinity 
2;^ ^ 




23 

w 


23 


( Hcrea = T^ and r 
10® 

* ’W 




_ 6 ^_617 
"10^*990 990’ 


276. To insert n (jeoTtieiiic weans between a and b. 

The Iht term is a, the last is b, and there are altogether 
?i + 2terms; b = af'*^. 

From this we obtain the value of r; and the required means 
are ar, a?-, ar^ ... ar". 

276. To find a single geometric mean between a and b. 

Denote it by Q. 

Then a, G, h are in G.P. 

- = the* Common ratio = ^ ; = 

a . Q 
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/. This is called the Oeometric Mean between 

a and b. It is obviously the same as the mean proportional, just 
as terms in 6.P. are also in continued proportion. 


BzomiAe 1. Sum the series ~ 2j[‘+ . to 7 terms. 
It should be noticed that ( > 1)^= - 1. 

2 


Here 


27 ”2^ 

a=- , r=-^: 
8 Sf 


_a(l-r-»)_27 
" l-r"“ 8 ■ 


2^ 

27 ^*^3^ 27 3 



3^+27 


1+^ 


8 6 


37 + 27 


—etc. 


"40x27 

Bnmple a. Sum the sanio scries to 6 terms, 

9.\o 

a(l-r«)_27 
" l-r “8“ 



^ 3 ^-26__3»-2« 
“8*5* 3« "40x9 


= ctc. 


Ekample 3. Insert four geonietnc means l)et'woen 32 and 1. 
Here there are 6 terms, /. a=32, and ar^^l. 

32/-= 1, »-=T,V, 
and r=Y’ 

the requited means are 16, 8, 4, and 2. 


Examples. XLIII. 

Write down, or read off, (1) the common ratio, 

(2) the 6th term, 

(3) the nth term, 
in each of the following series: 

L 3+9+27+ 

3« 3+'|'+-j+ ...% 

B.aA. 


2b 


2. 1+3+9+.... 

4. 3-f+f-|+.... 
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7. 9H 3+1 + .... 


9 . + 

11 J_+.± 

a:'*- “•* 


8. 8+4+2+.... 

10. a;»‘-*-3+a;«+a+a:"+J + .... 
,o 1 11 




13. 

Sum the series 1+2 + 2^+... 

to 10 terms. 

11 

•i+^+^+-- 

to 

8 .. 

15. 

3+I+A+.- 

to 

5 .. 

16. 

^ + - 

t( 

9 .. 

17. 


to 

8 

18. 


to 

n 

19. 


.. to 

71 

20. 

»»« __ y>.n ' 1 , ^ g>n—2 __ 

. to 

71 


21. The 1st term of a (i. >*. is 3 and the common ratio 2, find the 5th term. 

22. 1st is .V 3, 6th 

23. ...2nd is I 1 8th 

24. ... Tjth is 243 3, Ist 

25. ‘Sum the scries J + ^ + 1 + 2+ ... to 18 terms. 

26 a + ah‘‘* + tt6'‘+ ... to x 

27 l-c3 + c«-... to 10 

28. + to 10 , 


Sum to infinity the following geometric series ; 

29. 1 + i “ 30. 9-6 + 4-.... 

31. 4 + 3^+^+.... 32. 16 t-2 + j + ... , 

(^) ~ CO ^ CO ” ^ numerically less than a. 

34. Sum th(5 .sene.s J-+ 1 +^/3 + ... to 8 terms. 

35 5 + 3+ 1-J + ... to 6 terms. 

36 -3-6- 12 "... to 9 terms. 


37. In any o.F. the product of 1st .’iiid lust term = the product of the 
2ti(l and last but one. 

38. Sum the series 9-6 + 4- ... to 7 terms. 

. 39. Sum the same series to 6 terms. 

40. Sum the scries \^-\^2+-~ - ... to 10 terms. 

\'3 

41. Sum 71 terms of the series whose rth term is ( - pt)**. 

42. The 2nd J^rm is 6 and the 5th is 48 ; find the sum of 6 terms. 

43. The 3rd tcrni is 8 and the 6th is — 1 ; find the sum of 7 terms. 
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44. Insert 3 geometrio means betiiv'ocn 5 and 80. 

27 


45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 


3 54 and > 

r Oi 1 448 

° 21a.idj^3. 

*3 90 and 1536. 

B'ind the geumotfiu mean Imtwuon 3 and 147. 

i±*and«-l|. 

a - h « + 6 

- 2 and - J458. 

Sum tlie scries 1-1 + 1-1 + ... to?* terms. 

Write down tlie 5th term of the series whoso ?ith term is 2”. 


63 

7th 

Ofi^ 1 

54 



56 

4th 

2 + (-3)". 

56 

Ist 


57 

3rd 


58 . 

. . 7* + 1 1 th 

3'*-l. 

69 . 

.. 7i-4]th 


60 . 

Ist 

• 2»"3 

61 . 

3rd 


62 . 

.. u - 2| th 


63 . 

.. ?* + 3|th 




64. 


Taking tlie number of the term for abscissa and the teini for 
ordinate, plot the auccessivc terms of 8, 6, 4, ... and of 8, 4, 2, .... 

State what happens with regard to the magnitude of the 7*lh term in 
these series when n is made infinitely great. 

65. Sum to n terms 1 +.3-^7 + 15 + .. .+{2'’- 1) + .... 

Kind the value in vulgar fractions of 


66 . * 8 . 


67. 


•123. 


69, -Slii 


70. If P be the product of n terms in g.p., a their sum, the sum of 

their i*cciprocals, = . 

71. Prove that the insertion of geonieti'ic means between two numbers 
can be performed by inserting arithmetic means between their logarithms. 

72. Insert 3 geometric means lietween 7 and 112. 

73 2 2 and -54. 

74. Sum the series ’14 + 0028+ *000056+ ... by WTiting down 8 or 9 
terms and adding up. Sum it also as an infinite o.r. Compare results. 

75. From 3 numbers in a.p. 3 others in g.p. are subtracted. If the 

remainders be in c.p., prove that all three series have j^lic same common 
ratio. , ' 
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76. The sum of the Afst two terms of a g.f. is 12, and of the first 
throe terms 39; find the series, and determine if the conditions are 
satisfied by more tlian one series. 

77. Which term of the series 5+5\^+10+... is the same as the 

200th term of i + i[+ ••• ? 

78. Prove that the first 50 terms of 17 + 16^+16^+... are together 
equal to the infinite scries 200+ 120 + 72+ .... 

79. In the series 2 + 4 + 8 + 10 + ... determine the number of digits in the 
250th term by using logarithms. 

80. If a, 6, c bo in o.p. and y he the arithmetic means liotween a, h 
and between 6, c respectively, prove that ^+^=2. 

81. Sum the series a:*“*®+a:*"‘>+a:*+ ... to n terms. 

82. Give the nth term of the scries 1+5 + 13 + 29 + .... 

83. Find the sum of all the products formed by taking any two terms 
of an infinite o P., and show that if this sum be I* the sum of the squares 
of the terms their common ratio is 

84. If Id' o,nd 1 are the 1st and 3rd terms of a G.F., find the sum to 
infinity. 


CHAPTER XLIV. 


HARMONICAL PROGRESSION. 


277. Def. If ? = - - ^ the qnmtities a, b, c are said to be in 


Ilarmmical Froqi essmt ; ami a series is said to be a Hammtical 
Prof/ression wJi&ih the above relation is satisfied by evmy three successive 
terms of it. 

Or, three quantities are in il.P. wheji the first is to the third as the 
first minus the second is to the second minus the third. 


278. If terms are in h.p. their redpi'ocals are in A.P. 
Let a, i, c be in H.P. 


Then 


cd) ^ca = ca-bc-, 


: •aJ)-ca 

y '‘ aJk~ 


ca-ifc ^ 
abc * 
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t,e. - are iii a.p. 

a h c 

279. From the property proved in the last article we can 
write down any term of sg\ H.l*. whose first three terms are given, 
by inverting the terms, applying the methods of A.P., and 
inverting the results. 

The insertion of means can be performed in this way. 

It must be carefully observed that this method does not give 
us any formula for summing a series in h.p. Summation may 
be perfoi-med, if necessary, by writing down the terms as above 
and adding them up. 

280. To find the Harmonic Mean between x and y. 

Denote it by H. 

Then x, H, y are in h.p, ; 

'definition); 

9 U 

xH--xy=:xy-yH] 


A, the Arithmetic Mean, hits been fopiid to be ~ 


G, the Geometric , Jxy, 

H, the Harmonic 

x + y 

A is familiarly known the average of x and y. G, H might 
be called the Geometric and Harmonic average. 

2 ar + y ' 

G H 
k G’ 

i,a A, G, H form a G.P. or continued proportion. 

4 1 . ^ a; + V-2v^ {•Jx-\JyY ... 

A1a/% A - . •' ? = i =ra nn.Qit.ivp. niiAntitv. 


A-G = 


a positive quantity. 


A G, H form a 
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281 . To A, Q, H graphicalhj. 



In a str. line OPQ mark off OP, OQ to represent tbe quantities 
whose mean is required. Bisect PQ at C. On PQ describe a 
semicircle PRQ. Draw OR a tangent, and R8 perp. to PQ. 

OP + OQ = (OC' CP) + (0C + CQ) = 2.0C. 

00 is the anthwclk mean between OP and OQ. 

OP.OQ = OR‘-\ 

/, OR is the geometric mean between OP and OQ. 

20P . OQ 20R2 OS . OC 
OP + OQ “ 200 ''^ OC 
OS is the liamumic mean between OP and OQ. 


Examples. XLIV. 

Continue to 6 terms the scries 

I* -J + J • 2. i + -,‘V+ +. 3. 1 + 2+-3;\ + .... 

Find the 12th term of 

d ‘J 1 - 9 5 _ 1 _ 1 4- 1 R i " 

7. Insert 4 harmonic means l)ftwoen 1 and 6. 

8 3 I and 20. 

9. . .. 4 2 ami 12. 

10 3 9 mid 4 

11. Find tlie harmonic mean bi^tween 2 and g-. 

12. If a -bt a-c, a-d arc in h.p., prove tiiat the following three series 
of quantities are equally so : 

(i) 6-c, b-df 6 -a. 

(ii) c-d, c-a, c~h. 

f (iii) d-a, d-b, d- c, 

13 . To each of three consecutive terms in g.p. the middle one is added. 
Prdve that the three results are in h.p. 

14 . If w, h, c are in k.p., then — + r ^ ^ - _=.l - K 

a -b h-c c -a c a 
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16. Show that the a.m., g.m., and h.m., botweon x and y are in o.p. 

If the common ratio of this g.p. lie 3-, find the ratio of x to y. 

17. If b ia half the harmonic mean between a and c, prove that 

tt* - + c’ + 3abc = {a-h 4 - c)\ 

18. If the arithmetic mean between tM’o numbers =1, their harmonic 
mean ia the square of their geometric mean. 

19. If l)etwecn two given numbers there bo inserted two arithmetic 

means Aj, Ag, two geomoV’ie moans Gi, Q.„ and two harmonic means 
H„H,,provothat G,G,_Ma/ 

20. If a, b, c are in h.p., then Prove this 

and the converse. a 0 c 

21. Prove that he -ad ia positive, zero, or negative according as 
a, by c, d are in a.p., o.p., or h.p. 


CHAPTER XLV. 

MISCELLANEOUS SERIES, PILES OF SHOT, AND MATHE- 
MATICAL INDUCTION. 

282. To find the sum (S^) of the first n mtural numbers. 

These form an A.P. 

81 = 1 + 2 + 3 + ... +n=|(n + l) j^S = ”(« + oJ- 

2^. To find the mm (S.,) of the sqmrex of the fird n imtvral 
mtmbers. 

w® - ('« - 1 )* = 3«‘- - 3n + 1 , 

(m -!)»-(«- 2)® = 3(«- 1)2- 3{«-l) + ], 

{n - 2)» - (n -j3)» = 3(« - 2)® - 3(?t - 2) + 1 


2»-l® = 3. 22-3. 2 + 1, 

13-02 = 3 . 12 - 3.1 + 1 ; 

.*. by addition n® = SSj - 38i + 7i ; 

.'. 382 = w®-» + 3Si = »(w2-1) + — 

.M:±1)(3(„ . i)+ 3} ; 

• .. „ ll(ll+l)(2.+,l) ' 


9 
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284. To find the sum (S 3 ) of the cubes of the first n natural 
numbers. 

- (n - 1)^ = 4^8 - + 4n - 1, 

(w-l)^-(n-2)^ = 4(n-l)»- 6(71- 1)2 + 4(71-1)-! 


24 + 14 = 4.23-6.22 + 4.2-1, 

14-04 = 4.13-6.12 + 4.1-1; 
by addition 7i4 = 48^ - 683 + 48^ - n \ 

• . 4S3 = 7i4 + 71 + 683 - 4S2 

= u{n^ + 1 ) + 7* (71 + 1) (2w + 1 ) - 27l(7l + 1) 

= n{ih+\){n^ + \ -2} 

= 7l2(7i + 1)2; 

286 . To fml the smn of the series 

rt + (a + i)ir + (a + 26)j;2 + (a + 36)a:3 4.,,, Iq ^ terTOs. 

Let S denote the sum. 

S = a + (// + h)x + (a + 2h)x^ + (a + Zb)dfi + . . . + (ff + 7i - 1 . J)r”“^; 
8r= ar + (a+ + ... + {a + n-2 

+ (a + 71 - 1 . 6)a;". 

.'. by subtraction 

S(1 -.r) = a + 6r + Zo2^./^^i+ -(^ + 71 - 1 .b)x^ 

= a + ^^ -^-aa;"-(7i- l)&c" 

= 0(1 - a-”) - (n - 1)6®’* + ; 

. ^ a(l -a;")-(7i- l)6a;" , 67:(1 -a;’*"^) 

•’ ®“ r^® (1-®)* ■ 

• If a; is a proper fraction the sum to infinity is 

a ^ hx 

for .r” diminishes eontinually as n increases. 
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Biampilfl 1. Find £ 

r-l 

t.«. sum to n terms the series whose rth term is dr‘+5r. 

The Ist term=3. 1^+5. 1, 

... 2ud term =3. 2^+5. 2, 

• etc 

.*. thesum=3(lV^ l-3*+ ...+n®) + 5(l+2+3 + ...+n) 

' _o w(n+l)(2?i + l) . g w(7i + l) 

-3. g +5. 2 

_ ^»i^) (2,* + 1 + 6) = « (« + 1 ) (n + 3). 

Examine 2. Sum ton terms 1.4. 5+2. 5. 6+3. 6. ?+...• 

The 7ith term=7i(?*+3)(7? f4)=n*+7M®+12». 

the sum 

= 18 + 2»+334 ... + 7iJ»+7(12-t2»4 3 ?+..h n2) + 12(l+2+3+...+?l) 
7n(n + l)(2jH 1) . 12n(7j + l) 

"■4‘*‘ 6" *^'2 

w(7/ + l) f94^4 n , 14ji f 7 . ,o\ 

=— 2 \-2~ +‘'3~+^^/ 

M(n+l) 3n^+3n+28n+14+72 
2 6 
_w(w + 1) (371* +317^+86) 

12 


PILES OF SHOT. 

286. To find the numl)er of s/u>t in a complete jiyiumidal pile of ' 
n layers on a triangular hose. 

The top layer consists of 1 ball, 

the 2nd ^ 1 + 2 balls, 

the 3rd 1 + 2 + 3... . 

The rth layer from the top consists of 1 + 2 + 3 + . . . ?*, i,e. 

we have to find 2 { J(r* + r)} from »•= 1 to r = ». 

This expre88ion=^(l* + 2* + 3*+... + n*) + I(l + 2 + 3 + ... + ») 

1 n.n+ 1 . 2m+ 1 1 w. 7t+ 1 

’ 2 '. “6 T "^2 2 ~ 


* 12 


{2w+ 1 + 3} 


«.m + l . w + 2 

’’TTv 6 ■ 
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Examine. An incomplete triangular pile has 12 shot in a side of the 
bas(^ and 5 in a side of the top. Find the niinil)cr of shot. 

The number is the difTerenco between the complete pile and the missing 
upper part, the missing part being a complete triangular pile with 4 shot 
in a side of its base. 

, . 12.13.14 4.5.6 

the reqd. number - ^ — 

=364 - 20 = 344. 

287. To find iJie nnmher of shot in a complete ]}ymvMal pile 
n layers of shot on a square hose. 


The top layer consists of 1, 

the 2nd 

22, 

the 3rd 

32 , 

the 7 th 

}-2. 


the total number = 1^ + 2^ + 3^ + . . . 4- 
_n.n+\ . 2n -Ml 

288. To fiml the nnmher of shot in a completed pile ananged on a 
rectangular hose. 

Let the number of shot in the base be m along the length 
and n along the breadth. 

The number in the base is mn. 

The number in the layer next above is (m - l)(7i - 1), 
and at the top the pile finishes with a row of - n + 1 shot. 

The numljer of layers is u. 

The total number 

= 1 (m - n + 1) + - 71 + 2) + 3(wi - 71 + 3) + ... to n terms 

= (wi-7i)(l + 2 + 3 + ... +n)+ 12 + 22 + 32 + ... +7^2 

-(T I + 

= ”(71 + l){3m-3n + 2n + l} = g(n + l)(3wi - n + 1). 

289. The following should be studied with care. Such re- 
arrangements enaVde us . to sum many scries whose terms are 
fractions of which the denominators follow certain laws. 
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1 1_ __1 1/1 1_\ 

n.m+T n «+! x(x + a) u\x x + a/' 

— -i__- 1 -[—^1 

-.71 + 1 .» + 2.« + 3 (n+l)(n + 2) Ln(n + 3)J 

= 1 

• 3(n+ 1 )(m 4“2) ?i + 3j 

, r 1 

x(x + ^a){x + 6a){x + Tu) (ic+ 3«)(a; + 5r() L^>’(a; + 7tif)J 

= _ 1 _ . fi--! 1. 

7(z{x + {x + fm) \_x a; + 7aJ 

In each case one term is expressed as the difference of two 
cxpresaions 

Example. Sum tlie series ^ 4 . JL+^L— ... to ?i terniS and to infinity. 
1.4 4.7 i . 10 

The first term ~ ^ ^ " 4 ^ > 

•• = 3(5 ' 7 } 

-^iG-io) 

• • ■ • ^ 3 (aiT- *2 ~ 3 h + I )■ 

by addition, tlie sum of n terms 

Also, as n continually increases, continually diminishes, and 

ultimately may be taken as zero. * 

the 8114^7 to infinit 3 '^ = .^. 


Examples. XLV. a. 

1. Sum to n terms the series whose 7itli term is - 1. 

2. Sum the series 1 + 2:r J ;U® + 4a:®... to n terms. Test the result. 

3. Which term of the scries 7, 11, 15, ... is 107? 

4. Sum the squares of the odd terms of the scries 

a + er + + ... + ar*"”*. 

t 

5. Sum to n terms the series whose 7tth term is 71 “ - n. 


6, • 

7, 
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8. Sum to n terms the series whose nth term is an*+hn. 


10. Find the series whose sum to v teims is an^. 

11. Write down the nth terms of the following series : 

1*4 22^32+. .. 

_J_ + J , t , 

1.2.3 2. 3.4^3. 4. 6^ 

and shew that they form neither arithmotio nor geometric progressions. 

12. Sum f + ^ + + to?i terms and to infinity. 

13. 6 - 5 4- to 2n terms and to infinity. 

14 1 - 34-5 - 7 + ... to 2n terms. 

16. .. . a:^4-(.c4-l)-4-(a;4-2p I to n terms. 

16. . . 12^ 4- 13® 4- 14® 4- ... to 10 terms. 

17. If Sn is the sum of n terms of a4-d, n4-2d, ... , find the value of 
S«+4 “ 2Sn+3 -H S,| |.2. 

18. The sum of the squares of the first n odd integers =:^(2n - l)(2n4' 1). 

19. Sum to Ji terms the series whose nth term is 2*" 2n. 


Write down, or road off the nth term of each of the following scries : 


20. 1.24-2. 34-3. 44-.. . 

22. 1.2.3 + 2.3.44-3.4.54-. .. 
24. 1.3. 5 + 3. 5, 7 + 5. 7. 9 + .... 

26. 1.2-2. 3 + 3. 4-4. 5 + .... 


21. 1.3 + 3. 6+5. 7 + .... 

23. a + (a+2)a?+(a l-4)ar®+.... 
25. 1 + 54 10+17+2C-r.... 

27. 5.7+7.91-9.11 + .... 


28. Find the nth term and the sum of n terms of the series 

1+3 |;6 + 104 154 21+ ... 

[Notice that the 2nd term is 1 +2, 3nl term 1+2+3, and so on.] 
Sum to n terms the seiies 

29. 1.2 + 2.3 + 3.44 . . 30. 1 .3 + 3. 6+6.7 + .. . . 

31. 1 .2. 3 + 2. 3. 4 + 3. 4.5 + .. . . 32. o + (o + l)a:+(a+2)a;®+.... 

83. ul+g’+jH-.... 34. 1.3.S+3.5.7+6.7.9+.... 

12 3 4 

35. Sum 2 - 23 +^-^ 4... to infinity. 


Write down the nth term of the following series and so sum them to 
n tcinis : 

36. 1^.3 + 2®.5 + 3».7 + .... 37. 1.4+4.7 + 7.10+.... 

38i;' the series 1 +3a: + 6a:® + 7aj*+ ... . 

(a) to H terms, (h) to infinity, x being less than unity. 

39. Find the sum of n terms of the series 
2.3.4 
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Sum the fallowing aeries to infinity : 


40 i+4+l+M>+ 

W. i+2+2, + 2, + ... . 


41 1 W 


7 13 19 

42. Prove that the sum of n terms of the series 1+^+^-+^+... is 
always less than 3? however great n may be. 

Sum the following series : 

,43. ^ terms, (h) to infinity. 

^ o+3;5^5^7+ 

AR - j- I ^ I ^ I 

1 . 2 . 3 ^ 2 . 3 . 4 ^ 3 . 4 . 5 ^ 

rT3’**^.4'^0'^ 

x(x-\-a)^ (x + a)(a; + 2a) ^ (a; + 2a) (aT-f 3aj ^ ^ 

48. 1 .2®+2.3®+3.4*+4.6®+ ... to n terms. 

073+2^4 + 0:5 + 4X6 

( Write down the nth term and show that it = -! + — =- 

» . w + 1 M . ?i + 1 . /i I- 2 / 


PILES OF SHOT. 

50. Find the number of shot in a completed triangular pile of 8 coiirsi's. 

61 10 

62. - Ii5 

53. Find the number of shot in a completed square pile of 9 coiirscH. 

54 12 

55. If the base is a rectangle of hmgth 10 and breadth 7 shot, m hat is 
the number of shot in the top row if the pile is complete ? 

56. What is the number in the pile ? 

57. If a triangular pile has 6 courses, the base having 9 shot in a side, 
what is the numlior in the incomplete pile ? 

58. If there are 64 shot in the base of a square pile, what is the numl>cr 
ill the 4 lowest courses ? 

59. In a triangular pile how many shot are there in the 7th layer 
counting from the top ? How many shot are there above this layer? 

60. The top of a rectangular pile is a line of 6 shot, and the bottom 
layer contains 66 ; how many layers are there ; and how many shot'll n all ?' 

61. The lowest course of a square pile contains 49 shot, and there are 

3 layers ; how mapy shot are required to complete it ?_ « 

62. Find the number in an incomplete square pile, the top lay^ 
containing 529, and the bottom 5184. 
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MATHEMATICAL INDUCTION. 

290. The following examples will explain the method known 
by this name. 

Example 1 . Tu prove that the sum of the first ti natural iiunibers 

7t(n + }} 

~ 2 ■ 

Lot denote the sum of n terms, and assume that 


1) 


S« = 

z 

ThonS„+i=S„H-« + l = ’-i^-’+«+l=(« + l)(|+l) 

=L'‘J 

if the formula holds for n terms, it also holds for ?«+ 1 terms. 

2 3 

But 835 = 14 - 2 - {j-; 

the formula is true for 2 terms ; 
it is also true for 3 terms ; 

.* 4 and so on ; 

1+2+3 i....+M=?ii?y-ii. 

Example 2. To prove tliat 

111^, 91 

i '.3 + .T” e + ... to n terms = . — ~r. 

1.3 3.5 5.7 2w+l 

Li^t S„ denote the sum of ?i terms, and assume that 


The 72th term 

the 'll f 1 th term — 




n 


" 272+ r 

(27i~ l)(2r+J)’ 

1 

(2/1+1) (2a + 3)’ 

1 29t2 + 3n+l 


2// + 1 ^ (2?/ + 1 ) (2/1 + 3) (2w + r)(2a + 3) 

_ (2/e+ l)(7i+ 1) 91+1 . 

“ (2n + iy(2a + 3) “ 257+3 ' 

if the formula is true for 7i terms, it is also true for w + 1 terms. 

But S- W ^ -5jJ_2.__2 

5“5”3. 2+~i’ 

i.e. the formula is tnuj for -2 terms ; 


4 and so on ; 


S„= 


n 


’‘“2a+l 
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Ebcamples. XLV. b. 

Prove the following by Mathematical Induction : 

1. The sum of n terms of an A.p.=^{2a+(?e- l)d}. 

2. 1 +8 + 5+ ... to n terni8:=n®. 

3. a" - 6" is divisible b^ a - 6. 


■i 1 +J_+_L + 

*• 1 . 2 ^ 2 . 3 ^ 3 . 4 ^‘ 


. to n terms = 1 - 


11 + 1 


5. 


+ 2f“ + 3^ + . . . to u terms 


n(n+ 1>(2m + 1) 

e" ‘ 


6 . l»+2“+3»+...tontenn8=’^^^*i“. 

4 


7, 1 . 2 + 2. 3 + 3. 4+ ... to w terms = 


M(jl + l)(?i + 2) 

3 


8, The sum of n terms of a 0 . 1 *. = -— . 

1 - r 

9. If n be even, n^ + 2n is divisible by 8. 

10.. If 0(?i) = »^ + 2O?i, find 4>(n + 2)-t/>{n)y and hence prove that n^ + 20ii 
is divisible by 48 if n be even. 

11. Prove that 1 .3+2, 4 + 3 . 5+... to n terms=^-«(?i+ l)(2n + 7). 

12. The amount of £P at compound interest in n years at x per cent. 

iC 

per annum = PR*‘, where R = 1 + 

13. The flifTcrence between any integer and its cube is a multiple of 6. 

14. 3'*"-" 1 is divisible by 80. 
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CHAPTER XLVI. 

REVISION PAPERS. 


1. Simplify 


4v£-as/8 


XLVL a. 


2. Solve >/xTa-h^x-a=s/^ 

3, The Bum of three numbers in A.r. is 33 and their product 702. 
them. 


Find 


A In a a.p. the sum of the first 3 terms: the sum to infinity =7 :8. 
Find the common ratio. 

6. If - * , then 

a+26 + c 2a + 6-c 4a-4A+<*. 


^ b f! 

a?+2y+z”2flf+y-2~4a?-4yH-z’ 

6. Find the sum of n terms of a series whose term is ar+b. 

7. If the arithmetic mean between x and y=: twice their geometrie 

mean, then or the reciprocal of this, 

y 2-^/3 


XLVL he 

L Find (n/s + 2>/2)~' to 4 places of decimals. 

2. Solve - 6x+ 17 + 2x® = 12a? - 13. 

3. If 


a + b 6 + c c + a , .. ^ •r . r • * 

t-=t = 1 ®ach ratio= , if a+o + cis not zera 

ax+bi/ bx+cy cx-hay x+y 


4. The sum of 3 numbers in H.r. is 11, and the sum of their squares is 
49. Find the numbers. 

5. In an a.p. the let term is 7, the common difference 2, and the sum 
, of n terms 247 ; find n, 

' “'*6. Find the product a . a* . a* ... a". 

7. Find by .logarithms the value of 4^-r2^, and simplify 
log •()() + log ( *6)® - log 4 - log 54. 


XLVI. c. 


1. If z is a mean proi)ortioiial between x any y, 

x_x ^+x z+^ 

, . ^ y^y^+^+j?’ 

2. If the illumination from a light varies inversely as the sejuare of the 
distance from the light, show that for all points in a straight hne between 
2 equal lights the total illumination is least .midway between them. 
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3. 

4. 

of n. 


6. 

6 . 

7. 


X 

&+c-a 


; prove that 


“c + a-h"^ a + h-c* 

(6 - c)a; + (c - a)y + (a - 6) « = 0. 

Find a series in which the sum of n terms shall be for all values 


Find the product .. to infinity. 

Sum to n terms the series whose r*** is 2** - r. 

How many digits are Jhere in the 101st term of 1+5 + 25 + 125 \ 


XLVI. d. 

1. Find 4 numbers in a.p. such that the product of the extremes shall 
be 45, and the product of the means 77. 

2. Find the difference of the roots of the equation 

jt^-2bx‘k c*=0. 

Write down an equation whose roots are each equal to the sum of the 
reciprocals of the roots of this equation. 

3. A cask was filled with wine and water mixed in* the ratio 5 : 3. 
When 8 gallons had been drawn of! and the cask filled up with water the 
ratio was 3 : 5. How many gallons did the cask hold ? 

4. The first and last of 46 terms in a.f. are - 5 and f 25 : find the two 
middle terms and the sum of all the terms. 

5. Find by logarithms the smallest number of terms of the G.r. 4, 6, 9 
which have a sum exceeding 8000. 

6 . If an elastic ball, let fall on a table, always rebounds to a height 
which is the height from which it falls multiplied by (e being less than 1), 
find the total space described by the ball if it is let fall oiigiiially from a 
height h and left to itself. 

7. If a, 6, c are in h.p., a{b-c)si^ + b{c-a)jt'i/-\ c{a-h)y^ is a perfect 

square. • 


XLVI. e. 

1. If a+j8= -p, and a|3=q find in terms of p and 7 the equation whose 
roots are a + 2]9 and /3 + 2a. 

2. At present B’s ago : A's age=5:2, but in 30 yeais the latio will 
be 35 : 23. Find their ages. * 

3. Solve to 2 places of decimals 

5'. 7*‘^=11*+®. 

4. Sum to n terms 2*+4*+6®+ . . 

5. Find an infinite o.p. in which each term is 3 times the sum of all 
that follow it. 

6. Three regular polygons of p, g, r sides respectively fit round a point 
exactly : prove that 

i+i4=^ 

• p q r 2 

7. Prove that is intermediate in value between f and ^ 

h + 2d b cT 

Illustrate this also by a figure. 

B.B.A. 


- 2C • 
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XLVL f. 

a h c 

1. Niue numbers d e f are arranged in a square so that each horizontal 

g h'k 

line, each vertical line, and each diagonal line has a sum equal to x. Prove 
that ® + c + = 

2. On a cylinder, whose length is 6 incheaand circumference 3 inches, 
is a screw whose thread makes 4 turns in the length ; on another cylinder 
exactly equal a thread makes 3 turns. Find the ratio of the lengths of the 
threads. 

3. Sum to n terms 1 .3 + 3. 5 + 5. 7+ ... . 

4. Tost which is tho greater \'l7 or 2 n^18. 

5. Find by logarithms tho value of (66001 x 3.37 + 7824)^. 

6. Prove that log 20 -f 7 log ] ^ + ’^ k)g + 3 log | J = 1 . 

7. The circumference of a circle varies as the diameter, and when the 
diameter is i fbot the circumference is 1 *5708 feet. Find to 3 places the 
length of an arc subtending 3“ at the centre of a circle of 50 feet diameter. 


XLVI. g. 


1. The sum o f all the products in a multiplication table extending aa 

- /n.?i+l\2 

far as n X n= ( g j . 

2. The angles of a triangle are in a.p. What is the middle one ? 

pentagon 

3. The natural numbers are grouped thus ; 1 ; 2, 3 ; 4, 5, 6 ; etc 

Prove that the sum of the group=:^^’^2^— . 


4. Find by logarithms an approximate value for the irrational root of 
the etpiatioii 3^ - 5 x 3* + 6 — 0. 

5. if X is real cannot have a real value between 8 ana 12. 

x-l 

6. Three spheres, of radii 3, 4, 5 cm., molted and formed into a 
sphere. What is its radius, if the volume of a sphere oc the cube of 
tlie radius ? 


7. Draw tlie graph of xy — A, and find from the figure where it is 
met by the lino .r+y=4. How are these lines related? 


,XLVI. h. 

1. Between what powers of 10 do the following lie : 37®, 37®, 37®, 
37‘®, 37*®. 

2. Arrange in order of magnitude 5^, 6^, ^7^ ; and find their product to 
2 places of decimals. 

B, 'Find^Rie least positive value of 4a? + -. 
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4. The sum of 5 terms of an a.p. is 10, and the sum of 17 terms is - 17 ; 
find the series. 

5. The plan of an estate is drawn to a scale of 10 inches to a mile; 
Find the area of the part which represents 20 acres. 

6. How many integers between 200 and 300 are divisible by 7 ? Find 
their sum. , 

7. If the time of travelling any distance oc vVlistance, and the time lor 
144 feet be 3 seconds, find time for 400 feet. 


XLVI. i. 


1. Find from the tables the logarithms of 400, 401, 402, 403, 404, 405, 
406. Find the excess of each over log 400. On scjiiared mper represent 
the increments of the logarithms corresponding to the addition of 1, 2, 3, 
4, 5, 6 to the number 4(K). Show how to find, with the help of your 
diagram, log 403 ‘2, log 403 *5, log 403 *3. 

2. Sum to )i torniH and to infinity the series ^ 4 j^^4- ... . 

3. Two companies appeared in the field in strength as*9 to 11. At the 
end of the day the relative strength was 5 to 8. Of the men in the 
companies 35 per cent, were missing, and .30 men of these belonged to 
the 2nd company. Find the number in each company at first. 

4. Insert 5 arithmetic means between a -26 and 3a + 6. 

5. The sum of 7 terms of an a.p. is 147, and the product of the l«t and 
last is 297. Find the common difference. 

6. The geometric mean of two numbers is i, and the harmonic mean 
Find the numbers. 


7. W ?=4 then 

h a 


(a - 6)* + (c - d)® (a - 6 4* c - d)'- 


XLVI. k. 

1. What number must be subtracted from each of the numbers 8, 10, 
13, 17, that the remainders may be in projiortion ? 

2. Find the number of digits in the product of 2^® by .3^^, and find tlie* 
first 2 figures of the prodncOi 

3. In a series of riglit-anglcd triangles, one side has, in succession, the 
lengths 1x4 in., 2x6 in., 3x8 in., 4x10 in., etc., and the hypotenuse 
differs iii length from this side by 1 inch: show that the* lengths of the 
other side form an a.I’. 

4. Find the square root of 3a; - 1 4- 2 + a: - 6. 

5. If the term of a harmonic series be w, and the term wi, ^rove 
that the (??i4'M)^'* term IS 

6 . Show that the arithmetic means between a and 6, between and 

V -, and between -and, V are in a.p. • . . . • 

® ^ *. . 

7, Simplify the n*** term, and find the sum of ?i terms of the series 
1/14-1/(14-2)4-1/(14-2 + 3)4:^,.,. * ' / 
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XLVI. L 

1. The sides of a right-angled triangle are in a.p. Show that they are 
pro{K>rtional to 3, 4, 5. 

2. If X Qc y-f 2 , and y « 2 + a?, then a? « y. 

3. Solve 15*-^.5*-<.11*“2.^7 x-i, 

I 4. If n is odd, the sum of 1 + 2* + 3 + 4® 5 + 6® + . . . to w terinVj 
= A(w-l-l)(2M2 + n + .^l. 

5. If P, Q, R are the terms of an a.p., prove that 

P(</- r)4 Q(r-;))-t- R(75-7) = 0. 

6. How many halls are Ihcro in an iiicomploto triangular pile of 
6 courses, the toj) course contain ing 210 l )alls. 

7. The area of a A is s/8(s-a){s-h)[s-c) where «=:Beniipcriineter. 
Find by logarithms the area of a A whose sides are 606, 121, 725 yards. 


XLVI. m. 

1. The incomes of A and B are as 5 to 3, and their expenditures as 7 
to 4. Each saves £300 a year. Find their incomes. 

2. Which term of the series 1, 3, 5, 7 ... is a mean proportional between 
the 23rd and 63rd terms ? 

How many terms of the same series have their sum equal to one fourth 
of the sum of the first 20 terms ? 

3. The perimeter of a right-angled A is 15 feet, and the hypotenuse 
exc(5e<ls one of the sides by 2} feet. Find the 3 sides. 

4. Find the sum of 9 terms of the series 

2a+a>j2 + + ••• • 

i\^hat value must a have so that the sum ad inf, may be 8 ? 

6. Prove loga5 x log* a = 1, Find log 4 1000 from logj^ 2. 

6. 105 halfpenny pieces lying on a flat surface with their edges in 
contact arc just contained by a frame in the form of an equilateral A. 
The diameter of a halfpenny being 1 inch, show that the side of the A is 
l]3 \-sf3) inches. 

7. A man starts on a journey of 9 miles at 3 miles an hour, and increases 
his pace by ^ mile an hour each quarter of hour. How long does he 

.,.ti»ke? 


CHAPTER XL VII. 

SCALES OF NOTATION. 

291. In the ordinary notation of Arithmetic the value of a 
digit depends oil its position with regard to the other digits of 
.Ihe same number. .. 
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Thus in the number 5837 there are 7 units, 3 tens, 8 hundreds 
and 5 thousands. In the number *614 there are 6 tenths, 
1 hundredth and 4 thousandths. 

The number 5837*614 might be written in the form 

5 xl0« + 8x 102 + 3x10 + 7 + ^ + ^+^3- 

*This is the common scale of notation, the decimal or denary 
scale, and 10 is called the radix of the scale. Any other number 
might be employed instead of 10 for the railix of a scale. 

If the scale of notation were r, then 5837*614 would moan 

6 ,^ + 8,-2+3r+7 + ®+-\ + 4 

In the scale of 10 the number *614 is called a dpcimal fraction. 

In any other scale it must be called a radix fraction. 

In any scale the largest digit which may occur is less by 1 
than the radix of the scale. In the scale of 12, known as the 
duodenary scale, ten and eleven may occur as well as the ordinary 
digits; and it is necessary to denote them by single symbols. 
Thus t denotes 10, e 11. 

If 263 denotes a number in the scale of 8, the number is 
equivalent to2x8^ + 6x8 + 3, i,e. 1 79 in the denary scale. 

292 . To convert a number into the smk of r. 

Lot N be the number. 

Let d, c, J, a be the digits, in the order in which they occur 
from left to right, in the new scale. 

Then N-er^ + d/« + cj;2 + 6r + a. 

Divide through by r. 

Let Nj be the integral quotient when N is divided by ?*. 

Then Nj = cr® + + c?* + b, remainder a. 

Let Ng be the integral quotient when is divided by r, and 
so on. 

Ng = + dr + c, remainder 6. 

Ng^tfr + d, remainder c. 

N4 B ^ remainder d. 

Thus the rule is fbund ; Divide the given nnmber repeatedly 
by the radix of the scale, into wliich it is" t(v ^ converted, and 
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take the successive remainders in order for the digits, the 1st 
remainder being the digit in the units place. 

■ The number as originally expressed may be in any scale. It 
is only necessary to perform the division with due regard to the 
scale in which it is. An example will make this clear. . 

(1) Convert 5647 from the scale of 10 to the scale of 8. 

(2) Convert 5647 from the scale of 9 to the scale of 8. 

The working is as follows : 


( 1 ) 


8 [5647 
81*705. 


( 2 ) 


8|_^47 
8 I 638.. .6 
8172.. .1 
8"[8...1 
1...0 
Ecsiilt 10116. 


8 ^...1 

8 11...0 

1...3 

Result 13017 . __ 

In (2) the division is performed thus : 

56 in scale 9 — 5x9 + 6 = 51 in the common scale. 

8 into 51 goes 6 times and 3 over. 

34 in scale 9 =■ 3 x 9 + 4 = 31 in the common scale. 

8 into 31 goes 3 times and 7 over. 

77 in scale 9 = 7 x 9 + 7 = 70. 

8 into 70 goes 8 times and 6 over. 

Thus we obtain 638... 6, 

Each division is worked in the same way. 

We may test each of these results by converting the numbers 
l>ack into their original scales. 


(I) 10 1 13017 

101 1064. ..7 


10 


170. ..4 
'~5...6 
5647. 


(2) ,.91 10116 

9|_717...7 
9|^...4 

5. ..6 
5647. 


Example. 


Multiply .3651 by 523 in the scale of 7 (septenary scale). 
3051 


25545 

106.32 

14613 


3012D33 
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It will be sufficient to explain the Ist line of the multiplication. 

3651 X 5. 

1x5 = 5 which is put down. 

5x5=25=3x7 + 4. Put down 4 and carry 3. 

^ 6 X 6 + 3 = 33 = 4 X 7 + 5. Put down 5 and carry 4. 

3x5 + 4=19=2x7 + 5. Put down 25. , 

In the 3rd coliimii^of the addition 6 + 3 + 5 = 14=2x7+0. 

' In the 4th column 2 (carried) + 4 + 6 + 4 = 16=2x7 +2. 

In the 5th column 2 (carried) + l+ 0 + 5 = 8 = lx7 + l. 

In the 6th column I (carried) + l + 5 = 7 = lx7 + 0. 

In the 7th column 1 (carried) +2= 3. 


293. To convert a decimal into a radix fraction. 

Let D represent the decimal, and abed the radix, fraction which 
is in the scale of r. 



c d 


By multiplying by r we get « + ^ + ^ + ^ + Di. 


The integral |)art a gives us the first required digit. 
^ /be d\ , c d 

( - + -« +-77 )r=.6 + - + -T,. 

1 ^.2 ^.2 


The integral part h gives us the second required digit, and so 
on until the operation either comes to an end or we get as inaiiy, 
digits as are required. • 


Example. 


Convert *7234 from scale 10 into scale 6. 


•72.34 

6 

4*3404 

6 

2 0424 
6 

0*2544 

6 


lS2g4 


Result *4201 ... 
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Examine. How inav a mass of 236 11m. bo wciched with no weights 
except 1 lb., 2 lbs., 2^ lbs., 2^ lbs., etc., only one of each sort being used. 
This question can be solved by converting 236 into the scale of 2. 

2 ^6 
2 118.. .0 

I 2 59 ..0 

2 29...1 
2 14... I 
2 7...0 
2^...1 
1 .1 

From this it is clear that 236= 1 x2’ + lx2”-flx2*+lx2® + lx2®. 

.*. tlie weights used are 2^, 2®, 2®, 2®, 2®. 

294. If a mmher N in the scale of r be divided by r-\ the 
remainder is the same as that which arises from dividing the sum of 
the digits of N by 

Lot the digits of N bo a„, ... a^ being the units digit. 

N = v" + + . . . + af^ + af + 

= a^{r” - + - 1 )+ ... + a^{r - \) 

+ a„ + a„.i + ... +(12 + ^1 + ®o* 

But r" - 1, - 1, etc., arc divisible by ?* - 1 ; 

. N . ^ the sum of the digits 

. . — 7 = an integer + i — . 

r - 1 ^ r-l 

the only remainder is that which arises from dividing the 
^ sum of the digits by r - 1. 

An important use is made of this in testing the results of 
..multiplication in the common scale. 

The remainder when a number is divided by 9 is at once got 
by adding up the digits of the number and seeing what re- 
mainder is found after division by 9. 

Thus it is easy to express multiplier and multiplicand in the 
form 9w -I- a and 9n -l- b. 

The product is Slwn + 9 (aw + bm) + ab, 

the product when divided by 9 gives the same remainder 
as ab divided by 

This testing is called casting but the nines. 
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Example. 437... the ' nine-over ’ is 5 

618 6 

2622 

427 

3496 

. 269966 , the ‘ nine-over * should })e 3. 

Suppose it is required to test the correctness of this multiplication. * 

In the multiplicand tffo remainder after dividing by nine, or the 
^nine-over,’ is 5 ; in the multiplier it is 6 ; therefore in the product it 
ought to be 30, or rather 3 (since 30^9 gives remainder 3). It is seen to 
bo 2 on examination of the product ; therefore the result is wrong. The 
erior will be found in the 2nd line of multiplication. 


Examples. XLVII. 


Convert the following : 


1. 

432 from 

scale 10 

to scale 7. 

2. 

678 from scale 10 to scale 6. 

3. 

mil 



. 9. 

4. 

505 .. 

11. 

6. 

1739 



12. 

6. 

•BtW ... 

5. 

7. 

*361 



. 8. 

8. 

•95 ... 

6. 

9. 

23 125 



. 4. 

10. 

.3050 from scale (> to scale 10. 

11. 

lOOg from 1 

scale 12 

to scale 10. 

12. 

5324 ... 

7 9. 

13. 

647 

8 


. 6. 

14. 

Multiply 2/1 by 38 in scale 11. 

15 

Convert 2^1 

and 38 

from 

scale 11 

to 

scale 10, 

multiply the results 


together and coiiV( 

ert to 

scale 11. 




16 . Express the sum of series 2+5x7 + 6x7^ + 3x7’'' as a number in the 

scale of 7, and hence find its value in the ordinary scale. 

17 . The number 11111 is in the scale of 5 ^ Express it in full as a series 

and find its sum (1) as a g.p., (2) by converting 11111 into the scale 
of 10. 

18 . Express 2157 in scale 8. 19 . Express 16935 in scale 7. 

20 471664 in scale 12. 

21 62*48 in scale 5, and 16*9.35 in scale 7. 

22. ... *5 in scale 7, and pn)ve the result by summing a u.r. 

23. Transform 101211 from scale 9 to scale 7. 


24 . 

122*2 

4 

10. 

25 

26*3 

12 ... . 

10. 

28 

9294 

12 .... 

9. 

27 . 


12 

10. 


28 . Multiply 26*3 by 16*7 in scale 12. 

29 . Divide 252710 by 249 in scale 12. Test the result by reducing 

dividend, divisor and quotient to scale 10. 

30. Find the sq. ct. of 223551 in scale 8 ; prove by n\ultiplioation. 

31 . Find the sq. rt. of *365*738 in scale 9 to 3 places. ^ 

32 . In what scale is 4072 expressed by 30504 ? 



ELEMENTARY ALGEBRA 


[CHAP. 


33. Ill what scale is 504 expressed bj' 680 ? 

34. Prove that in any scale 10404 is a square. If tlie square root be 51 in 

scale 10, wliat is the scale in which 10404 is expressed ? 

35. Wliat number of 2 digits is expressed by the same digits in the scales 

of 5 and 7 ? 

< 36. Show how to weigh 85 lbs. using only weights 1, 2, 2^, ...-lbs. 

37. Weigh 95 lbs. with weights 1, .S, 3^ ... Ibtf. Weigh it also using not 

more than one of each sort of weight, but in either scale. 

38. Weigh .304 lbs. using the weights 1, 3, 3^, ... lbs., not more than one of 

each, but in either 8c.ale. 

39. Test the correctness of tlie following by ‘‘ casting out the nines ” : 

674 X 504 = 3.39596. 743 x 2957 = 2197051 . 

3332 := 1 10789. .37246 x 117 = .3972782. 

3142 = 98576. 

What errors will this meth(Ml not detect ? 

40. In a s(!ale of radix r the difrcrcnce between any number and another 

containing the same digits is divisible by r- 1. 


CHAPTER XLVIIL 

PERMUTATIONS AND COMBINATIONS. 

*■ 

295. If there are a iiumljer of objects which we can select and 
arrange in diflerent orders, the various orders of them are called 
Permutations. 

Thus 4 letters, a, b, c, d could bo placed as follows : 


abed, 

abdc, 

acbd, 

ardb, 

mlbc, 

adch. 

bacd, 

bade, 

bead, 

beda. 

hdac. 

bdea, 

cabd, 

cadb, 

chad, 

cbda. 

edab, 

cdba. 

dabCj 

dacb, 

dbca, 

dbac, 

deal). 

deba. 


Thus there are 24 difTerent permutations in each of which all 
the 4 letters appear. 

. If wo took only 3 letters, say a, 6, r, there would be 
6 permutations, ruimely, 

ahe, ach, baCy Im, cab, cha. 



h 

XLVIII.] permutations and combinations 399 

On the other hand, if we were to foi*m (poujAs of letters (or 
other objects), without paying any attention to the order in 
those groups, we should be forming Combinations. 

For instance, if from 4 letters, a, b, c, d, we were to select 
different groups of 3 letters, we should only get 3 groups, 
namely, ahg, acd, abd, bed. 

This is expressed by saying that the number of Combinations 
of 4 things taken 3 at a time is 4. 

The number of Combinations of n things taken r at a time is 
denoted by "C,.. 

The number of Permutations of n things taken r at a time is 
denoted by ”P,.. 

the above results may be summed up as follows : 

‘‘P, = 24 , «P3-=6, 4C3 = 4. 

It may be observed ^Ci = 1 ; for out of 4 letters we can only 
make one group of 4. 

The Combinations of 4 letters taken 3 at a time are 4 in 
number and are given above, viz.: 

abCf aedf abd, bed. 

Wo have noticed also that one of these groujis, abr, can })e 
arranged in 6 different orders. 

So also can aal ; and so also can aki and brd. 

These different orders are Permutations. 

Thus the number of Permutations of 4 objects 3 at a time is 
6 times the number of Combinations, 

^P3 = 6.^03 = 24. 

Def. The different groups of r things chosen out of n things 
without reference to order are called the Combinations of n things 
r at a time. 

Each group can be called an r-Combination of n things. 

Def. The different ways in which r things can be selected 
from n things, regard being paid to the order of selection or 
arrangement, are called the Permutations of n things r at a time. 

Thus ah and ha arq not different Combinations, but they are 
different Permutations. 
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296 . Important. If there are 2 ways of performing one 
operation and 3 ways of perfoiming another, the number of 
ways of performing the two operations in connection with each 
other is 2x3, Le. 6 ; for each of the 2 ways can be taken with 
each of the 3 ways. 

In more general terms, if there are airways of performing one 
operation, and /y ways of perfonning another, there are xy ways 
ot perfoiming the two operations combined. 

For instance, if there arc / ways of selecting an orange and 
y ways of selecting an apple, the number of ways of selecting 
both an orange and an apple is xy, 

297 . Without actually writing down all the diirerent permuta- 
tions of a group of 3 letters a, />, c, we might find out as follows 
how many there could be. 

Imagine that they have to be put into certain empty spaces, 

in number. 

The 1st space can be filled in 3 different ways, viz., with 

<U h or c. 

When the Ist space has been filled there remain 2 letters for 
filling the 2nd space. For if a were chosen for the Ist space, 
there would be h and r left ; if b were chosen for the 1st space, 
there would be a and c left. 

Consequently there arc 2 ways of filling the 2nd space. 

the number of ways of filling the first two spaces is 3x2. 

There is only one way of filling the last space, for there is 
oril)^ one letter for it. 

Thus the number of ways of filling ’all 3 spaces is 3x2x1, 
i,e. 6. 

the number of arrangements of a group of 3 things (or, in 
other words, the number of permutations of 3 things taken all 
together) is 3 x 2 x 1. 

. [This is the number that we found by writing them all down.] 

Similarly, if there were 4 things to be arranged in order, we 
.^ould fill^hc 1st place in 4 ways. 

There would then be left a choice of 3 thmgs. 
could fill the 2nd place in 3 ways. 
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the first 2 places could be filled in 4 x 3 ways. 

There would be 2 ways of filling the 3rd place. 

the number of ways of filling the first 3 places is 4 x 3 x 2. 
There would be only one way of filling the last place. 

the number of ways of filling all the places is 4 x 3 x 2 x 1, 
i.e, 24. 

• 

,298. To fiiul the vahie of 
Imagine that we have two empty spaces to fill. 

The Ist place can be filled with any of the 5 things. 

.’. there are »5 ways of doing this. 

For the 2nd place we have 4 remaining for selection, 
the 2nd place win be filled in 4 ways, 
the number of ways in which the 2 phices can be filled is 
5x4, ?.c. 20. 

This sort of question differs from the previous one ; for licrc 
wc arc tjiking the 5 things not all together, but 2 at a time. 

299. 7b fiml the nmnber of penmtations of n things taken r togrtha . 
Denote the n things by n letters c, b, c, etc. 

Consider that there are r places to be filled, each with oiu* 
letter. 

Any one of the n letters can be chosen to fill the first place. 

there are n ways of filling the first place. 

Whichever letter is chosen, it may be follov^ed by any one of 
the remaining n - 1 letters. 

.*. there are n - 1 ways of filling the second phico. 

.'. the number of W{.ys in which the first two places can lx* 
filled is V (w - 1), *.c. = n{n - 1). (Ait. 296 ) 

There are - 2 ways of filling the third place. 

the number of ways of filling the first three places 

n{n- l)(7i- 2), 
i.e. "P 3 = n(w- 2). 

Continuing this process we see that "P, contains r factors, and 
thus **P,. = w(w - 1 ) (ti - 2) . . . continued to r factors 

= n{n- 1)(71-2) ...*(w -?’+ 1). 
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Corollary. If wc continue this process as far as n factors, 
the last factor is 1. 

Thus "P„ = »(7i- 1 )(r- 2) ... 1. 

I'his product (of all integers from 1 to w) is denoted hy | n 
or a!, and is called factorial n. 

Example. How many minibcjrs lying be.wocn 3000 and 4000 and 
divisible by 5 can be made with the digits 3, 4, 5, 6, 7, 8? 

This is evidently a cjise of permutations, not comljiiiations ; for the 
order is important. 

A.s the number is between .3000 and 4000, it must begin with 3, and it 
must contain 4 digits. Also, since it is divisible by 5, it must end with 6 
(since there is no 0). 

Thus the numlun' has its first and lust digits given, and it only remains 
to fill up the 2 middle places nut of the digits 4, 0, 7, 8. 

The number of ways of d(ung this is i.e. 12. 


300. To find ilip nnnihcr of r-combinations of n things^ Le. the 
nnniher of comhimitiuns of n thin-gs talcen r together. 

As we haN'c seen, each combination containing r things can be 
arianged in |_r ditferent ways; (T,.= [r), i,c. each combination 
produces [)• permutations. 


. , "P,. - 1 . % - 2 . . . 71 - r + 1 

• • -\V " ^ 

[/• factors above and below.] 

This may be put entirely in terms of factorials by multiplying 
niuiKJi’jitor and denominator by thc^product of all the consecutive 
iiitcgcM’s below y? - /•+ 1, i.e. by {n - r)(?i- r - 1) 1. 


Thus "C = 


w . rt - 1 . a - 2 ... 71 - ?• + 1 . 71 - ?•. n -r - 1 ... 1 




[r . ?i - ?• . a - r - 1 . . . 1 


71 -r 


' 301. The nurnher of combinations of n things taken n-r at a time 
= tJic number when taken r at a Him', 


"C.= 


I r 1 71 - r 
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By substituting n-r for r, we get 

\n 




n-r \ n- (n-r) 


\n 

n - r [r* 


This Met is also evident from the consideration that every 

r ^ 

choice of r things leaver behind n-r things. 

Thus the number of ways of forming a group of r things is 
the number of way.s of forming another group (a comjtlemcntari/ 
gi-oup) otu-r things, . ^ ^ ^ 


302. It should be noticed that, if it is desired to find the 
number of ^'-combinations in each of which a specified object 
occurs, it is simply necessary to put aside the specified object in 
order to join it to each of the combinations, r - T togelhei', that 
can be formed out of the other 7i - 1 objects. 

the required number is 


Example 1. A piokc't of (i lias to Im formed out of 10 men. How 
many different selections can he made ? 

The number = ‘0C„ - '»C,„ . , - '"C^ = =210. 

In how many of them mhclions will one Hpeeijied man he included ? 

Put him on one side ; form jiickets of 5 from tho remaining 9 men, and 
then add him to each picket. 

Tlie numl)er of pickets thus formed 

1. 4 

JIow many mlections can he made so as not to contain one specified man ? 
Leave him out, and form pickets of 6 from tho remaining 9. 

9 8 7 

The numlKjr of pickets =^0^ “ "C 3 = ^ 2 ^ ~ 


Example 2 . Out of a town council of 10 memliers, of whom 9 are 
Conservatives and 7 Lihcr«ils, in how many ways can a committee oi 11 
be chosen so as to contain 6 Coiiservativcs and 5 Liberals? 

The number of different groups of 0 Conservatives which can he .seleeled 

out of the 9 =“C«=»Cj=®'-^ '3=84. 

7.6 

The number of Liberal groups of 5 =“C 3 =^C 2 =^y-* 2 = 21 . 

Each of the 21 groups can be corahined with each of the 84 groups to’ 
form a committee. 

the number of different committees 

= 84 x 21=1764. 
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Examples. ZLVin. a. 

1. Put down all tho groups of 2 loiters which can bo formed out of tho 
4 letters a, c, d. How many are there ? 

2. Put down all the arrangem^its of 4 of tho 5 letters a, b, c, d, e 
which can bo made with a standing first in each. How many a”e there ? 

3. Put down all tho arrangements of the letters a, 6, c, d, e such 
that oaoh begins with a and ends with p, or Ucc ver/ta. IIow many are 
there ? 

4. How many factors arc there in w . a - I . - 2 . . . w - 6 ? 

5. n .71- 1 , n- 2 ... /i - 7? 

6. In7i-1.7i-2.?t-3...tor factors, what is the last one ? 

7. Simplify 

8 . In *"Pj,-:-|lfi how many factors are alike in numerator and de- 
nominator? Give the result of caneelliiig them. 

9. Find the numerical value of '^P 4 . 

10 «P::. 

11 

12. How many changes can be rung on 7 bells, using all ? 

13. If «P3:«P4=1:7, find n. 

14. "Pj— 20 / 1 ; find w. 

15. If «P 7 = 12"Po, find w. 

16. Provo that "+iP,.=:»'Pr4 

17. If "P 4 — 840, find 71 . (Ijct 9i^-3n-~x.) 

18. Find the nuinerictil value of "Cg and of 


19. “C,. 

20 “C,o. 


21. 'riirec travellers arrive at an inn and find that there are 7 vacant 
l>ediooni»«. In Iu>w many ways can they be assigned rooms, one to each? 

22. Tw(j men enter a railway carriage in which there arc 8 vacant scats. 
In liow many ways can tliey be seated ? 

23. H(3W niciny ilifierent groups of 3 cards can bo chosen out of 13 ? 

24. A subserib6r to a library is allowed to take out 2 books. In how 
many ways can he select 2 out of 50 ? 

25. The number of permutations of a certain number of things 3 at a 
time is 20. times the number of permutations of half the number of things 
taken 2 at a time. How many things are there ? 

26. In haw many ways can 5 people eacli choose one room out of 
8 rooms ? 

27. If “(=>4=6. »Pj, find 71. 
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28. Four mon are chosen by lot out of 10. In how many cases is one 
parti ciilitr man chosen ? 

29. If ’•P,.= 120"Cr, hncl r. 

30. If find r. 

31. Find '^64 and ^^3. Add the results and prove that is obtained. 
State and prove the general theorem of which this is a particiuar instance. 

32. Out of the 7 common silver coins, from tlie crown to the threepenny 
piece, liow many dificrent 4Mections of 5 coins are possible ? 

"33. Out of 7 men, how many crews can be chosen to row in a four-oared 
lM)at ? How many, if one of the 7 has been already selected for stroke ? 

34. Out of 8 men and 6 women, how many different committees can be 
formed composed of 5 men and 4 women ? 

36. There are n points in a plane, no thrive of which are in a straight 
line. Find how many straight lines can be formed by joining them. 

36. How many iiuml>ors can bo formed with three digits out of the 
digits 1, 2, 3, 4, 5? 

In how many of these will the digit I stand first ? 

37. How many iiumliors can lie formed each containing all the digits 
0.1, 2, .1,4? 

38. How many numbers of throe digits cun be formed from the digits 
0, 1, 2, 3, 4, 5? 

303. 7*0 Jiiul the number of r-combmations of % things tviihont 
fumming the number of jx^v'fuutaiuyns. 

Denote the things by a, 6, r, etc. 

The number of combinations in which a occurs is found by 
cfimbining the remaining w - 1 lettefs r - 1 together, and is 
therefore (Art. 302.) 

Similarly for each of the n letters. 

the total number of r-combinations thus obtained 

But in these we shall find each combination occurring r times. 
o,g, abed.,, (consisting of r letters) will be found amongst those 
containing a, amongst those containing c, and fsp on. 

.'. the total number of r-combinations thus obtained 


2 d 


B.n.A. 


..Hi) 
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Similarly, 

n—lA ^ f n-2f\ 

W-i 

and 

n-2p 71—2 „_;|p 

and so on. 

• • 

• • 

"C — ^ • "-’C — ^ ^ ~ ^ - "-an 


( 3 ) 


I - 1 . 71-2 ...n - r + 2 


r.r-l.r-2...2 


C, 






Multiply by - 


n-r 


\n 


• I - .. 


304 . To prom + "C, . i = 

" 0^,1 is the number of combinations of w + 1 things r together 
which contain a specified thing. (See Art. 302.) 

"C^ is the number of combinations of + 1 things r together 
which do not contain that specified thing. (See Art. 302, Ex. 1.) 

The sum of these two must be the total number of combina- 
tions of ?i + 1 things r together ; 

As an exercise prove this from the value of "C^. (Ai-t. 316.) 


305 . To find for wltat value of r is (jreatestj supposing n given. 

' fii^ 7l(7l- 1) ... (t? “r+l)(w-7*) , 

Q ! 


■^r+1- 


1.2...7-.(r + *l) 
.p _w(n-l)...(m-r + l), 

172 :::^ ’ 


"C, 


r+1. 


n-r 


r+\' 


71 - 7 ’ 


Now 


r + 1 L 




which = 


7i + l-(r + l) n + 1 


r+1 


r + 1 J 


diminishes as r 


increases, but is at first > 1. 
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n-^r 


> "C, as long as ^ > 1 


n-r 


/. has its gi*eatest value when = 1 


or is first < 1, 


i.e. when rt--r = r+ 1 <9 +1, 

, n - 1 = 2r < 2r/ 


w-1 

(i) If n is odd, 

the greatest value of is = *'C„+i = 


71-1 


\n 

91-1 iTi+r 


(ii) If n is even, 


L£ 


the greatest value of "C, is "C, = 

IT 


Example. A man has 10 frionds whom ho wishes to invite to dinner 
BO that there may not be the same guests at any two dinners, the same 
number being invited each time. If he wishes to liave as many dinner 
parties as possible, how many must ho invite each time? 

The number of parties he can form is *®Cr, where r is the number invited 
each time. 

the question is : ‘ For what value of r is '"Cr greatest ? ’ 

lop ^1 0.9.8...(ll-,r)(10-r ) 

1.2... (r+1) 

10.9.8... (11 -r) 


^^Cr=- 


1.2... r 


. '°C,+,__10-r 

r+l’ 

10 — 9 * 

Now -—V- diminishes os r inoreases, but is at first >1. 
r+1 

as long as ^f>l- 

10 “■ r " 

has its greatest value when = ^ hrst < 1, 

t.e, when 10-r=r+l <r + l, 

9=2r <2?% 

* t.e. when r is first >4^, 

• i.e. when r=5; 

%,e. the number of guests each time should be 5. 
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306. To find tJie nuinlnsr of pefi mutations taken dll togethet* of n 
things which are not all different. 

Suppose them to be w letter, of which ^ letters are a, g letters 
are ft, r letters are c, and the rest are all different. 

Let P bo the required number of permutations. 

If the p letters a were changed into p fresh letters, different 
from one another and from the rest, the number of permutations 
would be thereby multiplied by [p, since the group of p fresh 
letters would admit of \p arrangements. 

Similarly in the case of the q letters h and the r letters c. 
the total number of permutations would then bo 

P. [£.[£.[£. 

But there would then be n letters all different, and conse- 
(luently the number of permutations of them taken all together 
would be \n. 

P.i£. 

\n 


Eacample. Find the numbei uf permutations of the letters of mammal 
taken all together. 

There are 6 letter.^, of \^hich 3 are m’s, 2 are a's. 


|6 6.5 4. .3 2 


The number of permutations =|^=g-= 


=60. 


Permutations in a Bing. 

307. If akdef and fabede represent objects arranged (in each 
case) in a straight line, no one will hesitate to pronounce these 
two to be different arrangements. 

If they arc placed on the circumference of a circle, they can 
hardly be pronounced to be different. The circular order is the 
same for both, as is obvious from a figure*. 

Suppose that the objects are persons seated at a round table. 
From dbedef to fahede the change is only apparent. There has 
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been no change in the order, only a movement of the whole one 
place round the table. 



To prevent this movement, which gives no fresh order, we 
must suppose one person to 1)0 fixed, and find the numl)er of 
permutations of the rest. , 

For example, if there are 6 persons to be seated at a round 
table, let one person take his seat. The remaining 5 can be 
arranged in [^different ways. 

308. Beads in a necUa/ct, 

If n different beads were to be arranged to form a necklace, 
the number of different orders in which they could be put would 
be il w-J. 

For consider what happens when a necklace of C bciids, 
arranged in the order ahedef^ is turned over. The arrangement, 
lead the same way lound as before^ becomes ftdda. 

Thus vrhat were two different arrangements in the case of^ 
persons in a ring becoiue identical in a necklace. 

.’. the number of arrangements of n beads in a necklace half 
the number of arrangements of n persons at a round table 

Example. How many arrangements of 4 men and 4 women at a luund 
table can be made, if the men and women aie to be alternate ? 

Place the 4 men round the table with alternate places left vacant. Tlie 
number of ways of doing it is [£. 

The 4 vacant places can*be filled by the women in {j4>difl^cut ways, 
the total numbei^of arrangements 

= |^x [4=fix24=144. 
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ZLVIIL b. 

1. Find tho number of arrangunionts of the letters of Dtindon. 

2. Sirocco. 

3. Mammalia. 

4. In how many ways can 7 persons be arranged in a ring ? 

5. Find the number of arrangements of the,.letter8 of Oiioto. 

6 Assamn, 

7, In how many ways can 5 iMU-sons be arranged in a ring ? 


8. In how many ways can 7 different beads be arranged on a string to 
form a necklace ? 

9. In how many ways can 6 persons be airanged at a round table ? 

10. In how many ways can a committee of n persons bo seated round a 
table, if tho chairman must always be opposite to the fireplace ? 

11. Five gentlemen and five ladies are to bo seated, ladies and 
gentlemen alternately, at a round tablo. In how many ways can it l)e 
done ? 

12. There arc 7 letters, of which some are a’s, and tho rest different. 
Tho nunil)er of difierent words that can l)e made with them, taking them 
all together, is 210. How many are a\ ? 

13. Find the greatest value of ®Cr. 

14. A man makes different selections of r things out of 14 things. If 
the numl)er of selections is to be tho greatest possible, what must be the 
value of r ? 

15. How many triangles can be formed with 9 straight lines, of which 
no two are parallel, and no three are concurrent ? 

16. From 8 men and 9 women a comniittee is to be formed, comprising 
o of each sex. In how many v'tiys can it be done ? 

17. How many different sets for lawn teniiis can l)e formed from 
10 ladies and fi gentlemen, each set containing 2 ladies and 2 gentlemen, 
the ladies not playing on the same side? 

309, Questions sometimes occur in which it is required to find 
the iiiimbei’ of ways of dividing up n things into parcels. 

The method of solution follows at once from the formula 
for "C,.. 

Suppose that it is required to divide n things into two parcels, 
one containing r things, the other containing the rest. 

The number of ways of choosing r things for the first parcel 
is "C,., and tho remaining things form the second parcel. 

Thus the number of ways of forming the two parcels is the 
same as the number of ways of choosing*' the contents which 
make up the first parcel. 
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the number of Avays > 


In 

r n - r 


If m + n things have to be divided into two pircels of m things 
and n things respectively, the number of ways of doing this 


_ m + «Q 


m n 


If m + n+p things have to be divided into three parcels of 
m things, n things, and p things respectively, we first consider 
them divided into two parcels containing m things and }i-{-p 
things respectively. 

From (1) we see that the number of ways in which this cjin 

. !»« + »+;> 

be done is 

I m I n + jg • 

Similarly the number of ways of dividing n+jo things into two 


parcels containing )i and p things respectively is 

\ll[t 

the number of ways of dividing m + things into three 
parcels of yn, ?/, and p things respectively 

|m + 7i+^ I n+ jp |m + ?n-jy 
I la I n +p [^1^ j [ w * 


and so on for a larger number of parcels. 

The case where m-n (in the distribution of m + n things into 
two parcels) has to be considered. 

Here the formula ^ ^ will not give the correct answer.* 

[y#[yA ® 

For consider the simple case of 4 things «, ft, r, d distributed 
into parcels of two and two things. 

We have ah and rd, 
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As the formula tells us, we have 6 ways of doing it : 

but each way occurs twtce. *— ' — 

/• the number of different ways of doing it is only half the 
above. 

Similarly, when 2m things are to be ^divided into 2 parcels 
each containing m things, the number of ways of doing it is 

2\m \m 

If these parcels were to be given to 2 persons, the number of 

I. 1 Ill \2m 

ways of doing it would be — ^ — ; — x 2, ^.c. J : for after 

^ ^ 2|mlm ' (|w)2 

making up the 2m things into any two parcels, you could give 
these two parcels in two ways to the persons 

Similarly, in the formula 1=^ if m = n = and if there 

|m|a[p 

be no distinction between the order of the parcels, the j3 different 
ways of arranging the parcels of m, 7<, and p things would become 
identical. 

the number of ways of dividing 3m things into 3 parcels 
each of m things 

If they had to be given to 3 persons, the number of ways 
would be 1 3 times this; for when the parcels have been formed, 
the assigning of them to the 3 persons caii be done in [^ways. 

. . the number of ways of providing 3 persons with m things 
each IS 

{\mf 

Example 1. 7ii Ik^w niaiij s w'uys can 10 letters be made up into 2 parcels 
of 6 an4,4 rtspoctivel} ? 

The number of is , % e, 210. 

|6 14 

In how many m ays can 10 letters be loft at 2 houses, 6 at one, 4 at the 
other ? 
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The 6 letters oon bo loft at the first house, the 4 at the other, or 
lacc verso. 2 i iq 

the number of ways is —■ -== ■, i.c. 420. 

I® I± 

Ezamifie 2. In how many ways can 15 letters be divided into three 
parcels, eadh containing 6 ? 

The number of way8=j^^ x j|- 

In how many ways can 15 letters be left at 3 houses, 5 at each ? 

The number of ways=l3 times the number of wa^^s of making up tlie 
115 

parcels of 5= 


310. Interesting applications of the theory of Combinations 
occur in geometry ; e,g. the enumeration of the diagonals of a 
given polygon. The following are instances of such questions. 

Example 1. Find the number of diagonals of an octagon. 

The 8 vertioes are to be taken two together, ami connected by straight 
lilies. 

8 7 

The number of connecting lincs=*C 2 - ^ 28. 

But this includes the 8 sides of the ixstagon. 
the numlier of diagonals is 20. 


Example 2. Find the number of regions into which a x>lane is divided 
by n straight lines, of which no two are parallel and no thice meet in 
a point. 

When there is no straight line, the plane foims one region. 
introduction of a straight line divides it into 2 regions. 

The addition of a second line makes 4 regions in all, 

i.e. the 2iid line adds on 2 regions, making 1 + 1+2 regions, 
the 3rd lino adds on 3 regions, making 1 + 1 + 2 + 3 rt'gions, 

and so on. 

Thus the total number of regions, when there are n lines, * 

- 1 I H 24 3+... + W 

311. To find the mmber of comhinafitma of n things fak^ii any 
numhefi' at a time, * - • 

There are 2 ways of dealing with each of the n things ; 
may take it or leave it. 
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As each can bo dealt with in 2 ways, the number of ways of 
treating the n things is 2 . 2 . 2 , Le, 2”. 

But this would include the case in which all are rejected, 
the totiil number of combinations of n things taken anij 
number at a time = 2" - 1. 


XLVIII. c. ' 


1. Provo that »*Pr=””*Pr + r 

2. In the oombinatioiis of 9 things, 3 at a timo, prove that any par> 
ticular thing occurs in one-thirrl of the whole number of oonibinationB. 

3. If n ; ”P 3 = 1 ; 72, find ?/. 

4. Provo that + «C, H «Cj h f «Cfl = 2« - 1 . 

5. Find the number of ways of choosing one or more (up to 7) things 
out of 7. 

6. How many different sums can bo paid by a man who has in his 
pocket the following coins : a farthing, a penny, a sixpence, a shilling, 
a half-crown, a crown, a half-sovereign, and.a sovereign? 

7. A person who chooses 3 cards out of a heap of cards has 425 times 
as many possible selections as one who only chooses a single card. How 
many cards arc there in the heap ? 

8. lf«P3:"C5=:l:5, find7^. 

9. How many numbers can be formed with the digits 3, 4, 5, each digit 
occurring once in each numl)er ? What is the sum of all such numbers ? 

10. How many ways are there of making up an eleven out of 1.5 boys, 
if there are to be just 4 bowlers in it, and only 5 of the 15 are bowlers? 

11. From 13 members, of whom only 4 can bowl, how many different 
elevens can bo made so as to include 2 Ixiwlers at least ? 

12. A person has 8 friends, among whom ho wishes to make up as many 
dinner parties as pcjssible, inviting the same number each time. How 

. man^' times is one iiarticular person invited ? 

13. In Iiow many ways can a party of 5 rntni bo chosen from 10 men ? 
In how many ways if (1) one man is always to be included, (2) if one man 
is always to bo excluded? 

14. A committee of 7 is to be formed from 10 Conservatives and 
S Liberals, so that there may ho 4 Conservatives and 3 Liberals on it. 
Ifow many different committees can be formed? 

15. Out of 17 consonants and 5 vowels how many words can be formed 
containing 2 consonants and 1 vowel ? 

16. How many words of 11 letters may be formed of the letters in 
a»6W? 

17. How many words may be formed of all the letters of accommodation^ 

18. How many straight lines can be .made by joining 4 points, no 3 of 
which are collinear ? 
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19. If ^ot the positions of the point [x, y) as « takes successive 

integral values. Find what value of x gives a maximum value to y, 

(Take the unit for y much greater than that for a*.) 

20. In how many ways can a crew of 8 men l)e arranged in a boat ? If 
only 3 are fit to row stroke, in how many ways can they then bo arranged ? 

21. How^many nunil>er8 can lie formed of the digits 1, 2, 3, 4, each 
digit occurring once in a number ? Find the sum of all such numl^rs. * 

22. A party is chosen from 18 men. The number of ways of choosing 
it is greater than it would be for a party of a different size. Of how many 
does it consist? How many of these selections contain 3 given men ? 

23. In how many ways can I choose one or more out of 8 books ? 

24. Out of 9 objects, in how many ways can I choose cU least 2 ? 

25. Find the number of permutations of 10 things 7 at a time, in wliich 
3 particular things occur. 

26. If "+'C,.+a= 9 X = 90 X find 7i and r. 

27. How many different numliors may be composed wjth the digits of 
1 1 1223, each consisting of 6 digits ? 

28. In how many ways can 7 sovereigns and 5 sliillings be given to 
12 men, one coin to each ? 

29. Out of 6 letters, of which some are a’s and the others all different, 
120 different words can Ik) formed. How many a’s arc there ? 

Twenty-six people are to travel by an omnibus which can carry 
12 inside and 14 outsitic. If 8 of them will not ride outside and (i will not 
go inside, in how many different ways can the party travel, without 
regard to the order of seating ? 

31. Of 15 men 10 can njw and cannot steer, and 5 can steer and cannot 

row ; find how many crews of 8 rowers and a coxswain can be formed out 
of the 15 men ? • 

32. Find the number of diagonals of a decagon. 

33. dodecagon. 

34. A ooininittce of 7 has to be chosen out of 13 persons, of whom 6 are 
Liberals and 7 Conservatives. In how many ways can it be done so as to 
give a Liberal majority on Mie committee? 

36. How many different permutations can be made of the letters of the 
word eaaenceSf using all the letters; and how many of these will begin 
with n and end with s ? 

Harder Examples. ZLVIII. d. 

1. Eight men have to bo arranged to row in an eight-oared boat. 3 of 
the eight cannot row on the bow side, and 2 others cannot row on the 
stroke side. How many arrangements can bo made ? 

2. You have 7 envelope's addressed to 7 people, to 4 of whom you 
intend to send copies d( a circular, the other 3 enveloi)cs to be \ised for a 
different purpose. In how many correct ways can you put the 4 circulars 
into 4 of the 7 envelopes ? 
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3. My oousin belongs to a club of 30 members. In how many ways 
can 1 meet at most 5 of the members, of whom my cousin may or may not 
be one; and in how many ways can ! meet 5 members including my 
oousin ? 

4. Out of a dozen persons how many parties can be made, each consist- 
ing of not moi'e tluvn 8 ? 

5. Find the number of words of 2 consonants and 2 vowels formed from 
** education.*’ In how many of these will the / wo sorts occur alternately ? 

6. How many triangles can be formed having their vertices at those of 
a given pentagon ? 

7. Find the number of ways in which 10 boj's and 8 girls can stand in 
a lino so that no tw'r> girls arc together. 

8. Fourteen different coins are contained in 2 bags, 7 in each. How 
many different combinations of 8 coins can lie formed by taking 4 from 
each l>ag? 

9. How many different numU'rs of 3 digits can bo formed, it being 
allo\i ed to use the digits 2, 3, 4, 5 once and G twice ? 

10. In how many different ways can 52 cards lie dealt into 4 groups of 
13 each ? In how many different w'ays can they be dealt to 4 players, 13 
to each ? 

11. The nunilier of combinations of n letteis, taken 5 together, in whicli 
a, 6, c occur is 21. Find the number of combinations ot them, taken 6 
togotlicr, in which a, h, c, d occur. 

12. 1 wish to divide 15 different postago-stamps into parcels containing 
5 each. How many sots of parcels can I make ? 

13. There are two sets of concurrent straight lines, n in one set, p in the 
other ; how many intersections ara there if there are no iiarallels ? 

14. The number of ways in which n books can be arrangcfl on a shelf so 
that 2 particular liooks are not together is (n - 2)|n_^ 1. 

15. How many As arc formed by 2 sets of 3 str. lines, each set passing 
through a point, and no two lines iKMiig parallel ? 

16. Find the iiunilior of arrangements that can be made of the letters 

of the wold infinite (1) when they are taken all together, (2) when they are 
takcii 4 together, so that each arrangement has 2 different vowels and 2 
different consonants. ,, 

17. A bag contains n sovereigns and n shillings. Prove that the number 
of ways in wdiich they can Iks drawn out in succession, one at a time, is 

1.3^5 

i» 

18. In liow' many ways can n men be placed in a row, if two of them are 
forbidden to be at either end ? 

Out of n objects, how many ways are there of choosing 3 or more ? 

20L the number of diagonals of a polygon of n sides. 

21. Find the number of ways of giving mn different things to n persons, 
ao that eodh may have m things. 

22. The number of permutations of, n things r together in which x 

particular things occur is . ’’P,. 
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23. In how many wavs can m letters a and n letters h lie ai ranged so 
that none of the 6*8 shall 1 )g together, m l>eiiig greater than n ? 

24. The number of ways of seating 2a persons at two round tables, n at 
each, is |2a/?i^. 

25. (liven n points, of which only m are in one straight lino, how many 
straight lin^s can be formed by joining them ? 

26. If m points in one i^traight lino are joined to n points in another 
straight lino, how many intei'scotions are tliore besides the original m and 
a points ? 

27. A reotangle has p lines rulod across it parallel to one pair of sides, 
and p lines parallel to the other sides. Prove that the number of rcetangles 
formed is ^ (jp + 1 )\p + 2)®. 


CHAPTER XLIX. 


BINOMIAL THhORKM. 


312. By means of the binomial theorem, any power of a 
binoniial expression can be expressed as the sum of a number 
of terms. 

The theorem states that 

(a + x)“ = a" + iia"-'x + a"' *x* 

The series on the right-hand side is called the cijuin^io^t of 
(a + .r)". • 

The truth of the theorem may easily be tested in simple 
cases. 

Thus {a + vY - + 2 ax + ^ *7 + Sox + xK 


{a + = a® + ^fi^x + j ’ 7 ox ^ == a® + 3a-x + + x®.^ 

= rt* + 4a®x + f 
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Mote carefully that, in each of the above, 

1. The index of the highest power of a or a; is w, and its 
coefficient is unity. 

2. The number of terms is n + 1 ; e,g, there are 5 terms in the 
, expansion of (a + x)*. 

3. The indices of a decrease by unity^.and those of x increase 
by unity in each successive term. 

4. The coefficients of terms equidistant from the beginning and 
the end of the scries are equal. 

5. Counting unity as a factor, the number of factors in the 
numerator of any coefficient is equal to the number of factors in 
its denominator. 

6. The sum of the indices of a and x k n in every term. In 
other words, the expansion is homogeneous and of the degree. 

We shall see as we proceed that these rules hold for all values 
of 

Writing -x instead of x, wc have 

(a - x)" = a" + iia"-‘( - x) + a"-*( - x)* 


ii(ii-l)(n-2) 
^ 1.2.3 


a""*(-x)*+ ... 


_ n(n-l) _ 

=a"-iia'^ ’x + -y -2 -a* 


X • A • u 


313. The following is a rapid method of obtaining an expansion 
in simple eases. 

Take (a + 

The first term = ; the second term = 9a^x ; 

the third tenn = aJx^ = 36aV. 

The coefficient of the third term is obtained from that of the 
second by multiidyiiig the index of a by the coefficient in the 
second tenn, and dividing their product by the number (2) of 
the term. 
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Thus the fourth term = a V = 84 

The fifth term = a'^x* = 1 26«V. 

4 

The sixth term = = 1 

4 126 

The seventh term = — — aV = 84a‘V, and so on. 

Thus {a + «)'' = + 9a^x -f 36ttV- + 84a'\c8 + 1 26a V 

+ 1 26a‘*:c^ + + 36a V + 9a:)'® + 

314 . The student who has omitted the Chapter on Permutations 
and Combinations should study the following. ^ 

w(7i- l)(7t - 2) ... 1, ix. the product of all integers from 1 to /», 
is denoted by [_w or wl, and is called factorial n. 

The expression - ^ ^ ^ ^ ~ ^ ^ ^ ^ is denoted by 

rpu,,. np n{n^l)(n-2) n(n - l)(7i - 2)(7i- 3)(7i - 4) 

Anus C3 . C.- . 

Xi = n. 

A\"ith this notation the binomial theorem may be written thus : 
(a + a;)” = a" + Xia’‘-^«’ + ’*C/i”"V + X3a”-'V'’4- ... . 

The On + 1)^** term = = -- — 

= a;". 

In the (n + 2)“" term the last factor in the numerator of the 
coefficient would be 1 - 1 , i,e, zero. 

the (n + 2)** term and the following terms vanish. 

Thus there are 71 + 1 terms in the expansion of (a + a:)”. 

The following is useful. 

_ w (71- l)(n-2)(7i--3)(n-4) 
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And generally, 

?i(m- !)(«.- 2). ..(m-r+l) 

- [r --- 

n{n’- l)(7i- 2) ... (ii-r + 1)| 
[r n-r 


n- 


r 



Writing n-r for r, we have 

l-Tr . nft 

' n - r I n - n + r |n- r |r 


316. 2'o find the general term in the e.r^)amiQn of (a + a;)’*. 

We take the general term to be the (r + l)*'*', as that con- 
tains a;*'. 

We see that the third tenii = "C 5 /i”"V. 


The fourth =’*C 3 a““V. 

the (r+ 1)“‘ term = "C^«'V 

= - 1 )(n - 2 ) - (n - > + 

L»‘ 

If we had to wi ite down the general term of (a - a?)”, wo 
should have to write - x for x ; 
the general term of (a - a;)*‘ 


Ll 

^ Using T,. to denote the 7'^^ term in a binomial expansion we 
notice that in the expansion of (a + a;)” contains a;*". 

Also the expansion is homogeneous with respect to a and a*, 
i e. the sum of their indices is the same in all terms and is equal 

to 71, 

Thus the't^lrm containing must contain «**“*■. 
ip^c^he ^expansion of (a + a?)**, 




...w-r + l 


( 1 ) 
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_ »■«-! . ..'n-r + 2 , , , 

^r- a * , 


^ m-r + l a: ^ 

I *4 1 = . T-. 

r a 


We can thus derive any term from the preceding term. 

This is a general state.nent of the method employed in Art. 313. 

In 

Tr+l may be put in the form multiplying 

numerator and denominator of the coefficient in (1) by | n-r . 


Examples. XLIX. a. {Chiefly 

In tho expansion of (a+a:)** : 

1. How many terms are there ? * 

2. Whioh term oontains ? 

3. What power of a aooompanics 

4. What is the coeffioient of the 3^ term ? 

6 S*** term ? 

6. Why is the (r + 1)^** term ohosen for the gem/erod term ? 

7. What is the denominator of tho coeffioient of this term ? 

8. When you have expanded (a+a?)”, how can you alter it into (a - a;)**? 

9. If there ore 17 terms, which is the middle term ? 

10. Name in order the coefficients in the ex)[>an8ion of (1 +x)\ 


11 ( 1 +«:)*. 

12. (l4a-)« 


13. What multiplier will give the (r+ 1)* term from the in (1 4 x)” ? 

14. What multiplier in tl4) ease of (a+a;)” ? 

16. Which is the term independent of x in the expansion of ^x-i ? 
18. What is its value ? 

17. Find tho sum of the coefficients of (1 + a:)® by putting a-= 1. 

18. (a+a?)*=a*+(terms containing a factor ») + a^^ If in this wo put 
»=:0 and deduce that (a+x)®=a®+0+aj®, t.«. 1 = 1 + 1, where is our 
mistake ? 

19. In the expansion of (%/3 + n/S)® whioh terms are ratiomdt « 

20. In (a+a;)’® which torm*has the same coefficient as the ' 

at • 

22. In (a + a;)” one term contains a^x'^ Wliat is n ? 

B.B.A. 
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How man^' factors are there in the product ^ 

23. ii(w-l)(«-2)...(a-0)? 24. w(«-l)(7i-2) ...(n-p)? 

25. w(n-l)(n-2)...(n-r+l)? 26. n(n-l)(n-2) ... (n-r+2)? 

27. n(n-l)(n-2)...(n-r-l)? 

28. In the expansion of (a+a;)% what numl)er from the beginning is : 

(i) the third term from the end? (ii) tjie fifth term from the end? 
(iii) ther*** ? (iv) the ? 

29. In the expansion of (a 4 - 0 ?)"“', "what number from the beginning is ; 

(i) the fourth term from the end ? 

(ii) the seventh ? 

(iii) the ? 

(iv) tho(r-M)«» ? 

80. (i) Which is the middle term in the expansion of (a:+a)®"? 

(ii) Write down its value. 

(iii) Write down the term immediately preceding the middle term. 

(iv) following 

81. Write down the last four terms in the expansion of (a 4* a?)" in 
ascending powers of jc, 

32. (i) Write down the term in the expansion of (aj+z)*^, 

(ii) . 7 + 11 “' 

(Hi) .7^1* 

(iv) term from the end. 

(v) 

316. To pme the Binomial Them'em fai' a positive integral index. 
(Proof by induction.) 

Assume it true when the index is n, 

i r. (a 4- r)” - (i" + + . . . + + . . . , 

where (!L:r±.l) 

Multiply both sides by a + a: ; 

(a + = a"+‘ + "Cixa" + "Cjafti"-* + . . . + + • • • 

+ xa" + "Cia^"-* + . . . + + . . . 

= + (»C, + 1)*®" + ("Cg + "Ci)af^"-‘ + . . . 

+ ("C, + "C^i)arffl"-'+’ + . . . . 



XLIX.] 


BINOMIAL THEOREM 


423 


But"C, + "C^., 

l.n-2...n-r+l ,Ti/.n-l.n-2.,. nT^+S 

IL ■" \E1 


n.w-1...7i-r + 2fn-r+l A 
n.n- 1 ...n-r-p2 7? + l 
7i+l.n.n-l ...7i-r + 2 


Similarly + = etc.; 

(a + ir)"+' = + . . . + *^ + . . . . 

Thus, if the theorem hold for index w, it holds for 7i + 1. 

But it docs hold for index 2 ; for • 

2 1 

(a + xy = a'^ + 2ax + - -rr* = a® + 2 «j- + a;^, 

I . IS 

the theorem is also true for the index 3 ; 

4, and so on, 

i.e. the theorem is true for all positive integral values of the index. 


317. To prm)6 the Binomial Them-em for a positive integral index. 
(2"*^ method, involving a knowledge of Combinations.) 

(a + j)" = (a + x) (a +x)(a + x) . to n factors. 

The product of these is a homogeneous expression of the 
degree. 

The term containing of contains also and we have to 
dete);miiie its coefiicient. 

This term is found from the above product by selecting a* 
from r of the n factors, and a from each of the 7i - r remaining 
factors. 

The X can be selected in **0^ ways, where ”0^ denotes the- 
number of combinations of n things taken r at a time. 

the term appears multiplied by "C,.. Similarly for 

the other terms. 

/. (a + xY = a" V + . . . + .t" 

- 4" + no"-** + + . . . + a?*. 

a 
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318 . To find the grealett term in the exjMtmwn of (1 +as)*« n hang 




«-r+ 1 




Ty is greatest, or equal to the greatest term, 


t.6. 



\x is firsts < or = L 

\ r / 

(n + l)x 

*4-1, 

r 

(»4-l)« 

r(a:4-l), 
(«4l)® 
* + l • 


(1) Let integer, say jt. 


Then T^+i is greater than as long as r<p) (for instance 
when r=p-\ or p - 2 or any number below }i ) ; 

i.c. Tp > any term before it. 

When r^p the multiplier becomes 1 ; 

Thus the terms increase till we get to the p^y the next term is 
equal to this, and after that they decrease ; 

are the greatest terms. 


(2) Let be a fraction. Let its integral part be 

Here the multiplier > 1 as long as 7' < g + a fraction, 

i.e, the terms increp.8e. ^ 

For values of r from g + 1 onwards the terms decrease. 

Thus T^+i > any term before, 

and (for the multiplier > 1); 

••• T,,. is the greatest term. 

The greatest term of (a + x)" may be found by putting it in 
the form 4 -V For in this case we have only to find which 
is the greatest term in (l + ~j J thi* is -done by using - 
instead of \i& in this article. 
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319. To find Hie greatest coefficient in Ote expansion of (a + xY- 
This is the same as finding for what value of r is greatest. 
See Art. 305. 

Sxam]^ 1. To find the coefiicient of in the expansion of (a^ - 2xy\ 
(a:«-2c)«=a;“(ar-2)» . 

/. we have to find the joefft. of in the expansion of (ar -2)“. 

The term involving in this expansion >2)^. (Art. 315.) 
the required coefft. = x ( - 2)^ 

=.i®CflX(-2)‘' 

12.11.10.9.8 
““ 1.2. 3. 4.5“ 

= 99x2J«. 

( 3\14 

x--\ , to find the term which is 

the ooefficient of in the expansion of (r^-3)^^ is the ret^uired 
quantity. 

The term involving [».e. (a^*)T in the expansion of (a;® - 3)^* 

=iK)7(jk«) 7( - 3)’. (Art. 315. ) 

114 

the required term=^^( - 3)^^ - • 3^. 

Example S. To find the greatest term in the expansion oi (2+ 3a;)® 
vhen . 

{2+3x)»=2»(l+f). 

if Tr denotes the r**> term, 


_ 9.8 ..(9-r+l) /3xyg, 

Tr+,- [ 2 ) 

10 - r 3a; T- 

* 2 * *’■• 

.'. Tr is greatest, or equal to the greatest, • 

when ^ ^ is first < or=l, 
r A 

f.s. when . | < or=l, 

r 8 

“-1 <«=|, 

r 3 


<“=T' 
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».€. when - 
r 


is first < or='^ 
> or= 


11 
30’ 

^ 30 

^ 

i,e. when r=3. 

the 3*^ term is the greatest, 

and its value is 2*?— . > 

whicli=2®j p= -^^=2692. 


Example 4. Find approximate values of (0*909)^. 

'»«)’KS)'=(-iy' 

, 7 . TJl 1 1^ 

100’^1.‘2 100“ 1.2.3' iOO'*'- 

Jl - *007 + 000021 - *000000035+ ... 

= 1 - *007, i.e, *9930 cori'ect to four decimal places, 
or = *9930210 correct to seven decimal places. 


Example 6. Find the coefficient of in the expansion of (1 - +a;)*. 

The coefft. of in (I -«)■•( 1 + a:)® 

= {l-4a?+6a«-4a?®+a?*)(l + ar)» 

= tlio coefFt. of in (l+a)® 

- 4 X the coefft. of x® in (1 + x)® 

+ 6x....? X® 


-4 X X* 

+ x® 


9.8 . 

=.l-,^-4x 


9.8.7 

1.2.3 


+ 6 X 


9. 8. 7. 6 
1 . 2 . 3. 4 


-4x 


9. 8. 7. 6 9.8.7 
1.2. 3. 4"* 1.2.3 


=36-2.3.8.7 +?~^j^+84 


- 120 - 836 + 232 = .372 - 338 = 86. 


Expand 

.1. (l+a:)“. 



7. (3* + 2y)“. 


Examples. ZLIZ. b. 

2. («+*)». 3. («*-»*)• 

5- ^ 

8. (a+W2)»+(o-6a/2)». 
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9. Give the 6th term in the expansion of (1 - a?)'®. 

10. 6th 

11 12th (3-y)”. 

12. Give the middle term in the expansion of f + - 1 . 

l\ii 

14. n being a positive integer, find in the expansion of 
and T,.+i in the expansion of (3-2r)**. 

15. A=tho sum of the odd terms, B the sum of the oven terms in the 
expansion of (a+a;)" ; prove that A* - 

16. The ooeffioiont of in (1 +*p= 

M. [9fc \U 


17. In the expansion of (1 + x)" given T,..t.i= T,.+ 3 , find r. 
Write down the general term in 

18. (l + 2rr. 19. (3-5ar)«» 

20. («*-36a:)». 21. (“' + j)” 

22. Write down the middle term of ( • 


23. Write down the two middle terms of (2a; +y)®. 

24. Find the coefiioiont of in (2a;+a;“)®, 


25. Find the coefficient of a;® in . 

( 2\w 

X f “J . 


27. Show that (a + n/ 2)” + (a - n/ 2)" contains no surds. 

28. Expand (o-a;)’(o+a:)®. 


29. Expand + . 

30. Simplify {s/S + 1 )® -{‘Js - 1 )® 

31. Prove that 

32. Show by actual multiplication that the whole coefficient of x* in the 
product of the expansions of (1 + a?)" and (l-a:F = the coefficient of x^.in 
the expansion of (1 - a;*)". 

* 33. Find the ratio of the middle term to the one before it in the expan- 
sion of (1 -2a:)®®. 

34. If ttr denote the coefficient of a;^ in (1 - prove tl^t 

ar-l + O2»-r=0. 

36. Expand (r+ai)>l+a 3 )(l+a 3 )(l+ 04 )» and show how (1-a)* may be 
derived from the result. 
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36. Find the greatest ooeffioiont in the expansion of (1 

37. Find the greatest term in the expansion of when x= 1. 


38. (3+26)* when 6=2. 

39. (4 + 9*)* when *=1. 

40. (l+*)*whenfl;=J. 

» 41 (^+^*)»when»=l. 


Find the values of the following : 

42. (ItiS)* oorroot to two decimal places. 

43. (l-05)» 

44 . ( 1 - 02 )* 

46. (1 *002)^ oorroot to throe decimal places. 


46. (1 04)* 

47. (l-OiK)® five 

48. (-999)* 

49. (-98)* four 

60. (-9997)* 

61. (1-0005)’ six 


52. Prove that (x+y”=.^+^+«>C.(*«+ + ... , 
and give the last term. 

53. The ooefficients of the 5th and 7th terms of (1 +a;)” are 70 and 28 ; 
find n, 

64, Find the coefficient of in the expansion of (1 + j?)®. 


65. 



{l+xf{l-x)*. 

56 

a?s 

(H »+x®)(l-2a:)’. 

67. 



(1+2j-)''(1+.V)*. 


320. To find the sum of the coefficients in the expansion of (1 + a;)’*. 
Write ( 1 + xY in the form + c^x + + r^x^ + . . . + c^jr\ 

• Put a:=l. Then fo + Ci + r 2 +...+c,. = (l + l)" = 2”. 

« 

To jnvve that the sum of the even coefficients is equal to the mm of 
the odd coefficients in the expaimcm of +«)**. 

Writing (1 +a*)" in the form 

land piittij)g x~ ~ 1, we have 

fe-<^i + C2-«s+-+(-l)"CH=(l-l)-=0; 

Le, the -sum of the even coeifts. ^^the sum of the odd coefits. 

" 2 " 

= ^ (proved above) = 2"“^ 
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321. To find the mine of Cj*+ Cj®+ C 2 ®+ ... +c„*. 

( 1 + a:)" = tfj + Cj* + CgS:* + . . . + 

(*+ l)" = ff,^ + Cl!8*** + Cjj!t“"*+ ...+c,; 

.'. by smltiplication, Cq® + Cj* + Cj* + . . . + cf = coefit. of a:* in the 
product (1 +a!)"(.i!+ 1)*, *.e. in the expansion of (1 +a;)*"; ; * 


e^ + Ci^ + e^+ ... + ef 


_ 


Examples. XLIX. e. 

1. Find the sum of the coefficients in tiie expansion of {2x + 3^)”. 

2. (5a- 46)". 

When n is a positive integer let the expansion of (1+a;)" be written as 

Cfl + Cj a? + + Cjiar^ + . . . + CnO:", * 

and prove the following : 

3. Ci + Cs+Cj+...-2“"^. 4. Cj i 2Cjj + 3rg+...+wc„=n.2**-^ 


5. 


\2n 


6. c^i + CiCa 4- CflCa + Cn= I ^ zf jji + j 

[Coefficient of .r"+^ in (l+a7)"(a?+^l)“.] 

7. Cffir + Cl<?r+1 + <^a^^r+a + • • • + Cn-r^w — |n+r 

8. +(-!)", i^=;rb' 

9. The sum of the products of Co, Cj, etc. ... taken two at a time 

. 

• ^ ou. u. 


10. Sum the series 1 +«C,a^+"C 4 **+ ... . 

U. SimpUfy l+-C. r^+"C.(i^)*+ • + (r^)“ ■ 


CONVERGENT AND DIVERGENT BERIEB. 

3 2^ When a series .of quantities has a limited nUmter of 
terms, it is called a flaite series-; when the number of terms is . 
unlimited, it is called an infinite series. - 
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When the sum of the first n terms of a series cannot exceed a 
finite limit 8, however great n may be, the series is said to be 

Oonvergent. 

If the sum continually approaches and ultimately becomes 
indefinitely near to 8 as n increases, 8 is said to be the sum to 
iiifinity. 

When the sum of the first n terms increases without limit as 
n increases indefinitely, the series is said to be Divergent. 

Wc have seen (Art. 274) that if x is numerically less than 
unity, the sum of n terms of the series 1 + + ... cannot 

exceed , and, as n increases, the s\im continually approaches 
\-x ^ 

and ultimately becomes indefinitely near to * therefore this 

series is convergent, and j-i— is its sum to infinity. 

If a; = 1 , the scries becomes 1 + 1-I-1 + 1 + ...; and n, the sum of 
n terms, increases without limit as n increases. Therefore this 
series is divergent. 

323. An infinite seiics, whose terns are aU&imatehj posUim and 
negative, is convergent if each tmu'^is iimnei'icalhj less than the pre- 
ceding iei'm. 

liCt + Wg - + . . . be the series, and let S denote the sum 

of any number of terms. 

The scries may be written 

(»», - Wj) + (Mj - M J + (Mj - + . . . , 

which shows that 8 is a positive quantity, for all the expressions 
in the various brackets are positive. 

It also may bo written 

- (Mg - H^) - - w j - (My - - . . . , 

which shows that 8 is always less than Mj, however great the 
number of terms may be. 

the series is convergent. 

324. An infinite series is convergerU if,* from and after any fixed 
term, the ratio of each tetm to the preceding ieim is numerically less 
than some quantity which is itself numerically less than unity. 
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Let Wi + tt 2 + ^'3 + «^ 4 + • b© tbo series, where is the fixed 
tomi, and let 8 denote the sum of these terms. 

Then S = + U2 + ^3 + • 



«, Un 



By hypothesis, each* of the ratios *^2 !![2 is less than L 

Ml U2 

where i is a quantity numerically loss than unity. 

S<Mi(l+i + i2 + P+...), 

that is <r 3^. (Art. 274.) 

the series is convergent. 

325. To ihat the s^eries 

I + J + J+ 4+ 5 + ... is direigenf. 

The first torm = l. 

.. second =i. 

. . . next 2 terms are together > 


4 [for the least is J] 

8 > fe, and so on. 


.'. the series > 1 + J J + ... Ip infinity. Hence it is 
divergent. 


Examples. XLIX. d. 

1, Provo that tho series 

1-^+1-^+^... is convergent. 

Piovo that the iollowiiig series ore convergent . 

4. ! + •*! + ;!> +^ + iX + — for finite values of . 1 ?. 

It LI l± 

6 . 1 4 2j? 4- 3ar* 4- 4a® 4- 4- . . if a? is numci loally less than 1. 

6. Use the method of Art. 325 to pro\o that tiio series' 

^+ 2 L+^+P+- is oonvergont if p>I. 
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326. The Binomial Theai^em when the ea^nent {at* index) is not a 
positive integefr. 

The Theorem has been proved to be true if the index be any 
positive integer. It remains to examine its truth for any value 
^ of where the expression (I + 0 ;)** has to be expanded. 

'When n is a positive integer the expansion terminates; for the 
coefficients contain factors n, n-I, etc., and we reach a 

coefficient which vanishes, and thus the end of the series is 
‘ reached. 

When n is negative or fractional the series of terms goes on 
for ever, and it will bo found that the expansion is not always 
convergent unless x is numerically less than unity. 

Under cei-tain conditions the series is convergent when 
or - 1, but it is not necessary to consider those cases at this 
stage. 


To p'ove that the Binomial Series is convergent for all negative and 
fractional vahies of the index, provided that x is numerically less than 
unity. 

In the expansion of (1 + 0 ;)*' 


L±l=®zf-±i 
T, ■ r 








71 "h 1 • 

As r increases, i continually decreases wamerically whatever 

value n may have. 

n "t” 1 

.'."as r increases, — 1 continually approaches the value - 1. 

as r increases indefinitely, the ratio continually 

approaches -x, and eventually will be numerically less than 
.some quantity which is itself numerically less than unity. 

.’. the series is convergent. (Art. 324.) 

•V - SET* We shall use f{n) to denote the series 


for any valve of n. Before reading the next few articles the 
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student would do well to write down the series for several 
particular values of n ; say, 

/(7). /(8), /(-2), /(-3), f{\\ /(m + u). 

We haye proved that /(a)=s(l if n is a positive integer, 
and we shall now prove that 

© - • * 

= (1 +x)*, where r and s are positive integers, 

and that /( - n) = (1 +*)-»... « is positive (integral or fractional). 

328. If a and h are poxUive integm, and a+b>r, then 

‘*‘C,=“C,+*0,_,*C,+«C,..‘C*+ ... + ‘C„ 

where "C, denotes the nimher of comMnatiom of p things talen r at 
a time. 

a and b are positive integers j therefore hy the Binomial 
Theorem, 

(1 +x)'‘= 1 +“0,X + «CV2 + ... +*0X+ ... + Ji*, 

and (1 +x)*s 1 +‘C,x+ ‘C^+ ... + *CX+ ... + **. 

.’. by multiplication, 

(1 +*)‘**sthe product of the two above finite series. 

.'. the coefits. of x' on the two sides are equal, 

*.«. *+*C, => *C, + "C,_, *0, + “Qr_B*C* + . . . + ‘C,. <i.E.D. 

VANDERMONDE’S THEOREM. 

329. Let a, denote^ the product o(a- l)(o-2) ... (a-r + l),* 
where a has my value, integral, fractional, positive or negative. 

If a is a positive integer, 'j 'l ' . ' - ’ 

i,e. the number of r-combinations of a things. • ' 

We will now proceed to prove Vandermonde's theorem, which 
states that : 

If n be any positive integer, and a, h have any values whatever, 
then • ff„-A+ ... +i,. . 
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We have proved in the preceding article, that if a and b are 
positive integers, and a + h>n, 

+ 'C„_,*C.+... +*c.; 

i.e. with the above notation, 

(« + />)» a, a„,, bt o,_t A K 

[m [n'*^ |w-l |l^ |w-2 ‘|2~''‘ ‘^|w' 

multiplying both sides by [w, we have 

(a + 6), = a„ + «a,_A + • a„. A + • • • + 

\jz 

Both sides of this equation are of the degree in a and b, ahd 
we know that it is true for all positive integral values of a and b. 
We have to prove it true for all values of a and b. 

If fl.is a 7 iy particular integer greater than n, the two sides of 
this equation are equal for any positive integral value of t, Le, 
the cqujition is true for more than n values of L it is true for 
tliat value of a and for any value of b, (Art. 208.) 

In the same way, the equation is true for any particular value 
of h and for more than n values of a. 

it is true for that value of b and for any value of a, 
it is true for all values of a and for all values of b. 


so 


330. Proof of the Binomial Them^em f(yr any index. 
Using the notation of Art. 329, 

let /’(m) denote the series 1 + + . . . , 

Li Li. li. 

that 


LL li li 


\r 


- n,x ^ 0*3 

/(")-> +jj-+-j|-+-^+ ... +-j^+... . 
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In the product /(m) x /(m), the coefficient of a?" 

_w, . Wi . CT„g »«B ^ 

Ll EZI’LL ‘ ll 


.1 


r(r- 1) 

1*h + - ' Ij - ■W,.iiWj| + 


... +w^J 


1 ^ 

= p • (m + 7i), by Vandernionde^s Theorem 


= the coefficient of jr*" in f{m + n), 
i.e. the coeflScient of an// power of sr in f{m) x f(n) 

= the Scime f{m + n). 

#. f(m) X /(w) = /(w? + «) /or all vahws of m aivd n, for all three 
series are convergent if x is numerically less than unity. 

Also, on the same supposition, 

f(m) x/(?t) X /(ji) - /(/w X /^)-/(w +n+;/), and so on. 

/('”) ^fiP) ^ ••• + +|^+ ...). 

In this equation let ra- where ? and 5 arc positive 


integers, and let there be s of these quantities. 


’‘•^0 >< ••• « factors =/(’- + 


r T 

to s terms 

s s 


= y(r) = (1 + a:)' for r is a positive integer. 

V- -l) 


which is the Binomial Theorem with a fractional iiidci. 

To prove the theorem for a negative index, put - m for w in 
the product /(m) x f{n). , 

Then /(OT)x/(-«i)=/(m-m)=/(0) = l. 


/(-*») = 
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331 . Evki^s jproof of tike Bmomial Theat'em for any index. 

Let f(7n)^l+nix + — + ^ aj*+... . 

\1 li 

Tlien /(») = ! +wa; + — ^ + ^ 

Li 1*1 

By actual multiplication of these two series we can prove that 
. certainly as far as a few terms ' 

f(m) X f{n) 1 + (m + n)x + ^ 

If X were greater than 1, the multiplication of these two series 
which have an unlimited number of terms, would become un- 
intelligible ; for they contain terms which would become infinite. 
If however x is numerically less than 1, the series are convergent, 
and we may assume that, as it is mere multiplication, the foim 
of the result is the same whatever letters are employed in it^ 
and whatever be the values of those letters. 

to aid our unfinished multiplication we may perform it 
with m and n treated as positive integers, and say that the 
result will hold when they are changed to fractional or negative 
quantities. 

Now if m and n were positive integers f{m) and f{n) would be 
(I +. 7 ;)’* and (1+a;)". 

f(m) X f{n) would be {l+x)"*x(l-¥ a;)**, i,e, (1 + 

%.c, f{m-^n). 

whatever m and n may be, /(m) x f{n) =f{m + n) (1 ) 

The rest of the proof is the same as that by Vandermonde’s 
Theorem in Art. 330. 

In both proofs given in this chapter, it is assumed that the 
product of two convergent series is also a convergent series. 

} ■ ■ 

Binomial Theorem can be proved for any negative 
integral index as foUovs, provided that x is numerically less than 
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{1 + 2a; + 3a;2 + 4a:®+... to infiiiity}(l -aj) 

= 1 + 2a;+3a:* + 4a^ + 5a:*+ ... 

-a-2.i;2-3a;«-4iK*-... 

= l+ a; + a;2 + ic8 + ®4+... (an infinito G.P.) 

=r^ 

=(i-x)-i. 

/. 1 + 2z + 3®* + 4«»+... = (1-j:)- 2. 
Substituting - X for r, we got 

1 - 2^ + 3j;* — f-r® + ... to infiiiitj' — (I +r)~^, 
i.e. /(-2) = (l+a;)-'». 
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|l + (7i + l).r + 


(«H-l)( w+2)^, + <" +i)(^ +M)i ^3) 


-[3- 




= 1 + (»+ 1 -- l)i>:+ - -»+ 


■( 


/t 4- 1 . ?i + 2 . 71 + 3 7A + 1 . 76 f 2 


, , , 7l.7l"+ 1 o . 

:1 +7W;+ — nr — a;2 + 


Putting - X for r, we got 


JA _ 

t. . 71 + ! .71+2 

[ir^- 


. w f 3\ 
2 


M'®+ ... 




/, r 7»'+l.7i+2 , »n- 1 . w + 2 . 7H- 3 , \/i'. \ 

|1 -n+ 1 .;e + ® jT *®+ ((1 +•'•) 

, . n.n + 1 - n.n+ 1 . 7 t +2 

= l -««.+ — 12— a!* •'»^+ 

t.e. /(-jr+i)=/(-w)-(l +a)->; 
if /( -7i) = (l +»)"’*, we see that /( - 7i+ 1) = (1 
But we know that /( - 1) = (1 + ir)"^ ?/ .r <r 1, 

and/(-2) = (l+ic)"2; ^ 


B.B.A. 


.*. /( - 3) = (1 + a.)"® by induction. 
2f 
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Hence /( ** ^) “ (1 +*)‘S *wid so on ; 

for all integral values of n, if j; < 1, we have 


(l+ir)-"=r/(-w) = l-7w; + - 


.7^+1 „ 7t.7i+l .7^ + 2 « . 

- a;* rr. Sr -r . 


L2. 


i£ 


9 

Szample l. Expand (1 + 0:)*^ and find thu (/* + 1)^*’ term. 

(1 + ■gr*= 1 + ( - g)x+ ^ r IKj- J) ^ ~ ... . 


r:2.3...r 


_ 2 .r >.8 ..Qr-l) 

-I 1) *• 

Example 2. Expand (1 4 a:) ** and find the (r4- 1)*** term. 


T _(-4)(-5)(-«)...(-4-r + l) . 

■'+'= n^aTTr 

4.5.6. r.(r4-l)(r4 2)(r4-3) 
' 1. 2.3.4. 5..,r 

1). (r4-l)(r +2)(r+3)^, 

1.2.3 


Notice tliat (1 - z)'” has all its terms positive. 

Also that (1 -x)**-l + z + z®+x-*+ .. . 

(l-x)-2-l + 2x + 3x* + ...+(r+l)x’-+.... 

(1-x)'* = 1 + 3x + ~x* + ^x3 + ... 

(r + l)(r + 2; 

, 1.2 * 

333. To find the greatest term withowt regard to sign m the eajxmsion 
of (a ± 3’)'^” in asceiuHng })(ywcrs of a:. 

The (?•+ term is obtained from the (without regard to 
sign) by the multiplier 

!!: . 5 (in the case of a positive index), 

or ^ + 7 ^ (in the case of a negative index). 

;VT,,,>T, as long as this multiplier > 1. 
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it continually decreases as r increases. 

The term is greatest or equal to the greatest when fhe 
multiplier first < or = ^ 

i,e. (1) ?l^a;<or»=a + fr, or (2) 5^^a;<or = a--a;. 

Thus the term is the greatest or = the greatest 
when r is first > or = (with the positive index), 

or > or =^— — (with the negative index). 

Example 1. Find the greatest term in the expansion of (M where 

X=?jr. 

‘>r+l = 


^ ^ n-r+1 T + ^ 2 -p lS-2r 

Tp+i=Tp. — .i=Tp- 


r •• r S""'*' 3r ’ 

T,. is greatest, or equal to the greatest term, 

when 1 ? -^ — is first < or = 1, 

Sr 

i.e 13 -2r =3r, 

i.e 5r >or = 13. ^ . 

The smallest integer greater than 

thg third term is the gi*catcst. ^ 

Bxamifle 2. Which is the greatest term in the expansion of 
where a:=J? 

Here Tr« is numerically equal to T, • ^ j 

-T ^ 

. r ‘ 4 


=Tp 


12+ 3r 
4r 
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is greatest, or equal to the greatest term, 

, 12+3r . « ^ ^ , 

when — j — 18 first < or = 1, 


ue 12+ 3r =4r, 

i.e r >or=12. 


' If 9'=12, the multiplier=l ; 

the 12^*> and 13^^ terms are equal anchare the greatest. 

Example 8. Find the greatest coefficient in the expansion of (4p;+5p)**. 
By putting .i;=y — 1 we reduce the terms to their coefficients. 

it is only necessary to find the greatest term in the expansion of 
(4 + 5)» 


Examples. ZLIZ. e. 

Expand to 4 terms 

1. . 2. (i+ae)^. a (i-j!)"*. 

4. (1 + H^)-". 6. 6. (U’jJ:)*. 

7, (1 + a,-*)-^. 8. (l-SxfK 9. —jj. 

10. Find the 4tli term of (1 +a;)i. 

11 6th (3o -%)->». 

12. Find the ooofSoiont of j:'* in (I - 

13. Find the (r-t I)*’’* term of (a+a)”*. 

14 (1-*)-*. 

15. .(1 

16. (2-a)-». 


(I I a-r 


, la The ocjoffioieiit of a' in (I -4a) ^ is 


19. Expand to 4 terms 


find its value when .x=-. 




Write down the (n+l)*** term and 


20. Find the coefficient of x' in . 

21. Find the coefficient of .v'** in the expansion of (a-l-a^)~*. 

22. - - a’ 

..V (1-*)* 


23. 

26 .. 


X' 


(!-»)»■ 

i-2a+.^!i? 

n - ail* ’ 
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25. Find the ooeffioient of in the expansion of 

^ rB*- 

27. Xbe coefficient of as" in the expansion of (1 +j: + j^+ ... 4-af**-*)" 

= -n+ ooeffioient of af* in (1 

28. Find the ooeffioiei\^ of a:*' in (1 +2a;+3a:‘+ ... ad 

29. Find the first negative term of (1 + a;)^. 

30. How many terms of (I - 3 j;)^ are positive ? 

31. Which is the greatest term in the expansion of (1 + ar)t when 

32 (1 -a;)“® when as-J. 

33 (1 +*2r)^ when a:=f. 

31 (1+f)’^. 

35. Express - in a series of ascending and idso of descending 
povi ors of .r. oaj+l 

36. Express in a series of ascending and also of descending 

powers of jr. 

334. Fml the sum of the first w+l coefiicieiits in the erpanskm 
ofiX-xY'K 

(1 -«)-• = 1 + 3* + j ■ 2®* + + ... . 

(1 -x)~^=l +X + 3 ^ + 3?+ ... . 

Now, in multiplying together the two series on the right, we see 

, , „ 3.4 n+\ .n + 2 

that the coefficient of a;** is 1 + 3 + j— ^ + . . . + — j 2 

the required sifm == coefficient of a;" in (1 - a*)"** 

7lr+l .71 + 2. 71+3 

" T:2T3 * 


Examples. XUX. f. 

1. Prove that 

1 1 1 LI ^ ^ ^ 

4“2!4' 4® "2. 4. 6' 2. 4. 6. 8’ 4^^ 


o 11, 1 1 . L 1-3 1 1.3.5 1 ^ 

a Prove that _=i + -+^ . ^ + ^ + .. 
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3. Prove that the last seriee 

1 1 1.1 1 . 1.1.3 1 1.1. 3. 5 I 

- 1+2 ’ 2 " 2 . 4 ‘ 2 ?*^ 2 . 4 . 6 ' 2 »" 2 . 4 . 0 . 8 ’ ‘ * 

[Since (1 - J)-1 =n/1 + ^.] 

Sum the eeries 

4. to infinity. 

2.3.4 /2\» 4.5 


Q'*n- ©'*■■■■ 


6 . 

. i> *1. * 3*^ 1^1-3 1 1.3.» 1 

e, Prove that =1+2’ F‘*‘0' ‘ 

Find the sum of the first n oooffioients in the expansion of 


7. (1-®)“^. 8. (i-xy. V. Au. 

11. Expand (1 - 4x)^ to five terms. Show that the coefficient of x” may 


9. a-*ri 


10 . 


l+a? 


be written 


2|2w-2 


APPROXIMATIONS. 

335. If a is a small fraction, is a small fraction of a. 

Thus if a is very small, may be neglected in comparison 
with a in approximate calculations, or in comparison with a'^. 

If we require a rough approximation we can reject all powers 
of a above the 1st ; if a closer approximation is required we can 
retain the term containing and reject the higher powers ; and 
so on according to the degree of accuracy required. 

(l + a)2=:l + 2a + a2; 

.’. if an approximate value of (1 + a)® is required, we may call 
it I + 2a. 

(1 + a)3 = 1 + 3a + 3a2 + a® ; 

1 + 3a is an approximation for (1 + a)®. 

•A closer approximation is 1 + 3a + Sa®. 

In the same way, 

(l+a)"*l+na + — — 0 ®+... 
s 1 + na approximately, when a is a small fraction. 



XLTX.] 


APPROXIMATIONS 


443 


Also when a and p are both small fraotions, 

(1 + a)”‘(l + py = (1 + 7»a)(l + nP) approx. 

= 1 + wa + TijS approx., 

neglecting the product mnaP^ which is small compared with 
o and p, 

Examide 1 . Calculato^approximately 

We know that 625=51 

Now -V® =(e25 -2)*=e25i (1 *)* 



=S{ 1 - i(0032) - a^c-oaw - ...} 

=5{ 1 “ *0008 - *00000096} approximately 
= 6 { 1 - •00080096}=4*9959952. 

Observing the 3rd term we notice that if we took only 2 terms the 
accuracy of the result to the first 4 places of decimals would not be afleciod. 
The result would then be 4*996. 


Example 2 . Find the value correct to 9 places of decimals of 
( 1 + 2.®)^ ( I - when x = *0003. 

(l + aB)i(l-aer*=(l + a!-|»*+4j:3-.,.)(l+*+2a:*+-V.*'H •• ) 

= 1 +a» + |4:*+ ... 

= 1 + -0006+1 X •0000p000+-*ir®- x -000000000027 + - 
= 1-000000226. 


This is correct to 9 places, since the 4th term, if it were iiu-Iudvd, 
would not alter any of the first 9 places of decimals. 

• • 

Example 8. If 2 ; be small compared with unity, find an approxiniaic 

, .(l + a;)*(l-2a*)5 

value of , n 


l-ix 

The expression ~ expand the factois ol the numerator 

by the Binomial Theorem and neglect a:® and liigher pouers of ar. 

, by multiplication of the factors of the numerator, 
the expression = (1 - ^a:) (1 - 

=(i-^»)a+4.e) ' 


= 1 ' 5 apprbximatdy. 
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Kramplo A If x be nnall compared with unity, 

(2+aB)^(8+5j:)^ _ 2*(1 
(l-*)^+(4-ar)* l-ia!+4*(l-|ar)i 

4^2. (H j-g)(l+TV) 

, ■■ l-|*+2(l-|x)' 

4N/5.(l+j^a:) i>Ji(i+lx) 

’■* ’ 

=^N/§(l + iar)(l + 3x) 

=• 3 n/‘ 2(1 I- approximaU*l3\ 

A closer appraximation would bo obtained by neglecting only powers of 
or a)x>ve the 2nd. 


Example 5. It ^ feet Im 3 the length of a pendulum which beats seconds, 
how many beats will it lose in 24 hour<4 if it be lengthened one per cent. , the 

time of n boat in seconds being given by the expression ir^~? 

JiCt t be the time (in seconds) of the beat of tlic lengthened pendulum. 


But 1 =rT a/ ^ (since the original pendulum beats seconds), 
by di vibion < = Vl + 

The number of lieats in 24 hours = the number of seconds in 24 lirs. -f the 
time of I beat="" — ~ +7^) ^ 

= 80400(1 - • xoir) Approximately 
• = 86400(1 -^Jy) =86400 - 432. 

It originally did make 86400 beats ; 

the number of beats lost =432. 


336. App'odmate divisiott. Divide 6768 hy 997. 

8758 -r 997 = 67.68 (1000 - 3) 

= 8758-5-1000(1 "nAur)"^ 

= 5-788 X (1 -i-TuVir) approximately 
= 5-758-l-nArff of 5-768 
= .6-758 -b -017... 

= 5-776, 

a.result whioli is cofeeet to 3 decimal placea 
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387- Approximation for the root of a number. 

If asa + ic, where a is an approximation and consequently x 
is small, then a closer approximation is given by the formula 


_ (r+l)N■^(r- l)a- 
(r-l)N + (r+lK' 

For instance, in findtng a cal)e root, 


a. 


(1). 


To find 




4N + 20'' 2N + 0* 

2N + 4o^*® N + 2o»‘®' 


Here an approximation is 

• »/o _ ^ ^ 4- V<* 

•• T — TT14~^ 

■a + -XI- 


25992. 


This approximation gives the first 5 decimal places of i/2 
correctly. 

If p - 2 be small compared with p or q, 


Ip _ (» + 1 )y + (r — 1)2 approximately. 

Mq (r-l)p + (r+l)g ^ 

For ((j >fg) + (j>-g)}j 

S' 

„e..y 

{l-(p-q)/(p + q)}r l-^(p~q)/(p + q) 

(r +l)p-t i(r-l)q 
(r- l)p + (r+ 1)2 

This becomes the formula given alwve, if = N and q = o’. 


Examples. ZLIZ. g. 

f 

L Write down (he value of !e*+3»+|+ j, when »^10; imd find its 
value, to the nearest hundredth, when x= lO’l. 

2. Find the value, to the nearest hundredth, of.^^x-fc— ^ ,when x=10. 

Also find the value of the same exprea^ion, to the nsiwest JuCidredth, wfien 
x=101. 
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3. Find the value of when a;=10. Also And its value, to the 

nearest hundredth, when a; =9*9. 

4. Test the following rules for approximation : 

(i) To divide by t, multiply by ^ 

' ^Compare this expression with the value of ^ 

(ii) To divide by multiply by *0013. 

5. Find the value of 1 *0001^ correct to 4 places of decimals. 


6. 

1-0006^ 


7. 

1 


8. 

(1 -Ha;)*(l -a;)-* 


9. 

. s/ioos 

3 places. 

10. 

. n/99 

5 places. 

11. 



12. 

. i/5i0 


13. 

.m 


11 




15. The side of a square is increased by '1 per cent. What percentage 
of increase is there in the area? 

16. When X is numerically < 1, prove that 1 - a; is an approximate value 

of , i— , and that 1 + a; is an< approximate value of — i What is tho 

1+a; l-a? 

amount of the error when a;= -j ? 

17. Find the sq. rt. of 1 + a: as far as the term in a:^. [a; is numerically < 1 . ] 

18. « Approximate to n/1 *03. 

19. If we use tho formula (1 -a7)^=l - f a; find ^/99^7, to how many 
decimal places is it correct? 

Use the Binomial Theorem to find the value of 

20. 3457 -r 998 correct to 3 decimal places. 

21. 7 -821 4- 1002 

22. 4831-5-996 

23. 3414^99* 

24. 9381675-^9992 

25. 5-231 -f CO-996)?. 

26. The edge of « cube is diminished by -01 per cent What percentage 
of the original volume is theylecreaso of volume ? 
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27. A pendulum which beats seconds is lengthened by *04 per cent, of 
its length. How many beats does it lose m 24 hours ? 

f Time of 1 beat=TA/T. 

L 32 _ 

28. If is so small that powers above may be negleoted, find the 
value of (1 + 7a?)® - (1 + 8ar)^ 

When X is very small, prgve that 

OA 1 

(i - 3a;)«(l approximately. 

80. = 1 + 21 a: approximately. 

31. + g approximately. 

33. (1 - »)* + ^ 1 +^ approximately. 

34. (t+!e)^ + (l -g ). | =1+1^ approximately. 

(x+0**-^)* am 

35. ^ , oVv . = 1 - Vu ** approximately. 

^4 


36, Expand powers of a to the term in a**. Wlion a 

balance is used in air of density a, and a body of density D is balanced in 
it by brass weights of density a weighing m grams, the ical weight of the 
body in grams is 

m 

• 

Expand this expression to the first power of a, and find how much the 
weight of the bony differs from that of the brass weights when m = 1000, 
a=-0012, d=8, D = *5. 

* 37. Find the coefficient of jc® in the expansion of 


(-3)/(‘-D> 


38. If N =(a+a?)®, where x is small in comparison witli a, prove that 

■ * *pp«’*i""‘‘®*y- 
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CHAPTER L. 


BEVISION PAPERS. 


L. a. 

1, Find all the factors of 42x^+ - 3, given that 2a; + 1 is one 

them. 


2. Simplify 


2 + n/3 ^ 4--2n/5 
4+\/3 5-2n/3‘ 


of 


3. If a, i9 be the roots of x'^+j9a; + 9=0, find the equation whose roots 
are + nffl and wijS* + wa*. 

4. Find the value of 1 ‘04~^ oorreot to 2 dooimal places. 

5. Prove, without assuming the value of "Or, that 

I * 

6. Find the greatest coefiioiont in the expansion of (1 + 


7, Draw the graphs of .y=2a: + ^ and y®=4ar, and so solve the simul- 
taneous equations. 


L.b. 


1, If a : 6 = 6 : c, each ratio = 6*/(a h b ) : c®/(6 -I- c). 

2. In how many ways can a crew of 8 be arranged in a boat, if only 3 
are fit to row the stroke oar? 


3. A man walking from A to B at the rate of 3J miles an hour starts 
40 miiiates before the departure of a ocmch from A that goes 10 miles an 
hour, and is picked up by it on the way. When he arrives at B, he finds 
that his journey by coach has lasted 23 hours. Find the distance from 

A to B. 

4. If log 4 N ‘35184, find loggN. 

3. The first and last of an odd number of quantities in h.p. are f 
and 2 +n/2 : find the middle term. 


6. Find the conditions which must bo satisfied in order that the equa> 
tions a;- -fax -I- 6* =0, j;“--6x + a®=0, may have (1) the same roots, (2) one 
toot common. 


7. 


Find the middle term in the expansion of 



L. c. 

1, The roots' of the equation ox^-f 2&x-f c=0 will be imaginary if a, h, c 
are in h.f. and have the same sign. 

2. Between two numbers whose sum is 23 an even number of arithmetio 
means is inserted. The sum of these means exceeds their number by 1. 
How many means are there ? 
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^ Ten men are to be selected from 4 companies, a different number 
l)eiiig taken from each company, and no company being without a repre- 
sentative. How many diifei'ent arrangements can be made as to the 
different numbers to be taken from the several companies ? 

4. If one-tenth of the trees in a plantation are cut down every ycari 
after how many years will less than one-third of the original number be 
left? Ll«g3='47^1.] 

6. Find the 10**' term in ^he expansion of . 

6. Find-y^, using logarithms. 

7. The natural numbers are divided into groups thus : 

1 ; 2, 3, 4 ; 5. 0, 7, 8, 9 ; etc. 

Prove that the sum of the nuinbera in the group is n^ + (n - 1)*. 

L. d. 

1. Express *7 in the scale of 9 and test by summing a u.r. 

2. Oiven log]y5= ‘69897| find to 3 places logN/ 08 to the base 125. 

3. 864 bricks cacli containing 110*592 cub. inches, are piled in a stack, 

wliose length and breadth arc each double of its heiglit. What is the 
height ? 

4. Find the value of ^(3 + 8>/7 + 4<^3) - n/3. 

5. The volume of a gas varies as the absolute temperature aud iuvciscly 
as the pressure ; anrv with temperature 300 and pressute 13*5 the volume 
is 120 c. niches. What is the volume when the temperature is 350 and 
piessuie 15? 

6. Find the r + 1**^ term in the expansion of ^3 - Q . 

7. Find correct to 11 decimal places. 

K e. 

1, Sum to n terms the series whose term is (n-i- 1)(»+3). 

2. What number of 2 digits is that which, if its digits bo reversed, 

becomes 1 less than its half, the sum of the digits being 7 ? • 

” hr}’ {Zjf- 

4. Transform 4569*246 from the ordinary scale to the scale of 5, obtain- 
ing a correct result to 4 places of fifths. 

• 5. Prove that the greatest number of combinations that can lx* foimcd 
with 2n things, each combination containing the same numbci of things, iS 
double the greatest number that can be formed with 2n - 1 thingy 

/ a:2\i 

6. Find the 6th term in the expansion of f 2 j; - ) and the coeflft. of x** 

in the expansion of (1 

7. If a pendulum of lenglh I feet, which beats seconds, be IcngtSiened. 
one half per cent., and the iiliimber of beats in 24 hours, the time of a beat 
being ws/l-rd2 seconds. 
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L f. 

1. Find an expression, of the 2nd degree in x, which is equal to 2, >1, 
34, when x=l, -2, 3. 

2. Express 2(a^ + 5^ + c* - &c - ca - a&) as the sum of three squares. 

3. Find by logarithms (i) >/2*7i8, (ii) '296 x 3*378, (iii) where c= 2*718 
and IT =3*14. 

4. If a, 5, c are in o.p., and a-5, c-a,f b-c in H.P., prove that 
a+454-c=0. 

5. Show that - P+2®-3* + 4*- ... to 271 term8=l +2 + 3-f-... + 2w. 

6. The square of the sum of two numbers is divided by the product of 
the sum of their cubes and the difference of their squares. Express the 
result algebraically in lowest terms. 

7. A parent puts in a hox for a child on every birthday a half-crown for 
every year of its age. How old will the child be when the whole of 
the money in the box is £17 ? 


L. g. 

1. Solve 3a;®+5a^=22\ 

lla?y-3y’»=:19/' 

2. Trace the values of a;+- as a? changes from - 3 to +3, and represent 
it graphically. Find its least numerical value. 

3. Sum the infinite series 

4. Tlic sum of the squares of the first n natural numbers is 20n. Find n. 

5. How many sums can be made with the following coins ; a penny, 
a sixpence, a shilling, a half-crown, a crown, a sovereign ? 

6. Represent graphically 11+ 6\^. Find its square root graphically and 
test your accuracy % finding the result algebraically. 

7. If a square number ends in 9, the preceding digit is even. 

L. li. 

1. A scries whose 1st, 2nd, and 3rd terms are 

JL 1 1 

n/5’ 1+n/ 2’ 4f3V2 

is either Arithmetic or Geometric. Determine which it is, and write down 
the 4th term. 

2. Find the sq. rt. of 3(a;-l)+2N/2a*-7a:-4. 

3. ' Yind the yaliie of x from the equation 18®^= (64>/2)**“®, using 
'asbsiSe3\^. 

■ 4. Prove that, if ti^o numbers have the same digits, their difference is 
a multiple of 9. 
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5. In how many ways can 10 pei'sons l)e divided into parlies of 3 and 7 ? 
In how many ways can 10 things be divided between 2 persons so that 

one may have 3, and the other 7 ? 

6. Find the greatest coelfioient in the expansion of 

(i)(l+ar)a (iiXl+arp. 

7. Finf the cooffioient of af in the expansion of ( 1 + 2.t*)/(l - x)\ 


• L. k. 


1. A diagonal of a oyclic quadrilateral is given by the expression 

r {he -f ad) ( gf + 1 

\ ab + td J * 

where a, b, r, d are the sides taken in order. If the sides, in order, are 
60, 25, 52, 39, prove that the diagonals are 65 and 63, and the area is 1764. 
[Divide into 2 triangles.] 

2. The value of a lease is found to be £6000(1 - 1 *04*"'^). Calculate it 
by logarithms. 

3. Sum to n terms the series l*+3^-f 5^* + ... . • 

A What fraction in the common scale is equal to ‘5$ in the scale of 7 ? 


EL n a, b, c are in ii.P., then 

6. Determine which is the greatest term in the expansion of (3*1 
when x=^, 

7. Show how to sum the series 1 +2»+3 j:®+ ... ; piovc that 

l+2(l+i) + 3(l+y%... + »(ny”'‘=«*. 

L. 1. 


1. If one of the equations a:* - a? (3c - b) + be = 0 and - a’ (5c - b) + 4t- - 0 

has equal roots, so has the other. 

2. If 1, X, y are in A.P., and 1, y, x in g.p., find x and y. 

3. How many words, eaA of 7 letters, can be formed from 3 vowels and 
4 consonants, in which no twrf consonants arc together ? 


4. Find log *00132874 to 6 decimal places, given that 

log 1*3287= *123427, log 13288= *123460. 

5. The diameter of the earth being 7900 miles and that of the moon. 
2160, find the diameter of a sphere whose surface is the sum of their 
surfaces. (Surface oe square of diameter. ) 


6. If (l + «)»=c« + Cia: + C 2 ac®+...+c„ar", show that 




7. Each of two bags edntams 12 different coins 
combinations of 10 coins can bo made by taking p 


; find how ftiapy differehfc- 
out of each bag. 
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1, If a, ht e, d are in G.F., prove that 

(a* + oc + c®) (6^ + W + cP) = (a6 + 6c + cci)*. 

2. What number added to the expression 


will make it a square ? 


1 ^2 

9 


3. Sum to infinity i+ ^ 




>J2 l+s/2 3+2V5 




CK® ^ 6® 

4. In the equation ^ >:=0 find the value of 6 when the roots 

are equal. ^ 

5. A walks m miles in n hours ; B walks 6/i miles in hours ; and 
the diflbrencc of their rates of walking is -g mile per hour. Find the rate 
at which each walks. 


6. Show that {sP ~ 6c) {2x - 6 - c)*' has no real value between 6 and c. 

7, Solve the equation a*{a*-l) = 2 ; and find tlie value of 

10 log I + 7 log 1 * 8 : + 4 log * g . 


If. XL 

1. The product of any 4 consecutive even integers increased by 16 is 
a pci feet square. 

2. If x=2+s/i, then **+^=12. 

3. Find the relation between a, 6, c when a;+y=a, a:®+y*=6, a:*+y®=c. 

4.. Solve 2{x*+i/*) + ljcy{ic^^y^)=740'\ 

2{j^ + y^)-xy = 21 )/’ 

5. Ten men are chosen in every possible way out of 16. In how many 
of tho groups do 2 particular men occur? 

6. Find the coefficient of af in the expansion of (1 +a;)(l 

7. Find which is the greatest term in the expansion of (1 - when 


If. p. 

— ^ 

1. If a:=3-V3, then a:® + ^=24. 

2. If a, 6, c are in A.P., and a, 6, c+ 1 are in O.P., prove that 

a=(a-6)*=(6-c)*. 

3. A numbed consists of 3 digits in g.p. Tho sum of the right-hand 
and left-hand digits ekceeds twice the middle digit by 1 ; and the sum of 
the left-hand and ji]^dlr digits is tw’o-thirds of the sum of the middle and 
right-liand digits. I^nd the number. 
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4. Prove *«+^,^.,+*«+<C„4.,=*"+»C,+5. 

fi. Sum the series l+2x6+3x8*+4x6’+5x6‘( by expressing it firet 
in the scale of 6 and then converting it. 


6. 105*'= 100. Find a? to 4 deoimal places. 

7. Expand (1 - a?)"* to 5 terms, and write down the (r+4)‘*> term in its 
simplest form. 

Apply the Binomial Theorem to prove that ^ i 




L. a. 

1. A merchant at the end of the Ist year had doubled his original 
capital, the 2nd year ho gained £80 more than the square root of his 
increased capital, the 3rd year he cleared half the square of all that lie 
had at the end of the 2nd, and found himself witli £18240. How much 
hod he at first ? 


2. The common difference of an a.p. is -d, and the sum of n terms is 

(2a+^ gndn. 
tw 

3. Provo that 2^=2^.2^*.2'^ ... nd i'nf., and hence show that it is 
possible to find cube root by continued extractions of square root and 

multiplication. Find an approximate value of 2^ by two multiplications, 
and show to how many figures it is correct. 

4. Provo that 2*" - 1 is divisible by 15. 

6. The equation y=?iw; + c when combined ^ith y^=Aax gives equal 
roots for x and equal roots for y. Find c. 


By the Binomial Theorem, sum the series 
1 . 1.3 1 . 1.3.5 \ 


1 + . 


.1.3 i.l.tl.o JL. 

’•“12 •^ + .,.adinf. 


7. Find the coefft. of x^ in (1 +2.r + 3j;® + 4a!* + ,.. od where x is 

numerically < 1. 


« 

1. Simplify 7 log +5 log I J+3 log IJ. 

2. If a, h| c are in h.p., a*+c®>2fA 

3. If a:+y + z=a, and a;“+y*+2?®=&*, express in terms 

of a and b. 

4. Solve the equation 1 *" ^ 

5. Find the first negative term in the expansion of (l+ar)S, x being 
positive. 

6. Find 5 numbers in a. p.. whose sum shall be 25 and'their product 2520. 

7. In how man^ wajis calh a party of 6 be selected from 20 people, so 
that the party may never contain more than one of twb specified ? 

B.BfA. ^ '20 
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1. If/(n)=5n2+6» + l, find 2{f{n)}. 

2. Find the number of diagonals of a polygon of 16 sides. 

3. The expenses of a house are partly fixed and partly oe the numl>cr of 
inmates. Wlien the numljors are 8 and 9, the expenses are £1020 and 
>£IJ00. Find the fixed pi'irt. 

4. Obtain S/EW approximately by the BinoLiial Theorem, and check 
your result by logarithms. 

5. On a division in the House of Commons, if the number of memliers 
for the motion had been increased by 50 from the other side, the motion 
would have lieen carried by 5 to 3 ; but if those against the motion liad 
received 60 from the other party, the motion would have been lost by 4 
to 3. Did the motion succeed, and how many meml)ers voted ? 

6. Three consecutive cooffioioiits in the expansion of (1 +ar)** are 91, 364 
and 1001. Find m. 

7. Find the sum of the first r coefficients in the expansion of (1 - 


L. t. 

1. How many numliers less than 1000 are there which contain the 
digit 3 at least onoo ? 

2. If * is very small, = 1 - * nearly. 

N/r-a: + (l+2a;)* ^ 

3. How may a body of 754 lbs. bo weighed with weights of 1, 3, 3®, 
3® ... lbs., only one of each l>cing used? 

4. Draw the graph of ?/**= 12a:, and find where it is met by the lino 

• + 


5. 

6 . 

7. 


Prove that 3** - 1 is divisible by 80. 

Ry logarithms, calculate the square root of the reciprocal of 6241. 


tliat/(*+y) = 

W "T tv 


f(x)+f{y) 

1 +f{x)f{y)‘ 


CHAPTER LI. 

INTEREST AND ANNUITIES. 

338. Simple Xatetert. If r be the interest on £l for 1 year, 
Pr is the interest on P pounds for 1 year. 

' the interest on P pounds for n years is Par. 
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If V be the present value of P due n years hence, V with its 
interest must amount to P in w years. 

V + V7ir=P; 

^ 1 + m* 

Discount = P - V = P - ... 

1+nr 1+7W* 

' This is called true dismi^U, In actual practice the discount 
allowed is simph interest. 

339. In Gompound Interest the Principal does not remain 
constant, but is increased by the addition of the Interest when- 
ever the latter is paid. 

If I be the interest on P, on which the interest is paid 
annually, the principal for the 2nd year is P-f I. , 

340. If £P amount to in n years, to pi'ove (hat M - PR",, 
where R is the ammmt of £\ in one year. 

Ill 1 year £l amounts to £R. 

.* £P £PR. 

In the 2nd year this PR amounts to PR . R. 

/. in 2 years P amounts to PR^. 

In 3 years P amounts to PR® ; and so on. 

.'. the amount of P in n years at compound interest is PR". 

341. If V is the present value of P due n years hence, 

reckoning compound interest, • 

V with its interelSt must amount to P in n years. 

.•. VR”=P; .•. V=P.R-" 

342. If interest is at the rate of r per cent., 

r 

the interest on £1 for 1 year = Y^i 

r 

and the amount of £\ in 1 year = 1 + ygg. 

Thus, at 5%, the i^terhst on £\ for 1 year = £*05, • - 
and the amount of £l in I year =£1 *05. 
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Example. Find, as aoourately as you can with 4-fijpire logarithm 
tal>lcs, the amount of £500 at 4 % in 20 years, at compound interest. 

Using the formula M = PR**, we have 

P=600, R = 104, n = 20. 

/. M =500(1 •04)». 

(1 -(Rp^antilog (20 x *0170) = antilog (*340) 

=2*188. 

M=600 x 2 188=^=fl004. 


* 343. In some cases compound interest is payable more fre- 

quently than once a year ; e.g. it may be reqtiired to find tfie 
amount of £1000 in 2 years at 6 per ceni.per annum, the interest 
being paid each half-year. 

Hero the interest for the 1st half-year = i of of £1000 
= £30. This, is added to the principal, making it £1030; and 
the interest for the 2nd half-year = 1 of yj j of 1030 ; and so on. 

Thus the p'oeess is* equivalent to calculating the anmint for twice as 
many years at half the given rate. 

If r be the simple interest on £l for 1 year, the amount of 
£P at the end of the 1st half-year = P + = P^l +0* 

Thus each half-year the sum of money is multiplied by ^1 -l-Q. 


.*. the amount at the, end of n years, i.e. at the end of 2n 
half-years = P ^1 + ^ ) . 


If the interest were paid quaHerly at the same rate, the result 
would bo the same as if the rate were one quarter of what it is, 
and the payments were made annually lor four times as many 
years. 


The amount at the end of n years = P 



344. The Compound Interest Law is applicable to questions 
of population. 

Example l. In a town whose |»pu1ation is p, the inorease is 2 per cent, 
annually. What will the population be in n ▼ears ? 

' At the em*of th^ Ist year, } • * 

the population =p +p x Tuu) ^ ^ 
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The next year this population is multiplied by the same quantity, 1 -02. 
the population at the end of the 2nd year =p x 1 *02^. 

3rd =px 1*02®. 

nth =^jxl-02« 

Examine 2. If the increase of population in a town is 7 per thousand 
annually, in how many years will tne population be doubled ? * 

In n years the populatign, originally P, booomes 

PxO+itfW"» PxlW. 

Pxl-007"=2P 
l-007*=2, 
n log 1*007 —log 2. 

.*. we may say that the town doubles itself in population in rather less 
than 104 years. 

Examples. LL a. 

1. At what rate per cent simple interest will £91. 13s. 4(i. amount to 
£100 in 4 years ? 

2. In what time will £315 become £378 at 4 per cent, simple interest ? 

3. Find the true discount on £720 due 3 months hence at 2^ per cent, 
simple interest. 

4. Find the compound intere.st on £620 for 5 years at 3 p.c. 

5. £50 10 4 ... . 

6. Find at compound interest the amount of £825 in 6 yrs. at 3.^ p.o. 

7. £120. 17«. 6d. ... 7 4 

8 £30. 5«. lOd. ... 14 5 

9. In what time does a sum of money double itself at 5 p.o. compound 
interest ? 

• • 

10. In what time at 4 p.o. ? 

11. Find the amount of^lO in 40 years at 5 p.o. compound interest. 

12. If the birth rate in a place be 76 in 1000, the death rate 48 ia a 

thousand, in how many years will the population be doubled ? ^ . 

13. At simple interest^ the Interest minus the dlscount=the interest oh 
thedisoonnt. 

14. At what rate, simple interest, will the interest on £326 for 7^ years 
be £110. Os. 6d.? 

16. In what time will £502. 13s. 4d, amount to £578. Is. 4d. at 4^ per 
cent, simple interest ? « 

16. The time is 3 months, rate 4 p.c., simple interest £5«. 10s. lOjef. ; 

what is the principal ? . \ • *4 . 

17. The rate is 4v p.c., simple inton^st £5|, principal £380. 4s. 2(1. (r, 

find the time. ^ , 
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18. Find the amount of £6000 in 6 yra. at 5 p.o. compound interest. 

19. Thep resent value of £826. 10«. duo dg years hence at simple interest 
is £725. Find tlie rate. 

20. The discount oii £618^ at 4 p.o. is £80|. Find the time at which it 
is tlue. 

' 21. I'ho difleronce between interest and discount at 2*5 p.c. for 2 ^ years 
is £2. i 1 What is the sum due ? 

22. In what time will a given sum treble itself at 3 p.c. per annum, 
compound interest being payable half-yearly ? 

23. 'riireo sums in a.p. are put out to compound interest for 2, 3, 4 yeara 
at 5 %. The amounts are then in A.P., but the sum which was greatest is 
now least. Find the ratio of the greatest to the least. 

24 . The interest on a certain sum of money for 0 months is £30. 18s., 
and the discount at the same rate is £30. Find the sum of money and the 
rate. 

25 . Calculate in decimal form tho terms of (1 +y‘5o)*** 
pound interest on £100 for 5 yrs. at 3 per cent. 

26 . Money is put out to compound interest at 2^ per cent. ; show that 
it will have more tlian doubled itself in 2!) years. 

27 . A sum of £1000 i.s lent on condition that it shall bear compound 
interest at 5 p.c. per ann. for the first 5 years, 10 p.c. per ann. for the next 
r> years, and afterwards 15 p.c. per ann. What will the debt amount to in 
IJO years ? 

28. Tlie number of births in a country being annually 58 per 1000 
iiihaliitaiits and the los.s from deaths, etc., 25 per 1000, find in bow many 
years tho poj)uljition will be doubled. 

29. TIuj annual excess of births over deaths in a country is 15 per lOfK). 
Find the number of years roqi>ired for the population to be doubled. 

30. The births in a town are 42 per 1000 annually, and tho loss through 
<U*alh and other causes 17 per 1000. In how many years will the population 
be half as much again ? 


ANNUITIES. 

345. An Annuity is a series of equal annual payments. 

‘ 'An Annuity may be iemiwabh^ ie, it may cease at tho end oi 
a certain nunibor of years; or it may \>q peiTpetmh 

In calculating the accumulation of an annuity which has 
remained unpaid for a number of years, or the present value of 
ail annuity, the question of interest comes in. In such questions 
simple interest is inapplicable, as it gives contradictory results. 
Ill the folloVing ' investigations, thereiore, it is assumed that 
compound interr.st is implied. ... 
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One form of annuity of £A is a property bringing in £A 
annually, such as a freehold estate bringing in rents to that 
annual amount. If the present value of such a property, ie. the 
sum of. money required to buy it, is £9iA, the property is said to 
be worth n year^ jnirclme, • 

A leasehold estate is one which is held for a limited number 
of years ; and the income from it may be regarded as a ierminahle 
annuity. 

When an estate is bound to come into a man’s possession after 
a certain number of years, that man is said to have a reversionary 
interest in it; and the present value of the reversion is the 
present value of the income which will begin after so many years. 


346 . To find the present value of an annuity to cou(inue for n years. 
Let the annuity be j£A, r the interest on £1 for a year, 
amount of £1 in 1 year~l R. 


The present value of the 1st }>ayment~ , (Art. 341) 


2nd 


R' 

A 


3rd = and so on. 

R-^ 


the present value of the annuity = 


R R2 



to n terms 


1-R-"^A(1-R-) 

R ■ 1 - R-’ R - 1 ■ 

• • 

AVhen a = oo, R" ^ infinite, and R"'" is indefinitely small; 

the present value of a perpetual annuity 

A(l-R"") , 

= — ~ — - — - where n = co 


A A 

“R-1*? 


Notb.— The present value (P) of a perpetual annuity might ajao bo 
found as follows. 

The annual interest on P must bo just what is^re<|uircd tb pay thu 
annuity A. Butitho ipten)bt on P= Pr. 

• - P»=A. P=^ 

r 
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347. To find the present v<dm of an armmty of £A to begin m ijeais 
hence ancl to continue for p years. 

The first payment is to be made at the end of + 1 years. 


/. the present value of the Ist payment \ 

2nd 


= Rm+2* 


the present value of the annuity 

A . A . 


' Rm+2 


w P toil 


A 

=p»« 


1 - 


1 

21= A 

1 R” 

R 


l-R-» 

R-1 


= \(R-'*-R-“-''). 

The present value of an annuity to begin m years hence and 
to contniuo for ever is obtained by making p infinite ; 

AR *“ 

the present value - -j— . 

Ezample 1. Find the aim\\it> foi JO yeats which can be purchased foi 
£2(HX) if the rate of interest bo 4 %. 

Iict the annuity be A pounds. 

Then 2000= the present value of the Ist instalment 

+ 2nd 

+ etc. 

R-l Ra+ +RtS 

_A(1 R-“)^l(WA^j_p_„j 
• A=80+(l-l-04-“). 

l'04~>'*santilog( - lOlog l‘M)=antilog( -(hlTO) 
f=siitilogl‘830='6761^ 
f. A=80+-3238=24ft99. ^ 

The amount of the annuity is approximately £247< 
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The following question may be solved like one involving 
annuities. 


Biample 2. A sum of £2400 is borrowed now. Payment is made by 
annual instalments of £102, beginnin|[ at the end of a year. How many 
instalments are required if the rate of interest is 5 per cent. ? 

Let there be n instalments, 

2400= the pjDsent value of the 1st instalment 
+ 2nd 


='ir'*’1¥r+ 


1 - 

•05 ‘ 


l-l*05-’‘= 


2400x05 


><«— '-s-ff 
■■■ 1 

n log 1 03 = log 8 - log .3 = -9031 - *477 1 = ■4260. 
= 20 approximately. 


Examples. LI. b. 

1. What is the present value of a pcr|>etual annuity of £.560 nt 
4 per cent. ? 

2. What is the present value of an annuity of £425 to continue ior 
48 years at 5 per cent. ? 

8. An estate is considered to be worth 25 yeais’ purchase. What ih 
the rate per cent. ? 

4. A perptftual annuitjr of £110 is bought for £2000 ; what is the rate 
of interest ? How many years' purchase is it said to be worth ? 

6. Find the present value at 3^ per oent. of an annuity of £100 to 
bepin 8 years hence and continue for 15 years. Find also its picsent value ^ 
if It is to be perpetual. 

6. A person buys an estate yielding £.300 a year for £6250. What 
rate per cent, is he obtaining for his money ? 

7. If I pay £2000 for the rtvei'sion of a property after 10 years [i.e. foi 

a property which liecomes mine after 10 years], what must be the tout 
from it in order that I may get 5 per cent, on my purchase money ? " . . 

8. How many years* purchase is a freehold estate worth ID at 4^ per 

cent., (ii) at 5 percent.^ ) ^ * 

9. Find the present value of an annuity of £75 to' begin 4 years (lenoe 
and oontinne for 11 years, the rate being 5 per cent. 
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10. Find the present value of an annuity of £75 to begin now and last 
for 25 years at 5 per cent. 

11 . Find tho cost of an annuity of £120 to run for 20 years at 5 per oent. 

12. Find the present worth of a perpetual annuity of £441 to begin 
2 years hence at H per cent. 

13. I lN)rrow a sum of money, and the debt is to be discharged by 
iiionllily payments of £10 fur a year. If tho j^ato of interest is 6 per cent. 

annum, what do I borrow? 

14. Find tlie present value of an annuity of £300 )myablo every year 
for 3 years at 5 per cent., tlic first payment being at the end of a year 
from now. 

16. What should bo jwid now for the reversion after 8 years of a 
freehold estate bringing in £2400 a year, if interest be at the rate of 
4 per cent. ? 

16. £3000 borrowed money has to no paid off in 30 years by equal annual 
instalments. What must each instalment be, if the rate of interest bo 4 % ? 


CHAPTER LIL 

THE EXPONENTIAL THEOREM AND LOGARITHMIC SERIES. 

348. By the Binomial Theorem, if n be numerically greater 
than 1, 


1 nx(nx - 1) 1 nx(nx - \ )(nx - 2) 1 


('l + ^y‘ = l + nr.‘+ — 7, — *.,+ 

\ nj a , 7t- 


\L 


11 


+ .... 


+ ... 


Also this result is true when a; = 1. 
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This is true for all values of w greater than 1 ; 
by making n infinite we obtain the result 

The infinite series 1»^ 11" + + + ••• denoted by e ; 

This is the Exponential Theorem. 

Cor. Let c*^ = a*. Then, by taking logs, of both sides to the 
base c we have y ==.rlog^a. 

|1 


349 . The proof of the Exponential Tlieorcm given in Art. 348 
is incomplete in some points. The following is preferable. 

Let /(7a) = l + |-j4-j^ 

V/ X . ^ 

then J (ti) ~ ^ ^ [2 

Both series on the right arc convergent for all finite values of 
m and n ; the product f{m) x f{n) may be found by multi 
plying together the right-hand sides of (1) and (2). 

Now in the product of the two series on the right, the tcmis 
of the ?*th degree 


nf 

+ ...+r +. 

l!: 

(1) 

n’- 

4. ..4, -4. 

[r 

•(2) 


9 


. + ...+r-- 


= p- |ot’’ + j-ot'”' n + — + . . . 4 w'l 

= = tho term of rth degree in /(m 4 

A similar relation h^lds for terms of any other degree, 
for all vtflucs.of u and n we have • 

’ • /(«) x/(w) =/(«» + ») ('^) 
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Hence /(m) ./(n) .f(p) =f{m + n) .f{p) =‘f(m + n +j)) . . . from 
(3) ; and so on. 

/(w) •/(«) -/(P) • • • =/(w +«+!>+...) (4) 

From (4), 

y(l)-/(l)'/(l) to *■ factors =/(l + 1 + 1 + ... to a: terms), 

But {/(I))'-*-. 

+ ( 5 ) 

This proves the theorem for any positive integral index. 

Next, to prove it for a positive fractional index, let ® = 
where h and k are positive integers. 

Then ... to Hactors 

^/h h h j. 7 j. \ 

+ + to k terms) 

=/(A) 

By taking the ith root of both sides wo get 
/(a-)-e* = «*. 

Thii-dly, when x is negative, let x= - y. Thus y is positive. 
From (3) we see that /( - y ) . /(»/) =/( - y + y) =/(0) = 1. 

i.e. e* =f{x) = 1 + + . . . for negative values of .r. 

350. The b&nes for e* is (xnireigent for any finite value of x. 

If we denote the wth term by w„, 

[n X 

“-+•/“» ~|_^+T' “n 

Now tljis^ratio < 1 for all terms after jhe first term for which 
71 becomes nutnerij^lly greater than a;; 

the series is Convergent. 
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361. The series denoted by e is convergent, and its value is 
easily calculated to a moderate number of decimal places. 

The calculation is simple, because the (n+ l)tb term is found 
by dividing the nth term by n. 


The Ist 

term = 1. 

» 2nd 

17 

■» =1. 

„ 3rd 

>» 

= the 2nd -r 2 = 0*5. 

„ 4th 

fl 

= „ .3rd ^3 = 0*166,666,6.... 

„ 5th 

II 

= „ 4th •*•4 = 0041,666,6.. . 

„ 6th 

II 

= 0*008,333,3.... 

„ 7th 

II 

=0*001,388,8.... 

„ 8th 

II 

= 0*000,198,4.... 

„ 9th 

II 

= 0*000,024,8.... 

„ 10th 

II 

= 0*000,002,7.... 

.. nth 

,, 

=0*000,000,2 .. 



by addition, e = 2*7 1 828... . 


The quantity e is very important. With this os base uo can 
calculate by means of series the logtirithms of numl)eib as shown 
in Art. 362, and these can bo converted into eommon logarithms. 


362, Logariffmic Series. 

.•. (1 +y)*= 1 4-a;log,(l +y)+ - — + 

But by the Binomial Theorem (if y be numerically less than 1), 

Comparing these two series for (I +y)*, we get, by equating 
the coefficients of x, 

log,(l+ y) * y - ^ . 

••• (if 1 numfiiiloAHy). ,..(1) 
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Similarly (or by writing - y for y\ 

log.(i-y)=-y-f-f-... (2) 

and from these, by subtraction, 

W 


We can convert into by putting ^r-— r 
1-y n ° 271+1 


for y. 


7J + 1 

Thus log.(w + 1) - log.« = log. -- = log. 


1 + 


1 


2?4 + 1 


1 - 


1 


2?i + 1 


-9/ ^ 1 * 




This series enables us to calculate Iog^2 by putting 7i = l, log^3 
from log, 2 by putting 7i = 2 ; and so on. 

Thus the logarithms of all numbers to base e can be calculated. 
By Art. 247 we know that all these can be converted into 

common, logarithms by multiplying by log^Q^, i.e, by 5 — i.e. by 
•43429.... 

This multiplier is known as the modulus, 

363. Calcidatim of log, 2. 

As in the last article, log(7i + 1) - log(7t) 

1 ^ 

, 7i + l 1 "^271+1 

=log— =log — 


= 2LA.+^ 


1 - 


,4. 


2n+ 1 

1 


'i2w + l 3 (2n+l)*^6 (2n+l)* 
By' putting n = 1, since log.1 = 0, we get 




% ^ 


.fl 1 1.1 ^ 1 
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Now ]= 333,333,3 , 

^= 037,037,0 , 

004,115,2 . , 

3 \- 000 , 45?,2 , 

3^ = 000,050,8 , 

000,005,6 , 

/ by addition, ^ log 2= 346573 

Now ^ begins with 6 zoios, , 

fiom this \alue of |log,2 we get log^2 correct certainly to 
4 dec mul places 

Thus log,2 = -6931. 

Exunptol. S«'nplifi l- 3 |\+ 9 pj- 27 ^+ 8 r(£-etc 
This IS the expansion of mth “ ^ for ar 

th( BCiiC8-e“^. 


^ = •333,333,3 , 
5.^=012,345,6 , 
5 ^= 000,823,0 , 
I •.p = -000,065,3 , 
I 3„ = -000,005,6 , 


Example 2 Expand log(l+7a:4 12^:®) in Ascending poMcih of t, if x m 
nuniLncall^ less tlian ] 

log ( 1 + 7« + 12 1 *) = log{ ( 1 + Sar) { 1 + 4a:) } - log ( 1 + 3a:) + log ( 1 + 4ir ) 

These two logarithms can be expanded 111 ascending jiowcis of x biiicc 
numeiicallj 4a? <1, and ^3a'<] 

71^ 

Example 3 Sum to infinity the sciics whose 7/th term is 


Tlienth < I’H 

I 3 n-2 

|n_-l [w-l ^ |?7-2 '*' fw"-2 

- ^ 4. ^ 4. * 

l ”-l l”-2 I»Z1‘ 

1 , 3 , » 

— rr ^ + n « + n » 


The term=i^+|^+— 4 
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I'ho 4Ui term = 1 3 + + 14* 

The 3rd term = 1 ^ + 1* 

\± II 

The 2nd term = | ^ +3. 

The let tcrm^l. 

/. by adding up the columns and making n liifinite, we get 
the series =e-i 3e + e=r5e. 

Note. As in numerical examples of logarithms it is assumed that 10 is 
the base when no base is mentioned, so in the logarithm of an algebraic 
literal quantity the base is assumed to lie e if none is named. 


Examples. UI. 

1. Provo that {i+|T + ||+|- 3+-}(J-^+||--|3+ -} = 1- 

2 2 ^ 2 ^ 

2. Find the value of infinity, 

3. Find the value of 3“* - 5 . -f J . S”* - J . 3“’* + . . . to infinity. 

4. Provo that — to infinity = log if | is a 

positive proper fraction. 

5. Pn.ve that ?= ||+J5 +]? +-' 

6. Expand log(l4 3.f f-2.^) in ascending powers of jr, where a? is 
miinorically less than J. 

\-2x 1 

7. Expand log ^ where x is numerically less than J. 


8. ' Find log, 1*04 to 4 decimal places by the series for logfl+a?). 

9. Expand log(l -a: + a;®) in powers of x, wnere x is numerically less 
than 1. 

10. Sum the series a:®+-a a;^+- 4 ) +5/ V** » *-^<1 

.y>l numerically. ^ iTJ ^ t) 

11. Given log,2=: *693147, find log,3 from the series for log,(n + 1 ) - log,n. 

12. Given log,3= I *098612, calculate log, 10 by a series, and hence find 
logjoC to 6 decimal places. 


4 -;' • 


12 3 

13. Sum the series +15 . 

II Li 


. ad inf. 


.1 . 1 


1 


14. ^um the series + ad inf. if a:>l 
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* 02 39 42 

15. Sum the series 1-* \ + + ad inf. 

16. Prove that, when a:<l, ^ am] find 

to 11 decimal places. j^Let 

17. Prove that atZ 

18. Provo that il‘>«.»=”Tl + 5C‘riy^5(« + j7-"-- 

19. Find the coefficient of ix^ in the expansion of . ^-r— »• 

^ {(l+a-jr'} 

20. Prove that 

log,(» + 1) - log.n=2{^L J 

Hoiico show that Iog0l3=21oge2 + log«3+ ‘0H(X)43 correct to 6 decimal 
places. » 

21. Show that the difference of the logarithms of consecutive integers 
continually diminishes. 

22. If x=y + fC ?C + •“ ^ infinity, 

l± 1£ 

sc* 

then y-x- ^ "*■ infinity, 

23. II a, p are the roots of the equation a^+px + q=0f 

if ax and /?.r arc numerically < 1. 

24. Provo that log^ (n + 1 ) -t loge(n - 1 ) - 2 log^n 

~ 1)0 

26. Prove that 

if a and b are numerically < 2. 

26. Prove that the coefficient of in the expansion of 

, , g+a; , (on x'f^ , (a+xf , . e“ 

27. Provo that - 

28. If a: is numerically less than 1, ' 

* W -r 

+•••-*“ 3 5 7 9 t"‘ 

29. Prove that ... ad inf. 

B.B.A. 2h . 
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CHAPTER LIIL 

INDETKRMINATB OR ARBITRARY COEFFICIENTS. 

354. The use of iudeterininatc coefficients will be best 
explained by means of examples. 

Example 1. Find the condition that x^-^qx-Yr may have a footer of 
the form (.r; 

Since one factor ends with a^, the other must end with 
x^-YqxYr^ {x ^ -y 2(ix -I- a^) ^ 

=07*'’ f a^^x + r. 

These two expressions arc identically equal, by hypothesis, 
by equating ooeffioients, w^o liave O-iJah-o, r/= ~ + a^; 

2a*'=-r; 

^ - 4a^ + a^=: - Sa'** ; 

4q» + 27r“=0. 

Example 2. Find values (difl'erent from a and h) for A and B, which 
wi 11 i ender the equation 9n (a; + A)'^ +n{x-Y B)- r= 7h{x + a)® + ?e {x + 6)® an 
iili'iitity for all values of xl 

Multiplying out, 

:linxfii + wA® + 2 m jtB + nBr ^ 27nxa + mxr + 2aa;& + n6®. 

Since this is an identity, the coefficients of x on either side are equal, 
and the constant terms are eipial. 

7wA'|-wB = wa + ?A/>, (1) 

and 7 mA® + 7iB® = wia® + 7ib\ 

These may be written m(A - a) = - 7 i(B - 6), 

77i(A®-a=)=-n(B2-6®). 

Dividing and neglecting the solution A=(i, B=6, we find that 
f A+a=B+6. 

Multiplying this by Ttt and subtracting from (1), 
g _ ‘2am + h n-hm 

” 771 + 71 ’ 

- a77t-a^ 

; T . % m+n 


and hence 
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Example 3. Find the values of a, h, and c Avhen 

- l)(af-‘2)4 h{.c-2){x-\-ll) 1 (‘(.r t 3)(.r - 1). 

The t'quatiou is true for all valiieB of u?. 

putting X" 1, wo have -8- -4ft; /. ft- 2; 

• ,, X- 2, „ 4= ftr; <-{5; 

„ „ 44~‘2()a; a-V* 

365. If ft + bx + c.i^ +...—a^ + hy€ + far all rallies of jr 

fm' which the two series are conrerfjeni, ihem a=- a,, /> = 6j, c--rj, etc. 
Since the series are convergent, their (lifiercnoe is convergent ; * 

+ + (1) 

for ;ill values of x for which the series is convergent. 

Zero is such a value ; by putting rc^O, we gel 

Le, 

This result is indepciKlent of x. 

from (1), we find that, for other values of / besides zero, 
(fc-/(,).r + (c- r, )/•■*+... -0; 
b -/;i + (c-r,)a:+ ... ^0; 

/. by the foregoing part, i ; and so on. 

356. Expamwn of fractions into series. 

The fraction j- may be expressed as an infinite sciies 

(x being numerically less than 1), (1*) by division, (2) by the 
Binomial Theorem, (3) by iiMJeterminate coerticients. 

(1) By division, = 1 + + , 

(2) By the Binomial Theorem, 

, ^- = (1 +a; + a;24-a;8^ 

I -X ^ ' 

(3) Let = a + fa + + . . . . 

Multiplying both sides by 1 we get 
l=a+lx+cx^ + dj^ + ... 

, -aie-hx?-C3?- ... ^ 

,= a - a)x +• (<! - 
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Equate cooffls. of like powers of x on the two sides. 
Then a = 1 ; 

6-as=0; /. = 

c-^b = 0; c=6 = l. 

d c ^ 0 f .. 

:pi- = l+a;+a :2 + a;^r.+ .... 

1 -X 

By putting - x for x, we obtain 

1 


Similarly, 


=1 — 

l+x 


357. A fraction of the fofrm ~2 expanded by 

indeterminate Coefficients, 7ix 

Let —^^^-^ = a^bx-^ . 

I +mx + nT/ 

pi-qx-il i-mx’¥nx^)(a-hbx + cx^ + dx^+ 

= a + (b •^ma)x + (c^mb + na)x^ + {d nb)a^ + . 
By equating coefficients of like powers of x, we get 
a=p, & + ?;ja= 5 , 

c + w?i + 7ia = 0, d + mc^nd = 0f etc. 

From these equations we determine successively a, &, c, etc., 
and so obtain the required expansion. 


1 + 2a; — 3a^ 

Example 1. Expiind -- - — ^ in ascending powers of x, 

Jjfct 

Then 1 +2a;- 3a;*=(l -2a; + .3a;®)(a+&x+ca;“+ ...) 

=a + 6 x + ex® + + cx^ + . . . 

- 2aa; - - 2c7 ^ - 2d’jc ^ - ... 

+ 3 ax® + + 3 cx* + . . . 

=:a+(6-2a)x+(c-26 + 3a)x®+(d-2c+36)**+(e-2d+3c)«*+.... 
Equate coefficients. 

a=l. 

».'6-2a=2; 6=2a+2=4. 

W26+3as=:-3; .*. c=2fe-3a-3=8-3-3=2. 

'•cf-2c + 3&=(); . d=2c-3ft:*=4- 12= -8, 

^-2cli^3r=0; .*. e=* -16-8= -^22, etc. 

-'.V the fraotion=l+4x+2x*-8r*-22x*- ... . 
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Examine 2. The inverse process may l)e employed. 

Find the fraction from which may be obtained the series 
l + 4a:+2r»-8jc»-22.*r<-..., 

assuming that some relation holds between every three consecutive co- 
efTieieiits. 

Lot jy^'^i^^,= l+4.r+2x*-8a3_22j?*... , 

1 +px + qjr 

Tlion, by multiplication^ 

+ pa? + 4^jx^ + 2par’ - Spx *. , . 

+ 4qx^ 4 . . . 


E<piato coefficients. 

Then a=l, (1) 

6=4+p. (2) 

c=2+4pf<7, (3) 

0= -8+2pM7, (4) 

- 0= -22-8pH-2f/ ^ (5) 


From (4) and (5), 2p + 4<7 = 8, i. e. p + 2^ = 4, 
and -8p-|-27 = 22. 

From these simultaneous equations, 

9p-= - 18 ; 

p==-2; 

7=3. 

From (2), h=4-2r=2. 

From (3), c=^2 -8+ 3= -3. 

rrom(l), a=l. 

Substituting these values in »,we obtain the required fraction 

\+2x-:ix^ 

l-2a?+ae“* 

^Examples. LIII. a. 

1. If (x + a) (2j;* - 6ar + 3) == + 5a?“ + 5a; + 6, find the val uos of a and h. 

2. If (a?-aa:-l)(a;®f4a;-3fd = aJ^-16a;®-8a?-l, find the values of 
a and h, 

3. If aj^ + ^-2+ 1 e: (a.'®+aa; + 2/>)(a;** + ca?+ 1), find the values of a, 6, c. 
Evaluate a, &, c : 

4. Whcn3a;2-5a; + 4 = a(a?-2)(a;-3) J f;(a*-3)(a;-l) + a{a;- l)(a?-2). 

5 . When2a:2+llJ._^sa(a;+2)(.r-3)^ f»(a?-3)(.r^l) + c(Jv l)(«t2). 

Evaluate A, B, C, D : 

6. When 3c + 2=A(ar+l)®+Ba;(a;+l)' f Ca?(a:+1) + Da?.' . 

7. Whena;»-V*+3!r-2=A + B(a;-l)fC(a;-l)(3:.-2)* 

+ D(r-l)(^-;2)(a;-.S). ^ 
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8 . Find the value of k which makes + exactlj^ divisible 

by X + 3. 

9 . If 2 (a; f c) {x ] 2 d) f 2 {x + 2 r) {x + d) be an exact Rfjiiare, then 

9f2-14<Td + 9d2=0. 

10. Express -4^*^ + 5 as an integral function of a: - 1. • 

0 jll, yy .*)a,*'* -- 8a?“ -f- 4ir H 1 ,, ,, 

12. „ 3^-'*-a:= - 2a fl „ » .t>2. 

13. M x^-\ ,, ,, a:+l. 

Find values of a and h whinh make 

14. + ax^ I- X -I- h exactly divisible by X' + 2a; -I- 3. 

15. 4.i;^ + 3a;® 4' ax ^ H 6a; + 1 „ „ x'^-x+l. 

If each of the following expressions resolve into linear factors, find the 
value of k in each case : 

16. - 3a;y f + a; + 2y -| k. 17. 6jc® - 1 Ihn/ - %® - Or - 22y -f k. 

18. kx^-if-4x + Hy-]r^. 

19. Find the relation Ijctwecn p, </, r, that a:^-j-2ar3+par -f-gr + r may 
b(‘ a s»j\iaro. 

20. l^ind the condition that i^px^ \'qx + r may contain a factor of the 
form 


21. Fi nd a and 6 if r® -I- + 6a; + 1 is divisible by (r + 1 )". 

22. Find a and 6 if A- 3.r" + ax -f- 6 is divisible by (.r - 1 ) (r - 2). 

23. Find c so that 3r‘ + 4^** I- cx -f 4 may be divisible by .r- + 1 . 

24. If rt + 6 H c -- 0, aar* + 6r* + rr® + car + 6a; + a is di visible by a;^ - 1. 


25. If f-8a; + 11 can be put in the form 

a(a; -l-l)(a; h2) l-6(.r + 2)(a; + 3) + r(.T | 3)(a;+l), find a, 6, c. 

26. l<jxprcss fir - 6 in the form 

«(a;-2)(.T:~-3) + 6(.r-3)(.r>l) + c(a:-l)(a;-2). 

' 27. ' Express .r^ + + 8a:^ + 2a; + 1 in the form 

<z + 6 (.r -f 2) + c (r -}- 2)* + d(a; -}' 2)’'* e (a; + 2)*. 

[On dividing by x-f2, and then the quotient by a; + 2, and so on, we 
shall find that the sucoossivo remainders give the values of a, 6, c ... .] 
Vei-ify tiu* fcsult of the last question by putting y-2 for x in 
r"* + fi.r* V Sr-* l-2a;+ 1 and expanding in powers of y, i.e. in powers of a? 4-2. 


By indeterminate cocfli(!icnts expand the following into scries in ascend 
ing powers of a; ; . . 


24 3.r‘ 


^ 1 “ X I “ 2a; Q-t 1 “ 3.1; 

1 — - 2.<;®' ’ i 4.r + a:®* ‘ 1 - Or 4- 8*^* 


Find the fractions whrqh will expand into the following aeries : 
32. 1 -x-®-ar*4-r® + ii^- ... . 33. l+2aj4-3x^4'4a;®4- ... . 


34. 2 + 6a;4 17.r2 4.65.r«.)- .... 35. 1 + 3x4'. 4x2 4- 7a;® 4-1 la;® + .. . 
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358. The sum of two or more fractions can be cxjircsscd as a 
single fraction. It is often convenient to use the rev(*rse pi’ocoss, , 
and resolve a single fraelion into the s\nn of siin])lor fractions, 
partial fractions as thev are called. 

In an algebraic fraction, if the numerator is of lower d(*grce 
tlijin the denominator, the fraction is called a proper fraction; 
otherwise it is an improper fraction. 

4 0 r 

359. llesolve inlo pm fiat fraclmis. 

(1 -2j)( 1 -.3.r) 

14 A B 

(1 - 2J-) (1 - 3j) 1 - -ii- T - .V ^ ^ 

Here A and B arc constants (i f. quantities independent of .r), 
whose values have to ho determined. 

From (1), 1 - 9/:= A(1 - .V) + B(1 - 2./). 

The two sides of this equation have to be true for all a allies 
of .r. 

Hence, putting .r = * , we have 4 - .3 ~ B(1 - ‘-j), u hence B - 3. 

Also „ „ 4 -- ~A(1 - 2), ^'honcc A- 1. 

4-9.r _ 1 _3 

■ ■ (1 - 2j)(1 - 3jrj “ 1 - L'x'*' 1 - 3/ 

CoUOIXABY. If 3 j;< 1, 2^- is also < 1. 

by the Binomial Thoorem, or by division, 

(F: 2V( 1 - 3.r) = ( 1 + 2^ + 2 V + 2:«,, 3 + . . . wf . ) 

+ 3(l+3.r + 32r2 + .3V + ... njlivf.). 


360. A fraction of the form 
may be expressed in the form 


(/-ir 


-A_+- + '+ 

9- - F (r - 1 )2 ^ (a- - 1 )8 ^ ^ (a* ' 


Take as an example fchc fraction 


3a:® - X 4-4 
'(:® -i)» ■ 
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The fmtio— 

30«-l)2 + 5(a:-l) + 6 
{x-lf 

-36 6 

Wo might get this hy putting x=y + i, or by the method of 
Ex. LIII. a. 27. 

361. Besolve partial fractions. • 

Tof, 4 + 5x_ A , B . C 

" (r-a;) 8 “l-a:'^(l-a!) 2 '^(l-a:) 8 ' 

Then 4 + 5!B=A(1 -a:)* + B(l -a:) + C. 

Putting a; = 1, we have C = 9. 

To obtain the values of B and C, wo equate coeflBcients. 
Equating coefficients of A-0. 

„ „ a, 5=~2A-B; B=-5; 

. 4 + 5a; _ 9 5 

This question might be solved thus : 

Put 1 - a; = y, so that a; = 1 - y. 

Then =1 

f f 3/2 

9 

' ^ '( 1 -^)^ {i-xy' 

f I 

362. We will now consider the case in which a factor of the 

denominator is a quadratic expression which does not contain 

1 r . 3x*‘^ + 7x + 2 

simple factors ; e.g, 7 o — ^ -sa* 

^ ^ (,7;+1)(j;2 + 2j; + 5) 

Let thq fraction be equal to + ^ 

^ x^l x^ + 2x+5 

Then 3.):2 + 7 ^ inA{x^ + 2a; + 5) + (Bic + C)(a; + 1). 

Equate- coefficiettfo TJ^n A + B = 3, 2A + B + C = 7, 5A + C = 2. 

• A — -.l R — 7 0L9. 

•• 
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the fraction = * 

2(®* + 2a + 5) 2(^ + 1) 

A B 

If wc had taken --z and -« — ^ f, as the parti<ii fractions, 

we should have obtained 3 (inconsistent) equations to dctciminc 
the 2 quantities A and B. • * 

If an improper fiaction has to be resolved into partial 
fractions, it must first be reduced by division till the fractional 
part is a proper fiaction. 

1 3.J ^ + ic *4“ 4 

For instance, l)(x + ^ be reduced by division to 

the form a-- 1 +7 , - .... 

(a;+l)(j; i-3) 

7 - 3a; + 42*2 • 

363 . Bcbolve into paitml Ji actions, lltnce eipninl 

(he erpiession tn aseemhng jmeis of j (/ hany <1), ami unit duvn 
ilu coefficient of in this eiiMnsuni. 

7-3r + 4a*2 _A/ + B C 
(1+/^)(1 -./)■’ 1 "r‘ 

Then 7 -3-c + 4/-s(Ar + B)(l -a) + C(i +./ '). 

Putting a; = 1 , we have 8 = 2C ; C = 4. 

Equating coeflBcicnts of x\ . 

4= -A + C= -A + 4; A = 0. 

Equating the constant terms, 

7 = B + C = B4-4^ •• B = 3. 

. • 3 4 

. . the expression - ^ j + 

= 3(l+2'V + 4(l-‘^r'. 

We may use the Binomial Theorem hcie, for / <r 1. 

/. the expression = 3 [1 - »- f ( - x-y + . . .] . . (1) 

4-4[1 + ... + a;^+ ...] (2) 

= 7 + 4/+ i2 + 4fH7;c* + 4wi^... . 

» 

n 

If n is mn, the coefficient of /* is 3{ - 1)® + ♦.' • 


„ odd, 


„ 4, from lig^ (1)' and (2). 
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Examples. LIII b. 

ReHolvo into partial fractions 


1 . 


(*-2)(a;-3)’ 

3 . 

x^-4' 

4 

1 


6. 

1 

V. 

# 

l-4a: + :V 

"• (l-*)(2-a:) 

x^-x- 2' 

7 , 

1 


* 9 . 

x-2 

\x-a){x-b)' 

(a!-l)(a; + 2) 

().r^-7ir + 2’ 

, 10 . 

2 

U’+ J)U' 1 2)(ir-f .3)* 

11 . ^ . 

.‘U--« + 4.6H 1 

12 . 

2.r-3 
.T (4a:^ - i ) 

13 . 

Oa;® - 4 j: “ 0 
\x- i)(.r-2y(.^^3)‘ 

... 3.r*+Ga’“29 

(a:-3)(a:*-'-l)' 

15 .' 

X 

H^'-T 

16 . 


-- - 4a: -! 0 

2(.r-'2)(a:+ 1)-* 

18 . 

x^ - Hx 

19 . 


20 . 

a-* - l(i 

21 . 

1 

22 . 

10 

23 

(a:--l)(jc-2)’ 

24 . 

aP -{ jr- - X 4- 3 
(a*-f)(a:>2V 

25 . 

X- 1 

(.»M 2)(.t-r;i)^‘ 

ofi 2.5 

'“• (y+2>(a^'+l)‘ 

27 . 

r^ + 4a?®-H6aT+ 1 

“('arS + y+'iy" 

28 . 

i2r**-;i().iM 19 

oo l-.3a:+2j;“-a:» 

on 8 ~8ar 
i(a:'-2) 

(2.r - \ ) (2.r - 3) (3.r - /i 

i) 

■a’ 4-1)' 


Rraolvt? into partial fractions, expand in powers of a?, assuming that 
valiK^s of :r arc taken which make the series convergent, and give the 
gj'ucral lenn of 


31 . 


X 

1 -- Chv f iia;- 


32 . 


Wxj^ 1 


QO _ _ 04 _ _ 

;r-’-.V-4 (i-2:r)(r~3^)(J -4x)’ 

35. — r; r. Bv exmiidiiig etc., on both sides, 

multiplying together those on the left and equating coefficients, 
find the factors of 



nr[h - r) 4 f/^(r - a) + r-(a - h) and of a^[h - c) + 6®(c - a) + c®(a - h), 

7(«3.rj-lJ m m 2.r 4 3 

~:id'){i h2x) ' .r--3.i; + 2' * aj*+a:-2’ 


40 . 


, 33j - 4 

Rosojvc into partial fractions 

0=^1 
ar»-l’ 


41 . The coefficien^tof a?” in the expansion of 


(1 -.r)(l-ra:) 1-c 
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CHAPTER LTV. 

MISC'CLLANEOUS CURVES SOIA I'lON OK CUUIC EQUATIONS^ 

• r® - 130 / 4- IJ 

364. Diaw fhr giajm nf the equation y , htvu'n th( 

points qiicn ly r- _ 5 awl r — T) 


V 1h n 

/ - r)» 

1 


-2 

1 

0 

1 

2 

3 


r, 


a '-1-125 


27 

-8 

1 1 

0 

1 

8 

27 

(14 

12.5 


»M2 |-12.l 

iU 

2.5 

-0 



=' 

10 

2^1 

00 

127 


2i)r 1 HMl 

so 

-fJ0| 


1 20 1 

0 

' 20 

10* 

00 

SO • 

1 100 

/ 

10y-| i>3 

IS 

.3,5 1 

1 1 

1^1 

2 

17 1 :«i 

1 

1 

1 27 


y- -23 

1 1 s 

,3,5 

1 ,3 4 

1 2 1 

2 

17 

3 

3 1 

1 1 1 

|27 



Plotting these points and joining themT an even curve, we 
have the graph as sho^n in the diagram. [The printed figure is 
reduced in size ] , 
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Corollary. From the graph we see that the greatest value 
- 20x + 2 

of the expression - — is 3*64, and its least value is - 3*24, 

excluding infinite values. 

It will be found that the graphs of all eouations of the form 
y ^az'^ + bx^ + cz + d are in the shape of t^e letter S. 


366. Solve the eqmiion - 15a; - 2 = 
Let y — - 1 :yx - 2. 

0. 





Wlion 

X — 

-4 

1 

-1 

0 







-(>4 i 

1 1 

1 -8 

1 ^ 1 

-1 

0 



27 

64 


- 2= 

-m 

1 - 20 - 10 : 

-3 

1 

- 2 
"j 

1 ' 

6 

25 1 

62 


Lu*— ' 

‘ -00 1 

-45 -30 

-15 

0 

j 15 

30 

45 1 

(K) 


.y= 

1 

-6 

20 1 

12 

_ 2 

-10 

-24 

-20 




Use 4 (iJich as aj unit, and one-tenth of an inch as y unit. 

^ Plotting these pbiutir'and joining them by an even curve, we 
hc^Yj' the gfipt-'ji? s^cpJrn in tjie diagram.^ [The printed graph is 
redded iirsixo.Ji 
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Wc use a Urge x unit because we wish to find x as accurately 
as possible. 

Wheic the curve cuts the axis of x, 

a: =-3-82, -0-13, 3 95, 

which are the required roots, for where x has these values, 

15/-2-0. 

The printed grtiph docs not give the exact foim of the curve 
given by y = nil5a: - 2, for the c and y units aie not equal. 
The curve shown is the real cuivc stretched uniformly in a 
direction paiallel to Ox. * 

366. lhaw the giaph of y=- - 

"f" 1 


When 

x= 

0 

±l 

±2 

±3 

d-4 

d-5 

+ 10 


y= 

4 

4 

4 

4 

4 

4 

4 


T 


X 

IG 

IT 

ZG 

iGi 


y= 

4 

2 

*8 

•4 

•24 

•15 

•04 
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When 


•2 

•4 

•6 


2/ = 

4 

104 

4 

4 

vm 


?/ = 


1 3--15 

2-94 


(This last line is conveniently written down by means of a 
slide rule.) 

Plotting these points and joining them })y an even curve, we 
have the graph as shown in the diagram. 

367. Dm in the arm 


x*-| 

- 10 

-() 1 

-4 

1 1 

“ * 

0 

?/-^\ 

1 -- i 

“iV ] 

1 

1 

1 

u 

- 1 

7" 

1 

5 

?/^\ 

1 -0-l‘i 1 

-0-18 1 

-OiiS 

-o-:« 

-o*4a 

-0-6 

■■.r = j 

1 ^ ^ 

i ^ 


i 4 

1 1 

1 ~i 

5 i 

1 1 

JO 



1 1 

1 3 

i 

i 

1 .‘t 



f 

1 

^ I 


i ^ ® 

?/ - 

1 

-3 

3 1 

1 

1 0-2 


To det(‘rmiiie tlie shape of the curve between the points where 
2 and x -= 3, we must find some more points. 


Wlien 

.x^j 

22 

24 

2*5 

2-6 

2*8 


i 

1 


3 

3 

3 

3 


y~\ 

i 

0 0 

0-2 


0*2 

0-6 



• -5 

1 “ 

\ ^ 1 

15 

5 


. Plotting 'tliepe pointe and joining them by. an even curve, we 
see that there arc tjro separate braYiqhes. ^ • 




368 . Draw the graph of y2=j'(x*- 16). 

y2 = (.c-4Mr'+4). 

If .c < - 4, ia negative, and we have no real ^ alues of y. 
Also if a > 0 and <4, 


JU - 

-4 

-3 

“2 

-1 

0 

a*- 10 = 

0 

-7 

-12 

-I.*) 

-in 

x(a^*-16)- 

0 

21 

24 

15 

0 

y=\ 

0 

\'21 1 

x'24 

1 ■^1.5 

1 *0^.. 

yj 

i 0 1 

±4. IS ' 

+490 

-hSiff 

^ 0 1 


(The sq. roots obtain6d l>y means ofi glide rule.) 
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Hence we see that this part of the curve is an oval in the 
3"* and 4*^ qujidrants. 

When i 


a~- 16 =i 

0 


20 

33 

48 

*(**-16) = 

0 1 

1 45 

120 

231 

384 

y=l 

0 

\Ai5 



•Mi 

y=| 

0 

±6-71 

±11 

±U-2 

±19*6 



, Thus -we'^spfe that the curve consists of two separate parts, as 
shown in th^'dfagram. 
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369 . Diaw a sketch of the om've given hy the eqiiatmi 

3 



The values of a; fioni 1 to 4 do not gi^e it's sutruiont itifoiiiiation 
as to the curve thereabouts, so we must talmlate foi some moie 
points. 



Plotting these points*, we see that the curve consists of tbre< 
branches, as shown in tXe diagram. 

B.BA. 21’- 
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370. Symmetry. If tho equation of a curve contains only 
even powers of or, the curve is symmetrical about tlie axis of y ; 
for cliaiiging x to - x docs not alter tho value of y, Similarl}^, 
if the e(jiiatioii contains only even powers of y, the curve is 
symmetrical about tho axis of x. (Sec Arts. 3(i8.) 

If changing x to -x alters the sign, but not the numerical 
value of y, there is symmetry in the and 3"* quadrants, and 

also in the and 4^**. 



uv.] 
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10. y=:.4j. 

la ® 


11. y = (a!-l)(^-2)(ar-3). 


a; (a; -4) 


14. y- 


(ar-3){a:-‘2) 

(x-4){x-l) 


15. y 


12. y2=a;(^t-2-9). 
U- -3)(r-4)_ . 


■(.r-2)va;- 1) 

16^*‘‘^^lot the curve y = x^~6x-h5, and hcnco solve the r(|uatioii 
^ aJ-6a. + 5=0. 

17. Plot the curve - oa* - 6, and hence solve the equation 

ar* + ‘2i*2-5x-6 = 0. 


18. Plot ^lic curve y = .r*-t 6a?-7 for the following values of x, 

m-4, -3, -2, -1, 0. 1. 2, .3, 4. 

What do you deduce as to tlio roots of the ccjuation a:® + 035-7 = 0? 

19. Solve the equation .r*-- 10x* = 7. 

20. Plot the curve y — ar* ^ l0a;H-20 for the following values of .r, 

-3, -2, - ], 0, L 4, and lienee <»htain two rooty of the equation. 

Deduce the value of the third root. 


21. Plot the curves y = .c® and y=rx^-5, and hence find a root of the 
equation — .5 = 0. What do you deduce as t<i the other roots ? 

22. Using as large units as convenient, plot in the same diagram between 

the points (0, 0), (1, 1) the graphs of when 7i = 3, 2, 1, 4» 
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CHAPTER LV. 


MISCELLANEOUS EXAMPLES. 


1. By successive divisions by 5 obtain i, in decimals, and 

h ir* 5^ 

hunou find the value of ir correct to 4 decimal places fiom the formula 
TT /I 1 1 1 1 1 1 \ 1 

4“ V5 7*5V“‘259' 

2. If -C'OOl is tjiken to be a farthing, what )H;rc*entagc of a tartiiing is 
the eri-or? If y shillings Hz iience= £0*775, wiite down the values of ij 
and z. 

3. Solve the equation \/.v^ h 72— a* H 6. 

4 A certain .old liook is now woith £50, and is increasing in value at 
the rate of £5 a year. Assuming the value to continue rising at the sami* 
iat(s find an expression for its value at any future time, and dra\^ .i 
di.igiani to show the value at any time. From your figure show the \a1iu‘ 
of the book m 25 years. 

5. A man bought cloth for £12. If he had iKuight 1 yard less for the 
satno money, each yanl would have cost him one shilling more. How 
many yaids di<l ht* bu> ? 

6. A nuinber of two digits and the same numlier reversed are added 
(og('tli(‘r, and the sum is 121. If the digits differ by 3, what is the 
n uni tier’ 

7. A m.iimt.ictin cr has priced certain latlies. The largest sells at £175, 
and the snitdlebl a( €40. lie wishes to inereaso his prices so that the 
hugest will sell at €2(K) and tlio smallest at £50. Assuming that the new 
])iie(* P and tin* old price Q are connucteil by the relation Q-a-l />P, fiinl 
the \ allies of a and and, to the nearest pound, the new prices of lathes 
\ allied at £150, at £125. 10s. and at £78. 

• 8. "A rccUngle has Rules nt length a and b. The error in measuring 

these IS jc per cent, and is ^el^ small. Pixivc tjiat the error in the area 
. abjr 
. 00 - 

9. If 40 men can lx* aiiaiiged in a hollow squai'e 2 deep, find the 
nuiiillor m the tiont. 

10. A man H(‘tH out to walk fiom A to B, a distance of Ifi miles, at the 
rate of 3.^ inih's an hour. Three qiiartere of an hour afterwards a man sots 
out from B to meet him at the rate of 4 miles an hour. When and where 
do tlib^c meet ? ' 

' ^ * LV. b. 

p » 

L sum of the first v even numbers — ( 1 + - ) times tlio sum of the 
finf ?t odd num^rs. 

Solve equations jL^y - 2ry = G. \ 
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3. In the equation Sjr + Sa’y + Sy*- l‘2ar--8?/ + l -“ 0, .r f //, y + A* arc 
suhstitutorl for .r, ?/, and it is found that tlic coeffts, of .r and ?/ vanish in 
the new equation. Eind the values of h and k. 

4. If x + y \ 2 -0, then 2(.r®)= - 2S(.ry) and 

5 . aide of a square ia 55 feet long. Find the dimensions of a* 

rectangle|whose perimeter is 2 feet longer than that of the square, and 
whose jy is 1 sq. foot less. • • 

6. rind tlie square of flie series 

1 + i a: f -J . 2 . a;2 + ?- . . ^.r3+ ... to infinity, if .r < 1. 

7. Through the interseotion of the .straiglit lines whose equations arc 
2x ~ - 7 = 0 and x - 4.v ~ I ~0 a .straight line is drawn parallel to the axis 
of ?/. Find graphically its equation. 

8. Express *03125 as a power of 4. 

9. An electric tram line with a single line of rails is 3J miles long. 
Then* arc 13 trams available, and it is desired to arrange a 3-miinite, Ker\ iee 
of trams. How many crossing places must ho provided, and what must he 
the speed of the trams ? 

10. Draw the graph of y=a:;^~3.r + 4. Find the two feints wdioredt is 
cut by the graph of y — mx. 

For what values of m. are these coiiieident ? 



LV. c. 

1 . Plot the points (1, 2), ( -3, 2). (2, -- 1), ( -2, -3) on squared paper, 
taking the inch for unit. State the ccsirdinates of the mid 'points P, Q id' 
tlie lines joining the first two points and the last two, ami find the abscissa 
of the jKiint where. PQ cuts the axie of .r. 

2. If (//289, calculate v, having given that r --4000, .7 -3*2 *2/5280. 

Also show that i«r"il77=24 approximately, where tt - 31416. 

V X IMI X 

3. Prove in any way that approximate values of 2^ and 2^ ^ arc J anrl :j 
respectively. Find in each case whether the approximate. f»r ti-iic value is 
the greater, and in which case the a])proximation is tlio closer. 

^ r. 1 w 1 •Wx*231 

4 . Calculate log — ^ • • 

6. Solve the equation* (x + 1 ) (a; + 2) {x - 3) (.x* ' 4) = 3.36. 

6, Give the remainder when ar’-Sx®- 18.i,' |'4() is divided by 
Also when s^-¥px + q is divided by a? - a. 

7, A man has 86 coins consisting of half-sovereigns, crowns^ and 
florins. The sums of money in these coins are respectively pmportional 
to 15, 13, 9. Find the numbers of the different coins. 

8, Find a point C in the line AB {a inches long), so that the sum of tlio 

squares on AC and CB shall be equal to a given square* («id& h jhebes). 
Find AC to the nearest hundredth of an inch when flt=4, V* 

9, If a=x^f c=x’*, express as a power of a? thelfractfio)^ 

10 , Having given that 10* =2, calculate Iff**, 10**, ; nl^ hence 

show that X lies bfetweCn and A, . 

Show without usiog UfMs that Iog,o2iii^9i)etween *25 and..:32. 
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1. Kind the least fraction which is greater than J| and has its deno- 
minator greater by than its numerator. 

2. Kind the* sum of all numl)ers between 400 and 1000 which are 

/livisiblc by 17 . ^ ‘ 

3. Show that if all the terms of a ci.p. arc positive, the sum |j> infinity 

Vaaiiot be less than 1 times the 2nd term. ^ 

. 4. Kind which term in the expansion of fda? + 5)®® has the greatest 

«-oefficicnt. 

\ 5. Kind the value of 9^ x 3'*® x 2^*. 

6. The number of births in a town is 25 in every thousand of the 
population annually, and the deaths 20 in a thousand.* In how many years 
will the population doul»le ib-^elf ? 

7. If /(w)=-Sw(w I i), fiiid/(n4-J)-/(w). 

1 

8. Kind a positive value of x satisfying the equation 2* - 7 x 2-' approxi- 
iTiatidy, so that the eiior does not exceed one per cent. 

9. Solve the* equation 2a:- ty^-2j^-2y4 l*-0 as an equation for y, 
and a.sceilain for what values of .r, y is real. 

10. Tf (1 H .r)” = 1 -I'Wiir + f- Wgar^-t- .. , 

find the value, ^hen «~9, of I ??g \ Wg. 

LV. 0. 

1. Evaluate -t 2 '3*M - 10(27.rr* when r--64. 

2. Solve the eciuation •Jx) + ^{x - s/x) = ‘i'Jx/{x I ^x). 

3. Pro\e that the cube of a number of n digits cannot have less than 
3/1 - 2 nor more than l\n digits. 

4. A walks m miles in // hour.s ; B walks In miles in \m hours ; the 
difioieiice of their rates of walking is J mile j/er hour. Kind the rate at 
which eai'h walks. 

, 5. .Shoiv that w'hcn ia i ih 1 1-0, the equations 

X" - 2ax { h 0, - 2hx -f a = 0, 

have u common root. * 

6. If J', y, are in ii.i’., proNC that ^ ^ ^ arc in H.P. 

: ‘ y-\z x+z x-hy 

7. A number is expre.ssed by 2 digits, whose sum is 8, with a decimal 
poiiil between them, ami its double is one less than the number obtained 
by intcrehaiiging the digits : w'hat is the number? 

8. Tn the expansion of (a + 6)^® if a 4 />= 1, show by logarithms that the 
first term > the sum of all the remainder if a is greater than (about) *933. 

9. ititerc«6*on. a sum of P pounds for a certain time is I pounds and 
‘ the discount at the same rate of (simple) interest is D pounds. Show' that 

111',- 

p=D-r . 

10. A country trebles its population in a ceii0.;aj' ^^^liat is the increase 
per thousand in one year ? 
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1. A and B arc two stations on a hue 99 miles apart. At the same 
instant one train passes through A towards B ami another through B 
toworcls A, with different but constant speeds. They pass each othei atO, 
ami aCJs 10 miles longer than BC ; also, the first renches B half undiour 
bcfoic liK' seeoml reaches A. Find their speeds by grajihieal mothods. 

2. y^plani how to test multiplication of nuiTihcrs by ‘casting out tlick 
nines. ’’fwo numbers A^B give remainders baud 7 respectively wfien 
dixided by 9 : find the remainder when their product is divided by 9. 

3. Find the number of digits in the 2.>0th term of 2 l 44 H 4 - 104- ... . 

4. Find log 83 to the base 19 as accurately as your tables permit. 

5. ''fhe w'cight a spherical shell is ^ of uh.it it w^ould lie if solicL 
( ’<nii]Kir<‘ tlie inner and outer radii ; and if tin* innei be iMcr«‘a.sed by one half, 
find 111 wbat ratio the weight is reduced. [Weight of sphere ac radius’’. J 

6. A man walks a third as far again as a boy in a given time. His 
fitiide IS .5 eentimetres longer than the boy’s, and he takes 12.b si tides per 
minute, w'hile tiie boy takes only 100. At what rate in kilometres ])er hour 
does each \\alk? 

7. In how many ways could a party of .b scouts be s(‘leeted fio’m 29 
men? In how many ways could the 20 nieii be fimned into 4 pai’ties of 5 
scout.s, to proceed in diflcient direct loiis? 

8 . Sum to n terms the series whoso term is mt h 2” b 

9. What values must a, h, c have that 3 j’®4 10j; 4-3 may be (*(|iial to 
tt(.r - h){x - r) for all values of jr ? 

10. If a 4- ft 4 r=-/j, then a (ft 4- c) 4- ft (c fa)4 r{a I ft) eaniiot exceed 


LV. g. 


1 . 


2 . 


Find the value of ~ ^ wdieij x = — 

q p * p-q 

Calculate to 4 significant figures : 


. 52’4bx.378-4x -02086 
87 -32 X *5844 


(h) (l'246)"‘’i’\ 


3. Simplify \^3 f s/li-s/5, and find its value to .3 places. 


4. A and B start together in a long distance race. For a (juarter of aii 
hour A goes at the rate of x yds. per second, and B 2,r miles })et hoiii > .and 
then A is leading by 100 yds. Find a*. 

5. If and X be a .3rd projmrtional to a and ft, y to ft and iC,'piove 

ft d 

that the geometric mean of x and y - that of c and d. 

6. A meteor is seen at a height of 4.>() feet ubovo the ground, one 
second later it is at a height of 3*28 feet, and 2 seconda itfter the lat 
observation it is at a height of 174 feet. DctermiaQ thc^ values of a, ft, c, 
if the formula rt/^4 ft/ 4 c represents for all values / Ithc h^i^ht of the 
meteor t sreonds after the 1st obser\ation. 


Find/(rt),/(fe),?»TOf 


(6-r)(ft-o).7 


( ■r ■u)(xi^) 
(c-a)(<- ft)' 
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8. Find by the Binomial Theorem the first 20 figures of 

. 9. Expand log (2 + x~ 'j^) in ascending powers of x, if a*<l. 

10. Provo Mathematical Induction that (3 m + 1)7**-1 is always 
divisible by 9. 


. LV. h. 

1, Prove that ? lies between ? and where a, 6, n, q are all 

h+p h b + 2p 

positive quantities. 

[ 2. What is the necessary condition that the sum to infinity of the series 

“ ... may be finite? Find the sum when this Qpndition is satisfied. 

h c c* 

3. A certain football club consists of 20 members, of whom 11 can 
only play forward, and 9 can only play back. In how many M’ays can a 
team of 8 forwards and 7 backs be selected ? 


4. 

5. 


Find the coeff. of in 


OX’® 

2~i) ■ 


Tf a, are the roots of the equation «x® + 6a:4-c=0, construct the 


fiuadratic whoso roots are i J-H?. 

* l+tt 1+/3 

6. Find approximately by logarithms the value of the incommensurable 
root of 3^ - 5 X 3* -f 6 = 0. 


27 . 

7. Write down the first negative term in the expansion of {l + x)% 
.r being positive. 

8. If .r<o, and x< 6, resolve ^ into partial fractions 

ah-{a + b)x + x^ 

and expand each of them. Prove that the coeff. of • 

b-a 


9. Prove that 14641 is a scinare number in any scale. 

10. The cjousumption of coal by a locomotive oc the square of the vehwity. 
When the speed is 16 miles an hour, the hourly consumption is 2 tons. 
If the price of coal be lOv. a ton, and the other expenses be 11s. 3d. an 
4our, fjnd the most economical .speed, and the least cost for a journey of 
100 miles. 


LV. k. 


^ 1, Find corriect to 2 decimal places <J^2-71S and 4^73 *8. 

' 2. If x* + 2ax® + 6x + f is divisible by x*+cix + d, find h and e in terms 
'bf.a and d. 

3. Find the sum of all the numbers between 600 and 2000 which are 
divisible by, 7. 

* *. 4*. Ho^,.nia^y numbers are there consisting of five different digits 
arranged^n^^snding order of magnitude ? 

. If a¥&^ci;^0, then 2(o® + 6* + c®)=5a6c(a*+6®+c*). 

‘B. Draw th^rjj^aphs of \2x and y =x+^, am] find where they meet. 
7. Find t'ljPO 'guoc^ssive terms 4n the expai^ion of ,(l + x)® such that 
their coefficients are ija'tHe ratb> B ^ 
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8. (Jiveu tlic height, the volume of a cylin^ler varies as the s(]uare of 
the radius. Find tlie volume of a cylinder whose radius is 5 inches, if the 
Volume of a cylinder of the same height and radius 3 inches is 28‘2’744 
cubic inches. 

Show that the sum of the series 

5 5.7 5.7.9 . ^ , 

e + iTo' 679712+ " 

is (A binomial ^{vinsion with index — !J.) 

10, Sum the scries 


1 

5 


1 

o 


i 

~ o * ri 


1 1 
4 * 5< 


+ .. 


. to infinity. 


LV. 1. 

1. l*rove that if a number of 2 digits -‘4 times the sum of its digits, 
the rcvciscd numhor — 7 times the sum of the digits. 

2. li jr \ y. or - t/ a: fo, express the ratio -I y® : a;® - y® in terms of 
a and h. 

3. Find the coefficient of a?’® in { (1 +af)(l + Jr®)}^ 

a* +2 

4. Find the greatest value of \ 

5. If wia®4 ?ir® ; ifitr f*^//®, then either aih r : d, 

or 7n : v =p : q. 

6. Find 4 numhers in a.p. whose sum is 32, the liaitnonic menu 
hetMcen the 2nd and 3id being 7J. 

7. The Ist and 2nd of the 3 digits by which a perfect sipiarc is 
expressed are I and 2» respectively ; tind the 3rd digit, and show that, in 
any scale, a perfect sipiare is obtained by reversing the digits. 

8. Solve ^ = 2, \/2a(/> y)-slb(^Ja + \'a:). 

9. Show that 

10. Find the coefficient of r'® in the prmlnct of 


LV. m. 

1. A tricycle, going 5 miles an hour, passes a milestone, and 14* 
minutes afterwards a bicycle, going in the same direction at 12 miles an 
hour, passes the same milestone; find graphically when an^l where the 
bicycle will overtake the tricycle. 

Z Solve the equation a?(a:® - 4) -a(a* - 4). . , - - 

3. If the sum of the first jo terms of an a.p. —0, tigs jBtiin m the next q 

. -a(p+g)g 

term8= — - _ , 

4. If a, b, c a, mb, c prove inac a, vro, care in u,r. 
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5. Determine the scale of notation with highest radix which requires 
4 digits to express the niimher five hundred ; and find what the 4 digits 
will i)e. 


6, Fiml tlie ooefKeieiit of in the expansion of j ^ ^ 

7. II' c — a-hf and if c is very small compared with a aiijif 6, then 

aHr[a?' - f a - 2c + 3cx^ nearly. ^ 


8. Sum the series 1 . 3 + 2 . 4 + 3 . 5 . . . + (w + 2). 


i 9. Provo 

positive proper fraction. ^ • * ' , ^ 

^•2 - ^ - j - J 

10. Resolve into partial fractions j j ITTja’ 


+ ..., if 


X . 

- is a 
a 


LV. n. 

1. Insert 19 Arithmetic and also 19 Harmonic means between 2 and 3, 
and show that if A be any arithmetic mean and H the corresponding har- 
G 

H' 


2. The number of permutations of abhcce in which the fe’s come 
together- J of the w’hole number of permutations. 

3. If «! hf r, d are in ci.p., log„ N, log* N, log© N, log^ N are in H.P. 

2/;2 

4. Resolve into partial fractions ^ rr- 

{x-a-^b){x-a-b){x-a) 

5. Eind the relation between a, b, and c in order that 3p + Sax* + bx + c 
may be a cube. 

6. Expand (I -.r) (1-x')"* giving the coefficient of x*' in 

each case. 


7. Find sq. rt. of 23^3l4 in the scale of 12. 

* 8. Draw a circle 2 '6 inches in radius and take a point O 4*4 inches 

from its centre. Consider a straight line OPQ passing through O and 
cutting the circle in P, Q. Draw this line in 4 positions including the one 
in yrhieli P and Q coincide, and by measuring OP and OQ in each position, 
prove that tlie rect. OP, OQ is constant. Find an eipiatioii connecting r 
the PftdiuS of the earth, h the height of a mountain, and d the distance of 
'<'thc sea-horizon as seen from the mountain -top. 

. •'- 9 . An approximation to is •002^1 + ^ + To how many 

places is it correct ? 

10 . TIk height of a mountain in feet is given by 
— H= 490^(1;^) 

where R, r are the observed ly?j^its of the bi^ometcil in inches at the 
bottom and top of the mouutiun,' and T, t are tfd; n)'{,erved temperatures 

i V ' ' - 
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al the bottom and top. The folloi^inj^ observations \\ore made ni the 
bottom and top ot a certain tnountaiii : 

Barometer. | Tlierinometcr. 

At bottom 29*60 in. G7" 

At top 25*35 ill. 30' 

J 

I'liid the height of Ihe^ioiintaiii and roughly cheek your result by any 
method whicli occurs to you. 


LV. p. 


1, If V iM real, slfow that 
S and 12. 


.r- - 4a* - 20 
a*~ 7 


rnnnot have a real ^alue botwoni 


2. I’he ratio of B’s age to A’s age is now 7 : 4, but in 10 years time it 
will bo 19 : 1.3. Find their ages. 

3. llraw the graph of the equation 2^- f5.rj/ + Gy - 3 0, after 

resolving into factors the expression in j*, y. , 

4. During any year the excess of births over deaths causes an incpo.iso 
of h per cent, of the population, and at the end of the year n fixed tiumhcr 
A of people emigrate. Pr<i\e that at the end of ?i years a population P 

~ 1 

becomes />"P- A, \\bere + 


5. Find, without assuming any formula, the number of dilTcrenl ways 
in which n men iiiay stand in a row. 

If two speciHcd men aie iicitlun* of them to be at cither end of the 
row, show that the number of ai rangenicnts is (?? — 2 )(m -3)|?/ _2 

6. Eliminate a from the equations .r - log„Z>, y = h>g„c. 

7. Solve the equation 24'^— 

8. Prove by the Binomial 1'licorem thatf money at .'i percent, compound 
interest more than doubles itself in 15 yeai’s. 

9. The middle term of ( I + is 1- ^ ^(*2r)«. 


10 . IWe j- ^34 ^ ^ . ... =l«g.2 - ‘. 


LV. q. 

1. Prove by Mathematical Induction that the sum 

1 } 3 I 9 + 27 . to 7/ tci ms is i (.3” - 1 ), 

2. Two casks A and B contain mixtm-es of Mine and neater, A in the 

ratio of 7 to 4, and B in the ratio of 9 to 2. In m hat latio must liquid bo 
drawn from each cask to give a mixture in the ratio of 3 1 ?* 

3. A quantity of M*ater contained in a cubical cistern is to lose 

by evaporation *04 ot its volume in a day. I'hc depUi is p and a 
cub. ft. of water M*cighs 1000 oz. Assuming the loss to be Only through 
evaporation, wbe^ weight qf M*ater will be left at tlie eurbul 10 days? 

4. If the explessioiy^l - 5j;-f 6j^>T^,.lie expanded in Jkiwers of x, prove 

that the coetl. of [Resolve into partial fractions.] 
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5, Expand (1 when jt> 1. 

6, If a; + ^=y, express + ^ terms of y. 

7, The duration of a railway journey varies directly as the distance 

and inversely as the velocity. The velocity varies directly as the aq^ root 
of tliu quantity of coal used per mile and inversely as the nunibor of 
carriages. In a journey of 25 miles in half an hour with 18 carriages, 10 
owl. of coal is required. What will be consumed in a journey of K' miles 
in 20 minutes with 20 carriages ? * 

8, Write down the term of the series 8, 15, 24, 35, ... and find the 
I sum of n terms. [8 = 3 + 5, 15 = 3 + 5 + 7.] 

9, Expand log (.r=* + 4ar |-3) in ascending powers of a?, supposing a? to be 

less than 1. • 

10. If 

(I -a?)“i(l -ar=)-^(l -a:3)‘ni ~ar<)-’-=l +.r + 2(/)a:2 + 7.c« + rar») + ... , 
show that = -I- = I r -= 1 . 


LV. r. 

1. How many square yards are there in a courtyard .'rft. y inches long 
and y ft. x inches wide ? 

If a part of it x ft. x inches by y ft. y inches is covered with grass, how 
many tiles inches square will cover the remainder? 

2. Show that one root Is the square of the other in the equation 

CfS- j; = 2 + >/5. 

3. If it’ ~ y = log 5 ca, ^: = logra?>, prove that a:yz=a; + y + 2 + 2. 

4. Find the value, when fl;=-jV3, of 

1 + 2a; _ ^ ^ r _ 

I h I - -■§* 

5. B and C together can finish a piece of work in J of the time that 
A wonhl take ; C and A together in J of the time that B would take. 
(Compare the times in which A and B can separately do the work. 

* 6 . », ft, <•, d are in continued proportion, a2 + d®>ft® + c2. 

7, I’he h^’potoniisc of a right-angled triangld is less than the sum of 
the other two sides by 8 ft., and the area =180 sq. ft. Find all the sides. 
There are 8 stations on a railway. How many different sorts of 
^tiekets of each class must lie printed so as to include all possible 
'ignirncyfl on that line ? 

9. Draw the graph of x^- Ga7+41 and find its minimum value. 

a* + 1 

10. Resolve into partial fractions 

^ " LV. s. 

1. Simplify x (9a“^)“i 

2. If the of n tperWR of ^teries is an Sxpressior^ of the degree 
in n with n ^M a^ute 4^rmi the series is an a.p. ^ / 
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3. Solve the equation 41 (a;^ - l)®=a:+ 1. 

4. If (a-* + 6^ + {ji^ + y'-* + a*) = {ax + 6,y -i- cz)-, prove tliat * - 1 ~ 

^ Ciiveii that the time in socondB of a btmt of a pendulum is r 

wlu^re i is tJie length in feet, find the length of a |>eiidulum which beaU 
soeonds y f/~32*2 and ir=3*14‘J. 

6. -ff + ... to ?t + l terms-O, prove 

tiial x^—- 


7. Simplify (3N/3-5)^-r(2->/3), and find its value to 3 places. 


8. In how many ways can 10 boys be arranged so that a particular 
j>air never sit next ts each other (1) when they fonn a row, (2) when they 
form a ring ? 

9. A starts 37^ minutes before B to walk llj miles, the first of 

M'hich are uphill and the rest downhill. Downhill their speetlH are iobf>ec- 
tively ^ and } mile per hour faster than uphill, and tlicy finish their 
journey at the same moment, though A reaches the hilltop 22.^ minutes 
before B. What are their initial speeds ? » 

10. If a, X, y, b are in a.p., and c®, x, y, d® in o.p., show that 


a4-/i~cd(c + d). 


LV. t. 


1. Draw on squared paper the line 2j?-H0’7y =2*r) (unit- 1 inch). Kind 
to 1 decimal place the length of the perpendicular to it from tlic oi igiii. 

2. Fiiidr, if «Pr = 120"C«.r. 

3. In a certain year a rise of 5*37 l^r cent, in the female population, 
and of 5‘61 in the male, produced a rise of 5’5 per cent, on the whole. 
Compare the number of males and females at the beginning of the year, 
and also at the end. 

4. Write down the continued prod act bf the n factors 

l+a:,, l+a-g, I+arj, ..l+ar„, 
and deduce the expansion of ( I + x)**, 

/ 1\16 

5. Find the 12th term and middle term of ( a - - ) • 

\ »/ • ^ 

6. A pendulum 3 ftislong is observed to uiako 700 beats in 071 seermds. 

If the time of a beat is seconds, wdiere length of liciidnliiiii in feet, 

liiid the value of y, supposing that 7r=34. . ■ . ^ 

7. Find >/l28 to o places of dc(*inials. / ; 

8. In how many years will £20 liecome €30 at 3 per cent, coinpottnd 
interest ? 

9. The tension of a string with one end fixed and the other attaclied to, 
a moving body varies directly as the wpiaro of tlie bocj^’s \tlocity 
and inversely os the length of the string. If the string will just bear the 
strain of a body moving with velocity 10 feet a second when the length of 
string i.s 3 feet, find the greatest velocity of the same boc^ .which tlie same 
string shortened^ oae fo<ft will stand. ^ 

10. If 
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LV. u. 

1, Show that approximately 1000001® : 1000000®— 1000002 : 1000000. 

2, Prove that (2 i \/.^)^+(2 -\/3)^=3\^6. 

3, Solve the e(| nation 3* - 3* “ ^ = 486. / ' 

' 4, The birth-rate in a town is 20 in a ihoiisand, the death-rate is 14 in 

a tliousand annually ; in how many years will the population double itself? 
** 5. In how many different ways can 8 persons be formed into 2vroups? 

• 1 

6. By resolving into partial fractions expand the fraction — 

. . nj“ "■ ox r o 

in a senes : 

(i) of the form PiX + p.jpiP + ...» 

(ii) of the form (lo + + ^ + • • • > ‘ 
and show that </n+i = ^"Pn-i‘ 

7. If /(a;), any rational integral function of x, is divided by {x - 

-/(^ d 

a-b a-b 


a){x-b). 


{ lie remainder is a* - 

8. Sum to u terms tlio series whoso term is 2r-2*‘. 

9. Find the number of digits in 2^*x3^\ and the first 4 digits <if the 
pnMliutt 

10. Find the coeflioient of ,v**' in the expansion of log(l a*'*), 
wlujre X is a proper fraction. 

LV. V. 

1. The incomes of A and B are as 6 to 5, their expenditure as 3 to 2. 
Each saves £270 a year : find their incomes. 

2. Find a value <>f x whicli will make X* + 2ax^ -I -i- c®.» 1- d* a square. 

3. Find the scale of notation in which the common number 1156 is 
represouted by 961. 

4. Which term of the series 1, 3, .5... is a mean proportional between 
the 23rd and 63rd ? Find also'^how many terms of the series have their 
sum c(pial to one-fourth of the sum of the first 20 terms. 

5. A mail arranges to pay oif a debt of £3600 by 40 annual instalments, 
which form an \.r. When 30 of the instalments arc paid he dies, leaving 
.a third of the debt unpaid. Fiiul tlie value of the first instalment. 

6. Exjiand (--f-.r)'-, and find which term hai the greatest numerical 
eoefiicieiit. 

** 3 ^ 

7. Sum to inlinity the series a? !- 1 o + r-R + ••• • 

I " 

V?. Find the coefficient of in the expansion of (1 +a; + a;®)~® 

• • 9. A man’s net income is 10 per cent, less than his gross income, which 
is derived partly from land and pai tly from personal property. He pays 
income tax at 8cf. in the £ on the wliole, and also local rates on the income 
from land. If hia whole income had been derived from land, his net 
• income would have been one ninth less. What are the local rates per £, 
and in what proportion is his gross picome derived from the two kinds of 
property ? ' 

I^raw the graph. of f' 


10 . 
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1. Simplify -y* * anil 2^ . 1(5^ H 2“^ . 4^-t 9^ . 3^. 

^ _ 2. A roil whose length is 5 feet is broken into 3 pieces, out of which a 
riglie-angletl triangle can be formed whose area is 120 stj. inches. Enid 
the length of its sides. 


3. If -ry 4 3 : a-s+ I :=y®-f 3 : ys+ 1, show that y-.r or y = 3;:. 

4. Eind the number ^ digits in 2**^, and if a* . «•*.. a'* -p, find an 

equation giving n in terms c*f p and a. 

6. Solve the equations 2*^=8^'^^ 


6. Decompose into partial fractions - 1 . 

l)(a -2) 

7. A man spends on charitable objects an annual amount proportional 
to the square of his income, and .spends £33 more when his income is £1200 
than when it is £000 per aiiiiuin. Find his charitable expenditure in each 
case. 


8. Write down the 2 middle termsintheexpansion of , und find 

how' many terms of (1 have positive signs. 

9. Pixive that the sum of two iiumbeis is divisible by 11, if evciy digit 
which stands in an even place in one stands in an odd place in the other. 


10. Sum the infinite series who.so teim is 
Prove that it is twice the square of the series 


n 


L’L"!- 


1+ 


•-^IL 



. to infinity. 


LV. X. 

1. Simplify * 

a’ - 

2. Express n/iSS + OoVo as the sum of 2 surds, and find its value 

correct to 3 decimal place-s. • • 

3. Sum the series (o* + 7ft) + (8o f 3ft) + ( 1 1 a + 3ft) + . . to 18 tei ms. 

4. Show that if a and ft arc such that the sum of the scjuaics of the 3 
arithmetic means inserted between a and ft a- f b'\ then the bum of 
cubes of these means = i(tt fft)®. 

5. log 2*+5*= 1-2222. Find a-. 

6. Find by logarithms the value of \/l3V5 rV?. 

7. Find the number of ways in which 5 Iwiya and 3 girls may be 
arranged in a row (1) so tliat the girls may be all togctlier, (2) so that no 
two girls may be together. 

8. If ( 1 - a:) ■ "* = Cy + CiX + -f- . . . , prove that 

X being loss than IV k being poitiw. integers. 



500 


ELEMENTARY ALGEBRA 


[CUAP. 


9 

9. Find tho least possible value of + 

10. If the expression a;(l “5a?+0a^)“^ be ox^janded in powers of a:, 
prove that the coefficient of is S'" -2*’. 


LV. y. 

^ ,1. If x + a be a common measure of and ^+PiX + qy, prove 

that a= (7 - q^)l(p -Jh)- « ^ 

2. A bicyclist started 3 minutes late to keep an appointment at a place 
15 miles offi By goin^^ at a rate half a mile an hour faster than he need 
utlierwise have done, he arrived at the pro[)er time. At what rate did he 
ride? 

3. In how many ways can 12 persons bo divided \nto 3 sets of 4 each, 
one set to play lawn tennis, one to x>la'y croquet, and one to play bowls ? 

4. Find tho coefficient of iu® in (32Lr-4)^. 

5. The number of shot in the liaso of a rectangular pile is 8(X), and 
the course from the base contains 495. Find the number of shot in 
tho eoinpleto pile. 

6. 3^=7175. Findx. 

7. 3'wo casks, each containing 20 gallons, are filled, one with water, 
the other with spirit ; x gallons are drawn from eaoh cask, mixed, and the 
casks are again filled up with tho mixture. When this is done a second 
time, it is found that the quantity of B})irit in tho 2nd cask is to the 
quantity of spirit in the other as 5 to 3. Find x. 

9y 2 4- (5 j; -f 3 

8. If X be real, between what limits does — gx nT — ' 

9. Find the coefficient of in the expansion of 

10. How inaii}^ years must elapse befoi’e a sum of money doubles itself 
at 3 x)er cent. comx>uund interest? 


LV. z. 


X y 


1. If {a^ + 1^) (x“ + y^) = (ttx + imovo that - = , ■ 

u o 


2. If a nuinl)er consists of n figures, Vs square cannot contain more 
' ‘than 2n or less than 2n - 1 figures. 

3. Find, from a table of common logarithms, the logarithm of 125 to 
the base 4^. 

4. If 0(w) denote 7/'* + 3w^ + 3«, find <J>{n+ 1) and 0( - 1). 

, 5. Find tho iiumbci- of arrangements of the letters of tho x>roduct of 
-aW so that all the come together. 

6. Find tho scale in whicli the common number 3963 becomes 30203. 

7. Fiud^ the coefficient of x® in the x^roduet 

(1 ... fV.). 

„ l± liL 

8. Ify=* + ... ad prove that ^ 

'iat ' - " l^+^rP *+ ... ad 
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9. Sum to It terms the series whose term is 8?^’* - 1. 

10. Prove loge3=l + ^^ + g-^ + ^^,28+- 

LV. aa. 

1. If 0(a;) = l -3a? + 2x®, prove that 0(a?) x -a;)=20(a;®)- l + sr^. 

2. The numbers 114020 and 20 are in the scale of 9. Divide the firsf 
by the' second and expresiathe result in the common scale. 

a Show that 3(1 +3 + 5+ ... + 99) = 101 + 103 + 105 + ... + 199. 

4. A and B together can do a piece of work in a certain time. If they 
each did half the work separately, A would have to work one day less, B 
2 days more than bgfore. Find the time in which A and B together do 
the work. 

5. ABODE FQ is a regular octag on. Prove that the lengths of AB> 
AC, AD are proportional to 1, n/2 + \^2, 1+>/2. 

6. H-^=«+6+^f 

(a* ~ a)® - (y - 6)* = ft*. 

7. Find 2 numbers such that their sum, their difference, and the suhi 
of tlieir squares are proportional to 7, 1, 75. 

8. The side BC of a A ABC is produced to P, where BC=a and CP=x. 
Compare the areas of the A* ABC, ABP. 

The sides BC, CA, AB of a A ABC are produced to P, Q, R, where 
CP=AQ=BR=a;. If BC=a, CA=6, AB = c, show that the ratio of the 
A PQR to the A ABC is 

[(a + a;)(6 + a?)(c + x)-a5®]: abc. 

9. To do a piece of work a contractor can employ two classes of 
workmen, whose wages are in the ratio of 17 to 13. If he employs the 
higher paid men (who work the faster), he mys £148. 15«. in wages, being 
£10. lOtf. less than the lower paid men would cost him. Compare their 
rates of work. 

10. A dam has to be built of material g times as heavy as water ; and 
its thickness in feet T at any depth d feet is calculated from the formula 

T=g'^d. When the material is 2*3 times as heavy os water, what must 
the thickness be at a depHh of 8 feet ? 


LV. bb. 


1. Find the value of ^ when a; - 0(1 + 2^3). 

\x -a/ da 

2. Simplify ^/(6 - Vl7 - 13^^). 

3. Transforn 123456 from scale 10 to scale 7 

4. Find VS2 correct to 6 places by the Binomial TlnpEem: . 

-4 . 1 2r + 1 
L-4arl ^i 


5, The general term of (1 - 4a?) * is ' 


airf 




6. Expand give the gehecal term. 


B.B.A. 


w 


2 It’ 
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7. Solve the equation 3** . . 11*"*. 

8. Find the values of x and y which satisfy the equations y=x+2, 
y=bx + S. Drawing graphs of the equations on squared paper, indicate 
the values of x and y which satisfy both nations (i) when 6=0*7 ; (ii) 
when 6=0*8; (iii) when 6=0*0. Is it possible to find values of x avi y 
which satisfy the two equations when 6 = 1? 

9. The height h of the eye above the sea, and the distance d of the 
Locizon, are connected by the equation 6*+26R=d*, where R is the earth^a 
radius. Taking R=3060 miles, find, in feet, tb*^ height above the sea at 
which, the distance of the horizon is 5 miles. 

I 10. The population of Ireland was 4,458,775 at the census of 1901, and 
decreased so that in x years from the census it fell to (0*9477)* of the 
population at the census. Estimate the population 2^ years after the 
census to the nearest thousand. * 

LV. cc. 

1. Show that 2(a6 + cd) cannot be greater than a* + 6* + c* + cf*. 

2. Find, by logarithms, the cube root of 3*2 and that of f . 

3. Find the nange of values of a for which the expression 

(a - 2)**+ 2(2a - 3)a? f 5a - 6 

may have real factors. 

4. Two men are walking with the same speed in opposite directions 
along a path parallel to a railway ; a train passes one of them in a time t 
and the other in a time T ; show that the train will describe a distance 
equal to its own length in a time which is the harmonic mean between 
T and L 

5. Find the product of 1 + a: + x®4- ... 

and 1 + ... - 

6. Find within what limits the values of x must be when jc* -7a:+12 
is negative. Verify your result. 

7. If a*+6*= lla6, show that 

log = g (log o + log 6). 

8. An examiner has given marks to papers; the highest number of 
iharks'is 185, the lowest 42. He desires to cnange all his marks according 
to a linear law converting the highest number of marks into 250 and the 
lowest into 100 ; show how he may do this, and state the converted marks 
for papers already marked 60, 100, 150. Use squared paper, or algebra, 
as you please. 

9. A is tlie horizontal sectional area of a vessel in square feet at the 
water level, h being the vertical draught in feet. 


A 

14,850 

14,400 

13,780 

13,150 

h 

23*6 

20-35 

17*1 

14*6 


on squared paper and read off and tabulate A for values of 6, 23, 

^ ao, i6. • , / . . . 

If tha vessel chaiM^ (n draught from 20*5 to ^9'5,/what is the dimi* 
nution of its displacenSnt injoubic feet? 
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, 10. Work the following three exercues as if in each case one were alone 
given, taking in each case the aimpleet supposition which your information 
permits : 

(i) The total yearly expense in keeping a school of 100 boys is £2,100 ; 
%fi<.t is the expense when the number of &ys is 175? 

(ii) The expense is £2,100 for 100 boys, £3,060 for 200 boys ; what is it 

for 176 boys ? * 

(iii) The expenses forAhree cases are known as follows : 

£2,100 for 100 boys, £2,650 for 150 boys, £3,060 for 200 boys. Wh 

the probable expense for 175 boys ? 

If you use a squared paper method, show all three solutions together. 


LV. dd. 


1, If is constant ; and if 1 when 1, find for what value of r, 

p is 0*2. Do this for the following values of k, 0*3, 0*9, 1 *0, 1 *1. Tabulate 
your answers. * 

2. Solve the equation (a;~2)(j;-4)=:n, and write down four value^f 
n, for each of which at least one of the values of x will be a positive whole 
number. 


3. Find the range of values of a, for which both the roots of the equa- 
tion sfi - 2ax+a^ - 1 =0 are less than 4 and greater than ^ 2. 


4. A certain quantity y equals the sum of two quantities, one of which 
varies directly as x, and the other inversely as x; given that y—2 when 
x= - 1, and that y-4 when a;=:2, find y in terms of x. 


6 . 


Show by the Binomial Theorem that 


^^^^=0’919166, and verify 


the result by a logarithmic calculation. If you find a small difference be- 
tween the two results, what explanation (of a general kind) can be given of 
the difference ? 


6. Compute 2'3()7®'® and 23‘07"^'*®, using logarithms. 

7. If is=144{p,(l+logr)-r(/>a+10)}, and if Pi = 100, P8=17 ; find w 
for the four values of r,^i, 2, 3, 4. Tabulate your answers. ^ 

8. Express ^ ^ as the sum of two simpler fractions. 

a^-2a:-16 

6. Suppose « the distance in feet passed through by a4»ody in the time 
t seconds is 19^. Find s when t is 2, when / is 2*01, and when /=2'001. 
What is the average speed in each of the two short intervals of time after 
t=2? When the interval of time is made shorter and shorter, what does 
the average spe^ approximate to? 

10. s=aa:-6y»a?^. 

If *=1’32 when a?=l, and y=2; 
and 2=8*58 when ;0=4, had y = 1 ; find a an4 

Then find z whep s;=t*and y=0 
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LV. ae. 

1. If n be a positive number, show that is greater than 2n, 

2. From the logarithm tables find the value of the fifth root of 1 '1^1. 

3. If A* is ft positive number less than unity, find for what values of x 

the product is less than With the same restriction on the 

values of x, if we write n instead of 6, show that^n must be greater than 4. 

4. Without using a table of logarithms, find the characteristic in the 
k following cases : 

(i) of the common logarithm of 

(li) s/f. 

(iii) of the logarithm to the base 3 of 776. 

(iv) 0-0776. 

5. Compute, using logarithms, 

^7-24, 372-4»“ 0-3724--". 

Find the third result to the nearest thousand. 

6. Find within what limits the value of x must he when ^ ib 

0 X 

positive. Verify your result. 

7. A firm is satisfied from its past experience and study that its 
expenditure per week in pounds is 

120 f 3-ac+-^_+ooic, 

X-t O 

whete X is the number of horses employed by the firm and C the usual 
turiio\ or. 

If C is 21.10 pounds, find for various values of x what is the weoklv 
expenditure, and plot on sc^uar^d paper to find the number of horses which 
will cause the expenditure to bo a minimum. 


8. If A= P^l -I- and if A=3P when r=34, find 91. 

9. The New Zealand Pension law for a person who has already lived 

from the age of 40 to 65 in the colony is : ' 

. If the private income I is not more than £34 a year, the pension P is £18 
a year. If the private income is anything from 34 to 52, the pension is 
such that the total income is just made up to 52. If the private income is 
or more there is no pension. 

Show on squared paper, for any income I, the value of P, and also the 
value of the total income. If a person’s private income is say £50, how 
much of it has he an inducement to give away before he applies for a 
pension ? 

Show on the rame paper the total income, if the pension were regulated 
according to tli^jmle 
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10. Express j ^ simple fractions. 

11. The following are the areas of cross section of a body at right angles 
^ to its straight axis : 

A in square inches 250 292 310 273 215 180 135 120 

.t' inches from one end - 41 70 84 | 102 130 145 


Plot A and x on squared paper. What is the probable cross section at V 
a- =50? What is the average cross section and the wliole volume ? 

12. The followinj]^ table records the heights in inches of a girl A (i)nrn 
Jan. 1890) and a boy B (born May 1894). Plot these records. 'I'lie 
intervals of time may be taken as exactly 4 months. 


Year 

1900 


1901 



1902 


1903 

Month - 

Sept. 

Jan. 

May 

Sept. 

Jan. 


Sept. 

Jan. 

A - - - 

54*8 ■ 

550 

56-6 

58*0 

59-2 

GO'2 

60-9 

01 \ 

B - - 

48*3 

! 49-0 

49-8 

50*6 

51 5 

.52-.3 

1 

1 5.3 0 

1 


Find in inches per year the average rates of growth of A and B during 
the given period. At about what age was the growth of A most rapid ? 
estate this rate ; divide it by her average rate. 




ANSWERS TO THE EXAMPLES. 

PART I. 


I. a. (p. 2). 


1. 

7a:. 

2. 

2a. a. 

a. 

4. 

4a?. 

5. 

7x. 

6. 

0. 

7. 

8a5. 

8 . 

5ah. 

9. 

0. 16. 

4xy. 

11. 

axy. 

12. 

5a6. 

13. 

5abc. 14. 

12a:. 

15. 

9ab, 

16. 

2Qab. 

17. 

16a. 

18. 

14a6c. 

19. 

5a. 

20. 

15a?. 

21. 

16. 

22. 

32. 

23. 

4. 

24. 

32. 


25. 

6. 

26. 

20. 

27. 

2. 

28. 

8. 

29. 

li 

30 

1 

8* 


81. 

1 

82. 

1 -25. 

83. 

3. 

34. 

9. 

86 . 

6. 

36. 

6i. 


87. 

7 2. 

88. 

4*8. 

39. 

2. 

40. 

4. 

41. 

2*5. 

42. 

•8. 


43. 

■2. 

44. 

•008. 


I, b. (p. 3). 


1. x-i 2. 2, »- 3, S. Sr pence, 7a; )>ence, 11a; pence, aa; pvncp 

4. 20a:, 2*, 8a;, 10a:, 240a;. 8. 2a: mtles, 7x miles, ^ miles, ax miles. 

e. 3a:, sea:. 7. 8. 2a:, 24a:. 9. 10. 10a, a^^. 

12. rp pence, ^ shillings. IS. 144a:. 

18. 10a:, 10(te,, 1000a:, 


11. 240a;+12p. 


16. 


18. 


X X 

W Too' looo* 1000,000* 

(y-ar)£. 19. 


17. 2a:, Qx, 14a:, 2ajr, x, 3x, . 

(a;-y)£. 20 (r+y)£. 



I. C. 

(p. 6). 


4. 9. 

5. 64. 

6. 32. 

7. ar>. 

8. 

9. a»a:». 

10. a^b^c. 

11. 12ab. 

12. 20aB. 

18. 36aW 

14. 84o^.y*z. 

15. X. 

16. x». 

17. 4a. 

18. 

19 2.5. 

20. ufi. 

21. a^b\ 

22. 16ay. 

S3 afl. 

24. ay. 

26. 8aV*. 

26. a*«. 

87. 2a.' 

28. aa\ 

29. 6. 

30. ,3/>. 

81. a?. 

32. a:. 

88. 3bY 

84. iab. 

SO. 13. 

86. 25. 

87. 25. 

88. 49. 

39. 24. 

40. 4. 

41. L. 

42. 3. 

48,* 144. 

44. 64. 

45. 2. 

46e 4. 


B.B.A. 


▲ 




elembntaky algebra 


1. 15. 2. 9. 

•6 100. 7. 9. 

11. 9S. 12. 11. 

•16 0. 17- « 

21 3. 22. 1. 

’2fl 8. 27. i*B- 

81 16. 88. 21. 

86. 2. 37. 0. 

41. 0. 62. 2. 


I. d. (P- 7)- 
3. 1. 

4. 40. 

8. 7. 

9. HI. 

18 14. 

14 36. 

18. 48. 

19. 16. 

28. 3 

24. 8. 

28. 6. 

29. 16. 

83. 0. 

84. U. 

88. 0. 

89. 1. 

43. 2. 

44. 


6. 27. 
10. 500. 
16 720. 
20. 32. 
86 . 1 . 
80. 168. 
86 . 0 . 
40. A- 


II. a. 


1. 

2. 

2. 

-2. 

3. 4. 

6 

-4. 


7. 

2a. 

10 

2a. 


11. 

6.r. 

14. 

- 14j5*. 


15. 

- 2x\ 

18 

4ah 


19. 

- 12a6. 

22 



23. 

- 9a®6. 

26. 

-9. 


27. 

3j*. 

30 

- 2ahc. 


31. 

-Ixy. 

34 

Sx. 


86. 

-3ar. 

38 

- Tio; 


39 

-29.C 





IL c. 

1. 

27. 

2. 

-9. 3. 

6. 

-15. 

7. 

4. 

8. 

11 

3. 

12. 

0. 

13. 

16. 

0 

17. 



21 

0 

22. 

IS 

28. 

26 

0. 

27 

0. 

28. 

31 

106. 


82 

-n. 

36. 

llV 


36 

45. 

89. 

9, 4, 1, 

0, 1, 

4. 

40. -10, 


.. 9). 

4-6. 6.-18. 


8. 

-2a. 

9. - 6a. 

12. 

6a:. 

18 4a’‘. 

16 

-7a». 

17. -3a*. 

20 

-2a6. 

21. -lab. 

24. 

0. 

26. -4ab. 

28. 

- 3al>. 

29 - 12a6«. 

82. 

4abc, 

88. -lOabc. 

86. 

3a:. 

87. -2*». 

40. 4a-. 

. (P- 12). 

41. -9**. 

-1. 

4. 7. 

6. 21. 

-3. 

9. 2. 

10. 4. 

-1. 

14 0. 

16. -13. 

0. 

19. 4. 

20. 2. 

1 

14 - 

0. 

34. 1 

26. 122. 

29. - 

56. 80. -89. 

33 

7840. 

8A 9. 

87 

33. 

88. .30. 

-8, 10. 

44, 94. 

41. 4, 2^.3, 5^, 


1. 7. 

6. -10.»:V+*y* 


n. d. (p. 14 ). 

2 . - 6 . 8 . 0 . 
7. 3i*-8ay-3y®. 8. 8<i. 


4. -13a. 
9. 2a. 


1 . 8 . 8 . 2 ., 8 . 

8 . 16. Vv^«. 1®- 

16. 8*^.. ii. 40. 

«L -8a. 8*« !)«•. 


m. a. (p. 18 ). 

8. A 10. 8. -1. ®- ®- 

- 9 . 11 . 0 . 12 . 0 . 18 . 19 . 

17. 0, 18. 12o. *9. -a. 

88. 5il.,..9A«L 26. -3*». 


6. Sbe. 
10. 2a». 


7. 0. 
lA 4. 
80 a. 
86 . 0 . 
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m. b. 

(p. 18). 


1. 

-3. 2. 

2. 8. -6. 

4. -1. 6. 

0. 6. 0. 

7. 

X. 8. 

- Oar. 9. 2a?. 

10. -4ar. 11. 

7(1. 18. -a.‘ 

13. 

-9a. 

14. 4a. 

16. 5a. 

16. -2*». 

17. 

2ahc. 

18. 0. 

19. 

». 1 • 

21 

Six 
“ 2’ 

22 5? 

23. 2a^+2a. 

84. da^-sd. 

26. 


26. -2a;*+ar. 

87. 

4 

88. ?. 

29. 

X 

”4‘ 

-T- 

81. I'. 

88. * 

83. 

\xyz. 

-I- 

86. 4 

36. 3ar®-2ya 



in. c. 

(p. 19). 


1. 

2a. 

S. 5x. 8. 2((. 

4. 5a; + 2a» 6. 2a.- 6. 

6. 

5a - 26. 

7. a**. 8. 6** 

-3y® 9. a. 

10. a + h.*^ 

11. 

rt + 6. 

12. a+l. 

13. a-e. 

14. a 4- 6 - 2c. 

16. 

3a - 36 - 3c. 

16. 2a;^ + 6a? + 4. 

17. 3a?»-3a;-3. 

18. a:® -a;®- a?. 

19. 

a:® + 2. 

20. 3x*+a?-5. 

21. 2a. 

22. 6a -3c. 

23. 

4;i;-y + 3z. 

24. /A 

26. 5j;*+3a;. 

26. 2a'®4-2y®. 

27. 

5(a-6). 

28. a + h. 

29. a.-2-y*. 

80. a; 4 5. 

31. 

a -6. 

82. -(a;-3). , 

83. 8i. 

34. 3^. 

36. 

6. 

36. 7. 

87. 6a -26. 

88. X + dy. 

89. 

10a? -15. 

40. 9-6ar. 

41. 04 2a;. 

• 

42. 2aa;. 



m. d. 

(p. 20). 


1. 

I4a. 

2. 2a. 

8. -10a;. 

4. 9a:* 

6. 

-3y. 

6. 0. 

7. dab. 

8. 0. • 

9. 

-3a:®. 

10. *20;. 

11. 4a. 

18. 1?. 
y 

13. 

5a; 

‘4’ 

14. 2a;. 

16. 4a. 

16. 6a:*. 

17. 

4a6. 

18. 4a;V 

19. - 6a6c. 

20. -15a:*. 

21. 

0. 


88. 

24. -4a*. 




* 

• . 




(p. 21). 



L o®-&*+c*. 2. 6a+66 + 6c. 8. 2a5-y-9z. * 

4. -6o-66-6c. 6. 13ax+36y + 4cz. 0. 

7. 4a. * ' 8.* 8a 9. 2a^C£^-yF^‘ 

10. 3*»+y®. . -‘iL ;^8af+te + 7. 12. 4a?- Sic* -fad*. 
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18. + 14. p*-39». 


16. 

"yx^yz -(ixyh-i 




16. 

a® + 6® + a6 

- 46c - 

-3ac. 


17. 

+ 4aV, 3tt6c 

+ af“. 



18. 

2a + 96+ 17c. 



19. 

_2*. !»., 
3^3^ 

2z 

3' 

20. 

a +26+ 5c. 

21. 

12a:- 

lOy. 






m. 

f. 

(p. 22). 




1. 

3a. a 

. oa. 

8. - 

• 5a 

, 

4. 76.' 

6. 

-66. 


6. 

0. 

7. 

196. 



8. - 

2a:. 

9. 

4y. 


10. 

-2a;». 

11. 

4aa;*. 



12. - 

4aa:®. 

18. 

ISoa:®. 


14. 

-aoo*». 

16. 

-a. 



16. - 

lla. 

17. 

3a. 


18. 

- 3a - 26. 

19. 

-a + 6. 


20. 2b 


' 21. 

a -26. 


22. 

b. 

23. 

a 6 
2'*' 2* 



24. 1 

6 

O* 

26. 

a + 6 - c. 


26. 

c-a - b. 

27. 

aa;- a. 


28. ax + a. 

29. 

a -ax. 


30. 

- X. 

31. 

6. 



32. - 

36. 

38. 

c-6. 


84. 

26 + c. 

36. 

4y2- 

** + ‘22 


86. 12 + 10*-**. 

37. 

2a:® - 2pa: ■ 

-9* 





m. 

2. 

(p. 23). 




1. 

2/A 



2. 4 a;+ 4 y~ 62 . 

3. 

2a:®- 

2a: + 4. 


4. 

-2u:^ + 4a:y + 8y*. 

6. -( 


26 + c+4d. 6. 

2a: 

la- 13. 


7. 

86* + 8«6- 

9. 


8. a- 

-26 

-6rf. 

9. 

-3a:*y + 

10. 

3a -26 f-2< 

11. X- 

-5y 

-2-2 

12. 

5a®- 

4a6-14. 


13. 

f9j:2 + 

5x~ 

17. 



14. 

a*-9o*+6a + 6. 



16. 

2a6 - 26r -1- 

2cd 

- arf. 



16. 

2a* + 2a*- 

5a®- 

3a +1. 


17. 

6ir*-:u3- 

Gx~ 

■29. 



18. 

3. 19. 

11. 

80. 

2. 

21. 

4a. 22. 

xK 

23. 

x^ -Hx. 

24. 

26. 26. 

2a- ] 

11*. 86. 

8a. 

27. 

7a -5. 


28. 

3a^+a:. 

29. 

6. 80. 

a +56. 81. 

7. 

32. 

13*. 


33. 

2a- 

86. 

34. 

- 2a: + !)y 

-z. 

36. 6- 

lx. 


-3a®-H6»- 

r 


87. 

a + 6 + d. 38. 

- a:® - 3a:. 








IV. 

. a. 

. (P- ! 

26). 




1. 

6a. 


2. - 

9a. 


3. 

8a. 

4. 

2a®. 


6. 

-2a^ 


6, - 

6a263. 


7. 

12a;y. 

8. 

6ay. 


9. 

- iryxy. 


10? - 

14a?®. 


11. 

aW, 

12. 

-a®6>c. 


18. 

-~aV. 


14. 6a‘‘6. 


16. 

-8aH». 

16. 




p«j*. 


18. - 

6/3®rA 


19. 

a®6W 

20. 

ah 

T 


21. 

-thViK . 


'22. - 

6a:* 

3~' 


23. 

a;®y *2 

2 ’ 

24. 

9a*6»c» 
5 ■' 


258. 

24. v''jlrv‘« 

26. - 

abc. 


27. 

-a"6»c. 

28. 

a6®c®. 


^29. 

dOabc/f^ 

'T.t 

30. 24a6c. 


81. 

- -a®«®y. * 

32. 

-3aa:». 


38. 

.^aK 


34. - 

■ 8a*. 


81. 

2a*6®tf‘.'. 

.86. 

24ii*a®r. 
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87. a\ 88. -a*. 89. a«. 40. -8o». 

42. afl. 43. -a*. 44. -8xV- «• 16xV- 

47. 1. 48. -1. «. -*». 

31. 64»>* 82. -8a«6». 58. -27**/. 


41. *«. 

46. -1. 
60. -x'*. 

64. 81a:V' 


IV. b. (p. 27). 

1. 5a+256-15c. * 2. -8a+m-8c. 8. 2tt*+2<i6+2oc. 


4. 

-6o®+4a®- 10a. 


5. 42a® 

-28a«-14a>-35<»*. 

6. 

ah^c — + aftc®. 


7. -6a.«fc*c + 9rt6*<*+l*ia*6c* 

8. 

a:®-2arV+aV- 


9. -3a“ + 9a:*y-9a*y*4 3a*y*. 

10. 

-a^c- o&c-6^c+ac* + 6c''*. 11. 3a*6’*c + 2a®/>c® - a6 V**. 

12. 

- 2* + 6** + 4a* - 2x‘. 

13. 2ar*- 

6a*+6x*+2j:. 

14. 

-15a^+10a‘-30ar'. 

16. 6a*/>*f4o^>»-261 

16. 

60a‘'6V’+12aW- 

-lOSa”^. 17. aV, - 

at®. 

18. 

6a®r - 12a®6c - 6o6*c. 

19. -6jr‘+3ae*-18x*. 

20. 

12a!*-36ar®+24ar*~ 

36ii!». 

21. 

• 22. 

28. 

a^. 24, a»"». 

26. 

a«+» 26. ~a"+*. 27. a®'". \ 

28. 

a^+a“. 29. 

-2a*»“. 80. 15rt"*+"fc"‘+*. 81. rt»*. 

82. 



88. o*". 

84. 

85. 

2. 86. 14. 

87. 

0. 88. -8. 

89. 0. 40. 2. 

41. 

3. 42. -7. 

43. 

5. 41 0. 

46. 3. 46. 7. 

47. 

5. 48. -2. 

49. 

7. 60. 7. 

51. 17. 52. 14. 



rV. c. (p. 29). 


1. 

5aj + 6. 

2. 

a;*-5a;+6. ^ 

8. *®-*-6. 

4. 


5. 

a;* + 12a;4 27. 

6. a:® + 3*-18. 

7. 

a;3-18a; + 77. 

8. 

a;*+4a?-77. 

9. l+3*+2*®. 

10. 

1+a?- 12a;*. 

11. 

1 -3a:+2a;*. 

12. 0 + 5* + *®. 

18. 

30h- llx + a;*. 

14. 

21 + lOa; + a:*. 

16. 1-2* -63*!^ 

16. 

l-4a;-2la;“. « 

17. 


18. *®-4. 

19. 

**-9. 

20. 

**-49. 

21. 1-*®. 

22. 

4-ar*. 

28 

49-*®. 

24. 81-*®. 

25. 3^-^2xy+y\ 

26. 

a;* + 5*y +6y®. 

27. *®-4y®. 

28. 

ar*-5a;y + 6y*. 

29. 

** - ary - 6y®. 

30. *® - ry ' 20y‘-. 

81. 

4a;*+4a;y+y*. 

82. 

9*®-6*y+y® 

83. 6*“ *-12. 

84. 

6»*-lla?+4. 

85. 

10*® -1-27* +18. 

36. 15*®-^* -U. 

87. 

6-13a;+6a:». 

88. 

30+1 lx -28*®. 

89. 4 - 9*®. . 

40. 

4a^-25. 

41, 

25*® -49. 

42. ‘’80*®-25. . 

48. 

81a^-64. 

44. 

16aJ*-49. 

45. 0^7 0 *+ A* -oft. 

46. 

a:* + aa;-lna?-aj. 


a® + 2a6 + 6®. 

48. 

48. 

a*-2a6 + 6*. 

50. 

a?*®- 2a^+ 6®. 

61. j:#®4f®-!2;)g*+g®. 

52. 

p*+2/igf» + 4*a:®. ■ ^ 


54. 21-x-2i^. ^ 
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66 . - a®y*. 66 . - 5 *. 67. (- ^ 

68 . <«x‘-2cdx+dP. 69. 12x*-25j!y+12i»* 60. 12x»4xy-2(V 

61. 42x’' ( 20cx-32c’. 62. 6«»x»+13oa•^ 6 . 68 . o<- 6 ‘. 

64. o«-1665. 66 . o<+2a*fc-24/A 68 . o<-8a^+15l»». 

• 67 16o*-96». 68 . 25a«-46«. 69. .■r*-4o<. 

70. x«-p». 71. o»- 6 *. 72. o*-2»i6N6''. 

' 78 . x»-l. 74. *«-4. 76. oV-1. 76. 6V- c*. 

77. o6x®+ax+6x+l. 76. o/»x*-o*+&x-l. 

79. 3x® t 6ry +x+2y. 80. 6x*-3ax+26x-a6 

81. ac-t 6c+a(2+&d. 82. ac-be-ad+brt. 

83. Oae -3bc-1 8a(l-4bd. 84. 2a<' + 6&c-5ar2- 166<{. 

86. a!‘4«x®-36»*-3<»A. 86. o*x“+2afcx®+ii^. 

87. cfijfi-lfir. 88. a?x + a?. 

89. j? \ aK? - - a*. 90. ac® - 2r*y - 4xy® f 8y®. 


IV. d. (p. 31). 


/. 

a* 4 2064 - 6 ®. 

2. 

a®4-2oj;4-x®. 

8. 

f®+2rc^4 d®. 

'4. 

a;® 4 8r4-16. 

5. 

a-® 4- I4ar4 49. 

6. 

p® ♦ 6/>4 9. 

7. 

o3-|i>4-6®. 

8. 

a®-2ax4-A'®. 

9. 

r® - *2cd 4- d®. 

10. 

.r®- ®4- 36. 

11. 

a;® -18a: 4- 81. 

12. 

2>®-8p4- 16. 

13. 

4;i®4- 12/j f-9. 

14 

9yi®4-6pg f g®. 

15. 

4/;® - 20p f 25. 

16. 

16ju®-8/j4 1. 

17. 

a;®-2xf 1. 

18. 

9a;®-6x4 1. 

19. 

1 - ^Ijc \rx\ 

20. 

1 - 4ar 4 4a;®. 

21. 

l-10a--h25a-®. 

22. 

1 4-2;i f 

23. 

1 4- 14/i 4- 49j^, 

24. 

4o® 4- 12a6 4 96®. 

25. 

16a:®- 24a-f/4 9y®. 

26. 

a®' 2064 - 6 ®. 

27. 

4o®- 4 oar 4- a:®. 

28. 

4a;® - 12aa’ \ 9a®. 

29. 

4a:® - 12aa:4 0»®. 

30. 

16/>® 4 - 4 O/J 7 4 25g*. 

31. 

25jo® - 4 O /17 4“ 16^®. 

32. 

o®4 2a®6®4 6*. 

33. 

a«-2a=6M h*. 

34. 

a* t 2a^b 4- 6®. 

35. 

o* - 2ri®p 4 - y>®. 

36. 

4o^-12o®6®4-96*. 

37. 

16aH24o®6®4 96» 

38. 

o®4-2a®64-6®. 

39. 

a:®4-2rV+y®- 

,40. 

a.® 2a,'®y®4-y®. 

41. 

4a^4 4aa:®4-o®. 

42. 

9a’^-6a:®y®4'y^. 

43 

1 - 4.t’®4-4j:'‘. 

44. 

1 l-2a’4-a:®. 

45. 

1 4- 4x4- 4a:®. 

46. 

x'^ l-2ar*a® + a^ 

47. 

- 2a:*y* 4- y®. 

'48. 

4x®-12a:V+®y®* 

.49. 

4j 9® 4- 12//*g® 4- 9^. 

50. 

a:'®-2a:»a®4-oW 




IV. 0. (P. 31). 

..•1. x*- 1. 2. x*-4. 8. l-a». 4. 

6. 9.-y“., 6. 49-*®. 7. i»-a*. 8 . 4;j»-5». 

9. V-g*. 10. oS-O/A 11. 9p*-49». 12 25*®- 16a*. 

18. o®t 6®. 14. 4a»-i®. 16. o»-496». 16. o»-495». 

17. »*-y*. 18. a® -46*. 19. p®**-?®. 20. o*-6*a;». 

21. *«-a«. ,.,29. x*-o®. 28. 4a*-j»®. , 24- 4o*-9ae». 

26. l-*«. i-^OO. l-o*x«. 27. ‘9- o*. . 98. 121-49**. 

28..4l-64**> 80. 49**-81. ' 




ANSWERS TO EXAMPLES: 

PART I. vii 



IV. f. (p. 32). 


1. 

9604. 

2. 40401. 

8. 10404. 

4. 10609. 

6. 

11449. 

6. 99980001. 7. 1002001. 8. 1004004. 

9. 

98 01. 

10. 

100060009. 

11. 400040001. 

12. 

999600-04. 

13. 

400400100. 

14. 4<»20025. 

15. 

10060 09. 

16. 

1016064. 

17. 998001. 

18. 

9994 0009. 

19. 

6432-04. 

20. 360600-25. 

21. 

809280-16. 

• 22. 

250300-09. 

28. 81-108036. 

21 

63 936016. 

25. 

10004-000. 

26. 1-0100. 

27. 

101-606. 

28. 

999920-00. 

29. 100-1000. 

30. 

999996. 

31. 39991 

32. 0991. 

38. 6391. 

34. 

120-75. 

^5. 99-51. 

86. 6396. 

37. 399-9984. 

38. 

2-8896. 

39. 

3-9984. 

40. 80999999-84. 



IV. g. (p. 33). 


1. 

2. 

a;® + 5a? + 8x + 4. 

3. 4c®-8.r® + 5a:xl. 

1 

a;» + 8. 

6. 

27**-!. 

6. 6a:»+lla:® 2a:+‘>0. 

7. 

-■ 2(ix^ + - a®. 

8. 1251*-!. 

9. a® + tt®6 + a/>® 4/A* 

10. 


11. 

a’ + a®6 - ah* - /A 

12. ar’-9a;® + 27a:-27. 

13. 

Sx^-h 


14. 8a:® - 32a:® + 4a: + 35. 

16. 

- 8 jj® - 

3x + 6. 

16. a:^ + 3a:® - 6a:® - Oa: + 8. 

17. 

27a:® +1. 


18. a:*+2x®-2a:-l. 

19. 

3 ^ - ax* - bx'* - cx* h abx + hex + cax - ahc. 

20. a:* - 1 6ft^. 

21. 

18t»*» + 816*. 

22. IS**- 

16a:* -79a: -42. 

23. 

o* - n*c - a6® + h^K. 

24. a*-b* 

- ttc + be. 

25. 

+ 

1 

3ac + 4ftc - 12/A 

• 





IV. h. (p. 33). 


1. 

9. 

2. 4. 

S. -6. 4. 

17. 5. 1., 

6. 

-13. 

7. a: 4 3. 

8. 8* -6. 9. 

6a; - 10. 10. - 3x. 

11. 

6. 

12. if. 

13. 0. 14. 

6 -0. 15. 0. 

16. 

-31. 

17. ad+b. 

18. 0. 19. 

6. 20. 31. 

21. 



22. 0. 23. 

a* + 2tt/> + 6®. 

24. 

2la:8 + 8a;® 

-39a: +10. 

26. !^-6x. 28. 

42. 

27. 

20x*-5ax. 28. 

8x. 29. 

26:c-10. 80. 10/>-^. 

81. 

9a:»-6ir»+7*-2. 82. 

2a®+5o&+2i»*. 

33. 7. 85. 14a:. 




V, a. (p. 36). 


1. 

X. 

2. 3. 

3. X. 4. 

- X. 5. be. 

6. 

-be, • 

7} a. • 

f -a. 9. 

10. X, 

11. 

o*. 

t2s -4E. 

1, 18. 1. 



viii 


ELEMENTARY ALGEBRA 


15. 


16. 

-3a;2. 

17. -2. 

18. 3a* 

19. 

-7aV. 

20. 

a»6®. 

21. -9a. 

22. 4a6c. 

23. 

-a®*. 

24. 

- 9a6V. 

25. 3a. 

26. 6. 

27, 

-6a. 

28. 

8a. 

29. -6a6® 

80. xyz\ 

81. 

24o»6*. 

32. 


83. -7a»cl 

84. - Iqr. 

*85. 

-8^n. 

36. 

-9aW. 

87. - ISoa:;^. 

88. lla^. 




V. b. 

(p. 36). * 


1. 

a - 26. 

2. 

-a + iih. 

8. 4*- 3. 4. 

-y+6. 

5. 

a + 6. 

6. 

h-a. 

7. 0-26. 8. 

a - 3h. 

9. 

-3a*+76* 

10. 

6 + c. 

11. -0-6. V?. 

4x - 5. 

13. 

7a; -9. 

14. 

a-6 - a6-. 

16. .So -76. 18. 

6a;^y®z - 5a**y®2f 

17. 

- 2a + 6. 

18. 

lla; + 6y. 

19. 2o*-46». 20. 

7W* - 4mv. 

31. 

-4a + 36 + 6c. 


22. a + c+d. 28. - 

3a + 4(i+ 12a;. 

24. 

— a — a; — aa;. 


29. -a+46-8c. 28. a? 

+ 3a;-3. 

27. 

- a:® + oa; - a®. 


28. o + 65»-36. 89. - 

a+6-c. 

3Q 

-2a;* + a!:*-4a;+ 1. 

81. 3j/»- 

xy^ - 6a;®. 82. - 

3a;y+7y®+a:®. 

si 

-ary»+2a:®y®+7a;®y. 

34. 3:cyV-5a;®y«*+6a;y*®- 

35. 

a"*-". 

36. 

a**-®. 

87. a;^ 38. 

- 3®"“^ 

39. 




40. 93;®-*^“* 





V. c. 

(p. 38). 


1. 

a: + 4. 

2. 

a; -4. 

8. a+l. 

4. a-1. 

5. 

6 + 7. 

6. 

a;+3. 

7. a;-7. 

8. ®-l. 

9. 

tt - 6. 

10. 

3/ + 9. 

11. a;-2. 

12. 5® + 3. 

13. 

2a:-l. 

14. 

3ar-7. . 

15. 3a; + 1. 

16. 2® 4. 

17. 

2 + a;. 

18. 

l-2a;. 

19. 3-a:. 

20. a -2. 

21. 

6-3a. 

22. 

5y+ll. 

28. x-a. 

21 5® + 4. 

25. 

a -1- 2a;. 

26. 

6 -a;. 

27. l+2a;. 

28. ®+2y. 

29. 

1 8p7. 

30. 

3a -6. 

31. a - 6c. 

82. 2®»+7. 

33. 

Oa:®-!. 

34. 

5a;® + 4y ®. 

85. 10 -at 

36. 1 + 106*. 

•> 



V. d. 

(p. 39). 


1. 

+ a®. 

2. 

a; + 6. 

8. a; — a. 

1 ®+l. 

>»; 

a: + a. 

6. 

x-2. 

7. ja*+l. 

8. ®+l. 

9. 

x-a. 

10. 

^w;+2. 

11. ax -5c. 

22. ax+e. 

18. 

X - 7. '- 

14. 

aa:+6. 

15. 3aa;+26. 

16. a® -6. 

17. 

9x + bc. 

18. 

2x+hq, 

19. &a;+c. 

20. 5px + dq. 

21. 

iP-S- . 

22. 

16(a;-3a). 

23. 2a; + 3. 

21 a;*+2®+L 

25. 

21(«-l-3). * 

26. 

2a;*- llx®+4af + 5, .T;®-6a9 + 6. 

27. 2®-3. 

22. 

a»-a35jiKW^+6». 

29. 18., 

36. 33. 

81. v-1. 

2i. 

Sfe u #$. 

-4. 

84. hx^c, 85. aa;'‘6. 

.86. a+26. 



ANSWERS TO EXAMPLES: FART L iz 


VL 0. Oral. (p. 40). 


L (i) 

*. (i) 
8. (i) 

(vu) 

4. (i) 
8. (i) 

6. (i) 

7. (i) 

8. (i) 

9. (i) 

10. (i) 
. (vii) 

11. (i) 


(ii) 


3x 


9. (ii)-ll. 
25. (ii) 9 


(iii) I 


(iv) 


9ab 


(viU)-^. 


2 

(iii) 0. (iv) L 
(iii) 


(v)5J?. 

(V) -5. 
(iv) h 


(Vi) 

(vi) T). 
(V) 1. 


(vi) 


4 
13. 

5. 

0 . 

7. 

-1 
5x. 

2 . 

4a?+2. 


(ii) 26. (ui) -5. (iv) 1. (v) 9. (vi) 27. 

(ii) -a. (iii) -3a. (iv) 7** (v) 0. (vi) 3. 

(ii) 3.^ (iii) (iv) 8. (V) If (vi) 5-1. 

(ii) 8.* (iii) 13. (iv) 1. (v) 1. (vi) 31. 

(ii) 0. (iii) -6. (iv) 3. (v) 14. (vi) -52. 

(ii) 5a. (iii) 3ai». (iv) 2a6. (v) 9* -20. (vi) 2. 

(ii) ar. (iii) a; + 2. (iv) *-l. (v) a:-l. (vi) a; + 2. 

(viii) a + b + c. • 


(ii) -2cx. (iii) a:*. 


12. (i) a -6. (ii) c-6. 


18. (i) -4a. (ii) 4a. (iii) 0. (iv) (v)a:a-I. (vi) 

4 

(vii) a;®+l. (viii) a;®- 5a? +1. (ix) 7(a?-l). (x) a!-3. (xi) a + ta;. 
(xii) a. (xiii) 46a;. (xiv) 2. 

14. (i) 4a;-3y + z. (ii) (iii) a 4-66 + . 3c. (iv) a:^-a;*y+*y*. 

(v) 4a;*-4ae*-6. (vi) 2a -b. 


16. (i) 4a?. (ii) a:® + a:y. (iii) ?. (iv) 3y-2a?. (v) 2a^x, (vi) 86. 

(vii) 0. (viii) 2a -2b, (ix) 4(2 -a;)^ (x) a 4- 6. (xi) 26 -2a. 

:(xii) 2a? -6. (xiii) (xiv) 8a?*+5a:+ 1. (xv) 2(a?-t/). 

(xvi) 2(6 -2a). (xvii) 3a;®. (xviii) 26c. (xix) 2(a;-y + z). 

16. (i) 4a;. (ii) 7a;® -4, (iii) -a?®. (iv) 2a®a:. (v) 6 -2a;*. 

(vi) 4(-6). (vii) a;®- 14a;® +5. (viii) -7(a‘--6®). (ix) 441. • 

(x) 5. (^) 81. (xii) 24. 

17. (i) -606. («)-!. (iii) -o*. (iv) “ (v) 3aW. (vi) ^6. 

A -V 

(vii) (viii) 9a*. (ut) (x) y. (xi) aV. (xii) -ax. 

(xiii) -a^ (xiv) -a. (xv) -o*®. (xvi) -1, 

16 . (i) 4aa:»y-3aary®. (u) -2a;«+6a;®-a'. (iii) .3a;® +4;;- 2. 

(iv) 4a:*-2a;+3. (v) -3a:®+2ar + 9. (vi) - 18a?*#12&:®-6a;®. 

19 . (i) 1-aJ®. (ii) l+2a?+a?®. (iii) l-4a; + 4a;®. (iy) a®+4a6 + 46*. 

(v) a?*+8x+15.. (vi) a:*-x-6. (Vii) + (viii) 9a;* -1. 

(ix) 30-Hp+7{^®. (?) a* -9* (xi) 9a;® -25. (xii][^f^+2a®a?+,|, 

(xiii) 2a:® -32. (xivj a?*+5a|jr+6y®. .(xv) l+2a?-8a^.^T8vi) a®£46*a 
(xvii) J+4a;+4a;®. ’UViu) 3i*-3a;®. Ijatlx) 4a®- 1. ' (xx) ftas®- 1. 



X 


ELEMENTARY ALGEBRA 


20. (i) 9aa-I‘2a6 + 4&* 

(iv) a:* + aa;4 -|'- 

(vii) 21 + 4a? -a:®. 

(x) a:® + ca; - aa: - ac. 
(xiii) a® + 2ax ~ 8a;®, 

• (xvi) 36a;®-l. 

(xix) 15a;®+ 13a?+2. 


(ii) 4a® - 4ay + y®. 

(v) 4a;®-4aj + l. 

(viii) 75 -3x®. 

(xi) a;® -5a; + 6. 

(xiv) dboc^-ax-bx-v 
(xvii) I0a;®+ Oar -9. 
(xx) 14a!®+a;y-3yf. 


(iii) a* -4a® +4. 

(vi) 9a;®-6a;+l. 

(ix) 2a;®-4a;y+2y® 

(xii) a;*-^. 

. (xv) 9tt®-y. 

(xviii) 15a;* + 29a;- 14. 


21. (i) 3. (ii) -7. (iii) -27. (iv) -2. 

22. (i) 3. (ii) 11. (iii) 16. (iv) -8. 

28. (i) -a;®. (ii) 2a® (iii) 7a. (iv) ~ (v) 4r. 

(vi) (vii) 3b-4a. (viii) 3*®+l. (ix) 3a-4x;. (x) 3b-4a. 

4 

(xi) -a*+be-A (xii) -x, (xiii) a-x. (xiv) 2(a-b). (xv) *. 
jxvi) 5». /xvii) (a+ar)*. (xviii) ax. (xix) 2. (xx) (a-x)\ 

VI. b. (p. 44). 


1. 0, 1, 9. 2. 2*«-7»»+6*-3, -7, 0. 

4. n + 4b, 66. 8. 6** +70* -20a’, o**-o*. 

8. 7*, -3**, 2o’-3o6 + 46*, 7. 3*-y. 


VL C. (p. 44). 

1. 0, 9, 1. 8. 6‘+2a6»+5o’6’-3o»6+o*, -36. 

4. a:* - 1. 6 . ar* - 9a*, 3^ - ax? - 2a*a:’. 

6. (1) X, (2) x-3a, (.3) a<5c. 7. 3a + 46. 


1 . . 6 , 12 , 0 . 

4. o- 1.3c +66. 
.jjt, 6a:-9a. 


VI. d. (p. 46). 

2. a:»-3*’+3a!-l, 0. 8. 0, *-8. 

6. ~o»6’, <iV, -oW. 

7. 21p»+pgr-36«*. 


■ 1. I, - 1, 64. 
4. *’-2a;+3. 
6 . ax-Oa. 


VL e. (p. 45). 

8. lOa+2*, »>+3*»-16*-4, 32, 

6. 15a;’+3ax. 

7. -6y*. 


• . • VL £ (p. 45). 

iL-1,/9, 8. *-7, 2(*-l). 

4. 3*»-4a#^6a!-2, 18. , 8. VTx*- hof - 12o< 

8. 18**+9«*’-2o*. 7.., 6*-4o*..’- 



Ali^WEBS TO EXAMPLES: PAET I. ** 

VL g. (P- ■**)• 

1. -3.-20. *. 2^eBEaat. 

8. x*-2<u: + o*, o*-2x*. ^ V* a ^ q o*_»* 

6. 2«*-5«6+36« 6. 4*»-a» x^-O.* p- 

VI h. (p- 46). 

1 97 44 8 8>4 2. 8. 6x-y-6o. 4. Sr' + lO. 

6 S’. 1. -3. 3. 19. 6. *»-2xV-4xy*+«y’- ’’ 


1. -33. -25. 2 

6. 23. 9. 1. -1. 3. 


■ VI. k. (P- 46). 

2a:»-3x. 8. <“+26f. 

6 . a? t ox* - o*. 


A 2a-. 2y. 
7. 4* -6. 


1. 3. 2. 3. 

7 . - 6 . 8 . 0 . 

18. -20. lA 0. 

19. 1. 20. I- 

25, 0. 26. I5. 

81. -1. 82. -1. 

87. 3. 88. 3^. 

43, 3. 4A -01. 


VH a. (p. 48 ). 

8. 4. A -5. 

6. 6. 10. 2. 

16. 2j. 16 2\. 

21. I 22 -1. 

JH. 3. 28. -3. 

88. 2. 84. 4. 

89. 2. 40. 2. 

46. -O.!. 46. - 03, 


6. i 8. -3. 

11 . 12 12 . - 8 . • 

17. 9. 18. 2. 

23. 8. 24. - 16. 

29. 1. 80. 0. 

36. 2. 86. 2. 

41. 20. 42. 3. 


Vn. b. (P. 49). 


1 . 2 . 2 . 12 . 

6. 12. la- 

11 . 2 . 12 . 2 . 

16. 4. n. - 1- 

21. a. 22. *i. 

26. 1^. 27. -9. 

81. 2^. 82. 2. 

86 It- 

41. -2j. 48. 2i 


3. 7. A 1. 

8. -3. 8. 0. 

18. 0. 14. -3- 

18. 0. 19. 3. 

28. -27. 24. la. 

28. -8l. 29. 0. 

88. 5. 81 6. 

35, _6. 89. 10.- 

48. 0. 44. 2. 


6. 3. 
10 . 0 . 
16. 5. 
20 . -9 
86 . -6 
80. 3. 

36. 3. 
40. 3^ 


1 . 3 . 2 . 

7. -11. •• 

18. 9. 14. 

19. - 13. 

28. 1. . 


vn. a 

10. 8. 14. 

-3. 9. 7. 

-at. .18. 1. 

. 20. i|» 

•'.24. 7.* 


(p. .Ol). 

A 2-2. 6, 

10. 28. 11. 

16. 2. 17. 

^ 21. -2. ■ 


3. .. 6. 28. 
2* i8. 3. 



9 A 9 . 




25. 5. 
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xB 


VII. d. (p. M). 


1 . 

18. 

2. 

12. 

3. 

15. 

4. 

4. 

5. 

70. 

6. 

12. 

7. 

4. 

8. 

14. 

9. 

19. 

10. 

7. 

11. 

2. 

12. 

sl 

18. 

5. 

14. 

2. 

15. 

-1. 

16. 

1. 

17. 

4. 

18. 

11. 

19. 

7. 

20. 

11. 

21. 

-6. 

22. 

-Ij. 

28. 

12. 

24. 

8. 

25. 

4. 

26. 

8. 

27. 

12. 

28. 

12. 

29. 

-7. 

80. 

8. 

31. 

2. 

82. 

10. 

33. 

-1. 

34. 


36. 

15- 

86. 

-7. 

37. 

0. 

88. 

-2. 

39. 

2. 

40. 

2. 

41. 

15. 

42. 

17. 

43. 

l 6 

“TT- 

44. 

9. 

46. 

2. 

46. 

.3. 

47. 

2. 

48. 

7. 

49. 

1 

3 - 

60. 

3. 

61. 

1. 

52. 

5. . 

53. 

14. 

54. 

14. 

66 . 

7. 

56. 

soil 

67. 

3. 

58. 

15*5. 

5sr 

1. 

60. 

1-5. 


61. 140. 62. -09. 63. 3. 64. 1-95. 

66. 2. 66. 1-1. 67. 1. 68. IfV 

69. VVhena;=-4^. 70. 1. The etjuation haa no root. 71. No root. 

VII. e. (p. 66). 

1. 1(». 2. 4-7. 8. --78. 4. 4-.33. 6. 5-71. 6. 26. 

7. 2-53. 8. 46-83. 9. -1-43. 10. -48. 11. 3 03. 12. 2 04. 

VIII. a. (p. 67). 

1. x-20. 2. 35-y. 8. x-20. 4. 34-x. 6. 

X 

6. 36x. 7. 21. 8. x-23. 9. y-x. 10. x-13. 

11. 12. * 13. 14. 20x-y. 16. 96-x-y. 

X y t 

16 0 + 26. 17. 2y-x. 18. t 19. 20. 1^. 

X X y 

il 

21. 20y-?~. 22. x + 4. 23 4 + x. 24. 20-x. 26. 40-o. 

- Ji 

26. 23. 27. i pence. 28. « + 7, ^+y, 11 years old. 

X 

• 29. 80. 5 miles, miles, - hours, ^ hours. 81. 26. 

2 6 0 a; ar 


82. ?. 83. pence. 

y 

W- j 2 pence, eggs, eggs. 

. 71, n + 1,, 71+2. 40. 71-2, 1 


84. ^ pence. 86. 2. 
4 


87. ~ pence. 


^ pence. 


. 71, 71 + 1,, 71 + 2. 40. 71-2, 7»-l, 71. 41. 71- 1, 71, 71 + 1. 

. 71, TKf 2. 43. 71-2, 71-1, n, 71 + 1, 71+2. 44. 

2xJj^' 46. 46. 47. 240a+126+c. 


49. 10jpi|bile&^ i. 


60. ®?day8, ‘^doya 
X xy 



ANSWERS TO EXAMPLES: PART L 


xiii 


61. 5+25. 62. 2»-2, 2n-.S, 2»i-4, 2w-5. 

4 

63. 2n- 5| 2n~3, 2n-l, 271 + 1, 27i+3. 54. absq. ft. 55. 5 feet. 

66. ar'wi. ft. 67. a:-20=y. 68. 3x-y=25. ^ 

69. 60. 3(a!-4)=5(a:-l). 61. 20y+!4!=x. 

62. 2405 + 30C+ 12ef=a. 68. a:(a;-l)=y. 64. (a;-l)a?(a: i l) = a*. 

65. 2a: + 5=y. ^6. 2x-y=a, 67. x-{-a=y~a. 

68. a;=15y + 7. 69, a=hx-^y, 70. xy=a, 

71. ab==9x, 72. xy=H{a-b). 78. x-y~5{a-b). 


VIII. b. (p. 61 ). 

1. 3 ft. 8 in. 2. 4 ft. 8 t in. 8. 17$ ft. 4. if? ft. 

6. 31*4 in. 6. 2*5 in. 7. 3*2 in. 8. GO'S sq. in. 

0. 7 in. 10. 186 sq. ft. 11. 22 ft. 12. 12 ft. 5 in. 

13. 660 sq.ft. 14. 12 ft. 6 in. 16. 10 ft. 10 in. H. 198 cub. ft., 

17. 4^ ft. 18. 32 aq. ft. 19. 7 ft. 2 in. 20. 676 ft. i 

21. 3 sees. 22. 31 ft. per see. 23. 41. 24. 68. 26. 326. 

26. 460. 27. 264. 28. 336. 29. 1500. 80. 1892. 81. 441. 

82. 644. 33. 1626. 34. 612. 36. 693. 36. 1240. 37. 3220 

88. 130.36. 39. 113 14. 40. lO^ ft. 41. £200. 42. m 

48. Kigiit-aiigled. 44. Nut riglit-angled. 46, and 46. Kight-aiigled. 
47. Not right-angled. 48. Kight-aiiglcd. 

Vin. b,. (p. 63 a). 

1. (i) 13, (ii) f>, (iii) 1, (iv) .3. 2. (i) 12, (ii) 17. 3. a‘ - fA 4. _ 1. 

7. (i) 11, (ii) 24. 8. (i) 9 j 72-25, (ii) sfs. 9. When 10. 


VIII. C. (p. 64). 


1 . 

3 . 

4. 
7. 

10 . 


1. 3, 7. 2. 15, 28, 3, (?j-3)0t-2) . 

-6, 0, 0, 24, -6U. 

0, 33, 16712-2/1, 16/12+1471+3, 4n^ + 7n+S, I- 6. 2, 2, 14^ 
x®-^5*-^4. 8, 2fc(a‘+l). 9. c-a, 26, 3a + 4&-3c, 8o + 56-3c. 

0(*-l)=»®. 11. (i) (.3«-*-2 j:+ 2) miles, (ii) (.3^'--I-2 j;+ 6) miles. 


12. (i) 0(3) - 0(2), (ii) 80 feet. 


IX. a. (p. 66). 

1. £10, £20. 2. 10. 8. 27. 4. £1.3, £26. ‘6. 20. 6. 21. 

7. 10 miles. 8. .3. 9. 12. 10. lOyearaold/ 11. - .36. 12. 20. 
13. £48, £68, £38. 14. 30, 12. 16. 20. 16. 90. 17, .^^llons. * 
18. 31, 32, 3.3. 19. 9. 20. IS pennies, 9 shilij^jM^ floiTnl. 

21. £42, £7. * 22.' $19,' £2^ 23. £336, £164. '’iPWS. Ss. 

26. 45, 20. 26. 63r 40. > 4?. 21. fjfci 72, 12. • 29. 67. 

6 



xiv 

80. 

84. 

87. 

89. 

41. 

43. 

46. 


elementary algebra 


4 31. 20. 32. £420. 

43, 45, 47. 36. .38 shillings, 19 shillings. 

£23. 6s., £16. 158. 

£13. 10s., £*22. 10s. 

29 men, 46 women, 76 children. 

4.i miles an hour, 3 miles an hour. 

36 miles an hour, 24 miles an hour. 

24 miles. 47. 44' miles. 

36 miles. 


46. 

60. 


1 . 

4. 

8 . 

12 . 

16. 

20 . 

23. 

26. 


12 miles, nearly. 
,3.7 miles an hour 


IX. b. (P- 73). 
2. 13 miles, nearly. 
6. 5 feet. 


2*39 feet. 
4*1 miles. 
3*6 feet. 
6*4 miles. 
15*98. 

2 ‘6 miles. 


9. 

13. 

17. 


4-6 miles. 10. 33-4 miles. 
6‘55 metres. 14. 3'9 in. 

2-6 in. !*• 2-2 in. 

21. 2-83 miles. 

24. 3*7 miles. 

27. 34 feet. 


IX. C. (P- 77). 

1 £24, £35. millions, 1875. ^ 

j 3“^^ 8. 4475 feet nearly, 20.'>*. 

9. 20 8 in., 23’4 in., 10,600 ft., 6,W0 ft. 

10. 107’5sq. in., 102'9 mj. ft., 13‘2in. 


X. a. (P- 81). 


1. 2y--4. 

6. 3y-14. 

9. .'iy- - Il- 
ls. 3. 

17. j:= 8, y=2. 

20. x-1, y=2. 

.28. a:--3,,y=-5. 

'‘ 26 . *,*= IS. 

m x=0, y=2. 


8. 4y.=12. 
7. 17y=17. 
11 . 2 . 

15. 11. 

18. x=9, y-1. 

21. x^3, y.-2. 

24. x=2i, y=f 
27. x=5, y=6. 

80. je=4, y=0. 

88. x=lj, y=a. 

86. x=3i, y=2j. 

89. «=2, y=3. 

8 . 

B 2. 


X- 5, 

4/L a!=16, j»46.*x=^9, 




2. lly=22. 
6. y-46. 

10. .ly- 17. 
14. 4. 


88. 34,35,36. 

86. 2 miles. 

88. £3600, £720. 
40. 15. 

42. 56. 

150 yards a minute. 
30 miles. 

15 miles an hour. 


'z. 17 miles, nearly. 
7. 36- 1 feet. 

11. 4 ‘5 railca 
IS. 4'24 in. 

19. 3-3 in. 

22. 8-05. 

26. 14, 29, 43 milea 
28. 2*8 miles. 


8. 67-1'. 


4. 21y=-l3. 
8. 58y=87. 
12. 5. 

16. 2^. 

19. x=2, y=l. 

22. x=4, y= -1. 
26. x=4^, y=0. 
28. x=8, y=6. 

81. x=l, y=6. 

34. x=13, y=7. 
87. x=5, y=3|. 
40. x=l, y= -1- 
43. x=5, y= - V 
46. x=2, y=-l. 



AIJ8WBRS TO EXAMPLES: PART I. 
X. b. (P- 83). 

2. a:=2<>, y = 12. 

5, X— -20, y=6 
8 . *= -2, y= - 3. 


1. *=12, y=20. 

4. *=40, y= -20. 

7. *=2, y=3. 

10. *=46, y=10. 

18. *=11, y=l. 

16. *=7, y=2. 

19. *=48, y=7. 

28. *='3, y=’4. 

86. »=-02, y=2-«. 
88 . 2 , 6 . • 
81. *=}, y=i. 

84. *=i. y=l. 

87. *=3, y=4. 


11. a=7, y = 10. 

14. *=.3, y=6. 

.17. *=8j, y=-ll. 

30. *=3, y=2. 

88. *=-2-6, y= -3-5. 
86. a = l'5, y=2‘4. 
89. 1. 

82. a=i, y=|. 

86. *=i, y = - ?• 

38. *=t. y=-i. 


8. *=18, y=48. 

6. *=-20. y=-40. 

9. *=-11), y=l. 
18. »=5, y=2. 

16. *=2, y=l. 

18. ®=13, y = 9j. 

81. a=10, y=2. 

24. x=l. y=|. 

27. 6. 

80. 6, 1. 

88 . = = 

86. x=l. y=li- 
89. J, y= - 3. 


1. a:=2, 

y=3, 

Z=- 1 . 

6. aj= “2, 

y=s -3, 
z=-l. 

9. a;=6, 

y= -2, 

z=-6. 

18. a?=8, 
y=6, 
z—4. 
17. a:=5, 

y=H. 

z-17. 


21 . 4 ® - 2 . 

26. 18 -2x. 

29. 10a + 76. 
38. -24a; + 4S. 
87. 8a -16. 


Z. C. (fr 87). 

8 . *= 2 , 8 . *= 2 , 
y=- -3, 
z=4. 


z 

6. a; 

y 

z 

10 . X: 

y 

z 

14. a; 

y 

• » 

18. X 

y 


2, 

4, 

6 . 

= 12 , 

= -24, 
= 12 . 

8 , 

4. 

= -3. 
=4. 

6 , 

= 8 . 

=40, 

=45, 

=48. 


7. a;=3, 

y=-n, 

z= - 10. 

11. a=-4), 
. y=i8. 
z=6j. 

16. *=J, 
y=h 
*=). 


4. *=-2, 

y = 6, 

z = 8. 

8. sc=9, 
y-3, 

Z-rfi. 

12. a; =12, 
y-24, 
z-36. 


y^h • 


XI. a. (p. 88). 


22. 4-a;. 

26. 0 + 6 + c-d. 
80. 8c. 

. 84..21a;-42. 


2-2*. '. Ji^»t 4*+ 

27. 4a -8. V 
81. 0.^26. ^ 

S*+,18. .' 




xvi 


ELEMENTARY ALGEBRA 


XL b. (p. eo). 
1. 2a. 2. e. 3. b. 4. 7x. 

6 12 -11a. r. 26*-2ab. 8. 5-|. 

10. -2a: -2. 11. x. 12. y. 18. 0. 

28. 8a-:<6. 24. c. 26. 2a -66. 

'28. 2o-36-6c. - 29. -a+66 + 72c + 24<i. 

31. 6Jl'y^ 4y®. 82. 12a-2a6+4a’6. 

84. a + lOb. 85. 38a f 285. 

87. 18*-9a:y 9a V 


5. 16 -6x. 

8. 2a-45+24e+72i 
14. 2x+y. 

26. 3a. 27. 2a. 

80. 3a-7. 

•88. a?+3x. 

86. 26a-84. 

88. x-2x*. 


XI. C. (p. 92 ). 


1. a:*+a:»(o+2)-x(6+2a)+a-7. 2. 3a:»-2a:(a+6+c)+o*+5*+A 

8. x‘'+!i?iy+z)-x{y>+z’‘)-y^. 

4. -2a?+3a^'(a ^6)-3a:(a’' h5*) l-a> + 6*. 

5. bar’+a:*{a-5)-*(a-( 5) fai-c. 6. a?{}i!‘-^) + 2x{p-q)+}^-^. 
7. a:®(a-6) + x®(c-5) + *(c-a)+d-e. 

C. a:*(2-a)+a:»(6-a) + x»(5-3)+a-( -o-7). 

9. a:*+.3a!®(y-*) *-3x(a*-y*) )-y*. 10. a'“(a-f)+a?(o-5)+*(c-5)+c. 

11. x*{a-p)+a?{q,-h)+afl{r-e). 12. a^(m+5n]+2xi/>(n-m). 


13. 

a) 


p)-x{d {-q)- 

-(p-c). 



14. 

-x'in f 6) 


a)-x(h-e)- 

(e-d). 



15. 

-a:®(5-a) 

-a:(3a' 

-4) + 2a. 







XI. de 

(p. 94). 



17. 

.3. 

18. 

7. 

19. 1. 

20. 

9. 

21. 

ljc-^5 

22. 

X 

7x-16 

24. 

2a:+5 

6" 


12‘ 

10 ' 

35 

25. 

7j:+15 

20 ' 

26. 

7a: -25 

12 ' 

27. 

12 

28. 

«• 

29. 

j: + 49 

SO. 

9r + 8 

9x-k 20 

82. 

9a; 


lfo~’ 


12 ■ 

.36 


40* 




XIL a. 

(p. 95). 



2. 

15a^-4i?y 

-35y«. 

-3y*. 

8. 4. 



4. 

x=r2, y > 

2. 


5. 240a+30& + 24c, 

- + 

b c 
8+25* 

6. 

4 inches. 



7. 48. 




xn. b. 


, 91a:-90 
* ■ 60" ■ 

^ ^ilm, 


^^mioutea, — hours, 
a ■ a 


(p. 95). 

2. 3a+25, 9a*-45>. 
4. x=3, y=4. 

8.^ 3*35 miles. 


7. 96. 



ANSWERS TO EXAMPLES; PART I. 


xvii 


xn. C. (p. 96). 

1. lla; + 6. 2. 3. 8 . 6. 4. ar=:13, y=2. 

5. x+l2f a?-16, 16, 40 -.r years. 6. 3*4 miles. 7. 51. 


Zll. d. 

1. 46z-l. 8. -7. 

5 b bx J2a 

. - pence, — pence, lbs. 

Cb U b 

Zll. 

1. ap-\-q, *8. 1. 

6. 1+14, 13+*, 2*. 


(p. 96). 

4. *=2, 4, 6. 
y=l.2,3. 

e. 3Gfeet. 7. 60,47. 

. (p. 96). 

4. x=2, y = -3. 

6. Half-a-mile, 9 '04 miles. 

7. 4‘J, 32. 


XII. f. (p. 97). 

1. »-2, 2. 8. -3s. 4. a=6, y=10. * 

6. 5f« pence, ^ pence, ——eggs. 6. 11*65 miles. 7. 60. 

0 (£ 


xn. g. (p. 97). 

1. -44, -21, -6, 1, 0, -9, -26. 2. 225 lbs., 300 lbs. 
8. -|. 4. 107, 117. 6. *=5, y--3, 

6. *=-l, y=2, z=l. 7. 62*5 feet nearly. 


xn, h, (p. 98). 

1. 46. 27, 14, 7, 6, 11, 22. 8. *670 sq. ft. 

8. li 4. 7,-2. 6. 51, 63, .->5, .W, 59. 

6. 2*4 miles. 7. *=-4, y=0, s=4. 


, Xni. a. (p. 104). 

1, 7*,(5, 4), P,(ll, 8), Pji-S, 6), P.l - 8, 9), Pb(-9, -6), 

P,(-5, -3), Pj{3, -6), P,(8, -7). 

8. (i) (0. 0). (ii) (3, 0). (iii) (2, 2), (iv) (-4, 4). ’ 

4 . They all lie on a straight line parallel to oy. 

B. 12. a. 48. 7. 0, 12, 1*5, 3*5. 8. 18.’ 

9. 36. 10. 74*6. 11. 180. 18. 3*6 sq. in. 

IS. 15. 14. 25. 16. 22. 16. 25 nearly. 

17. 34. 18. 2*73 in. 19. 3 71 in. 89. 4*11 in. 

81. 3*49 in, 88. .TO. 83. 72. 84- 

86. 70. • 86? 128.* 87. 102. 88. S&i 

89. 96. 80. r 81. 68 88. 96. 

B.BrA. ' B 
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30. a;=8, y=2. 

33. j:-4f y-0. 

36. .r=2*S, y-4 2. 

39. .c-7, !/-=17 

42 .r-10, y- 5. 
•^45. 2a•^y-7. 

48. y — 3x4 4. 


XIII. b. (p. 113). 

31. a?=3, y-2. 

34. x=5, y=8. 

37. a-=4, y = 5. 

40. x=9, y=12. 
43. y=-3a;. 

46. y + 6x=0. 

49, 2y=^3a:H2. ** 


32. a;=8, y=6. 

36. a;=4, y=3. 

38. a:=12, y=4. 
41. a;=5, y=2. 

44. X'-y=4, 

47. y+r) = 2j;. 

60. 3y-®=5. 


XIV. a. (p. 117). 


1. 17, 12. 2. 12, 5. 8. 6. 8. . 4. 13, 9. 

6. 4 pence, 9 pence. 6. 7 half-crowns, 3 florins. 

7. 44 for, 31 againbt. 8. 24, 12. 9. 3x. 6(f., Is. 10. 20, 64. 

11. 14, 38. 12. £450, £200. 13. 45, 15. 14. 7. 

15. 1 1 florins, 1 1 half-crowns. 16. 63. 

17. 7*2 miles, 5 miles an hour. 18. 2 J, 7 i miles an hour. 

19.'3‘2i, 28^. ' 20. 57, 19. 21. 165. 

22. 50, 67. 28. 17 florins, 7 half-crowns. 24. 93. 

25. 9, 1 1 miles an hour. 26. 10, 30 gallons. 27. 100. 

28. 15 miles, 2 miles an hour. 29. 24, 12, 4. 30. £51. 


81. 24 bales, or 72 casks. 82. 12. 83. 24 feet long, 18 feet wide. 

84. 5 teachers and 99 children at first, 7 teachers and i;i2 children at 
last 

35. £13. 15s. 86. 81, 49 sq. yds. 


38 21 crowns, 40 half guineas. 

41. 15 miles an hour, 90 miles. 

43. 4 mill 8 an hour, 24 luilesi 
45. ClOO, 5 pence in the £. 

47. 300 miles ; 150, 100 miles a day. 


39. 3. 40. 3 miles an hour. 

42. 3 miles an hour, 8| miles. 

44. 3000ft. from the starting point. 
46. 3, 4, 5 miles an hour. 


« XIV. b. (p. 128). 

1. 44 francs, 28 shillings. 2. 3 shillings, 20. b. 38 minutes, 5 miles. 

4. 13 ft per see , 17 5 ft. per sec., 2*5 secs. 

5. 55 lbs , 84 lbs , 14'8 kilogrammes, 17*3 kilogiammes. 

6. 4 9c in., 2 45 c. in , 41 c. cms. 7. 167% 5% 

8. They meit at .3,30 p.m. 14 miles from Cambridge ; 10 miles apart 

at 2 18 P.M., and 4 12 p.m. 

9. Ill 10 sees, from .^’s start, 33 3 yds. from the starting point 

10. June, 1887. 11. 58, 38, 29. 

2.2 2 *2 12 '45 cms. 18 9 '23 cms., 3*35 in. 

14. 87, jC^> 51- <5, 42, 39, 38, 36, 17. 16. 2-i. 2jd., 31 article*. 

,19. £L']1nL f(/. 'approx. ; 015 copies to the neatest 5. 17. £53. 

6’63, 4j0tS, 5’77. 18. |£350 i 4260 copies. 
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XIX 


20. In half an hour from A*b start, A having travelled 2 miles. 

21. In 4 hours. 22. 2 7 miles iter hour. 

23. '2i) of a mile per hour. 24. 5^* miles per hour. 

26. In 2g- hours, 20 miles from A*b starting point ; 2 hours, 3 hours. 

26. In 3*1 hours, 24*8 miles from .^’s starting point ; 2*6 hours, 3'6 hours . 

from A'b start. 

27. 13^ miles an hour. 28. 35 miles, 45 miles. 

XV. a. (p. 131). 

1. a:® + 2aa;-26a;+a®-2a6 + 5*. 2. - 2clx - 2hx ^ ■{ 2ah A 

3. rt*+2a6+6*+4tft + 45+4. 4. o®+6® + c®+2af;+25c + 2ca. 

6. a® + 6*+c®-2a6 + 26c-2ca. 8. o®+6®‘i c‘‘*-2a5 + 2oc -26r. 

7. a®-2tt6 + 6®-4a + 46 + 4. 8. 4a:® + y* + 2- + 4a:y + 2y2 + 4r:. 

9. a;* + 4y®-f z® - 4a:y + 4yz - 2za:. 10. a* + 4/>® + Oo-® + 4af; + 1 2hr -j 6ca. 

11. rt® + 46* 4- 9^;* - 4a6 - 126c + 6ca. 12. 9.c® 4- 6ax - Gbx 4- a* - 2ah -f 6*. 

13. 4a’^’4- 12aa; -* 46jr4-9o*-6a64-6*. 14. 4j:r*4-4j:r'4 5^*4 2^:4- 1. 

16. 9.B‘-&r'+7.c’'-2a:+l. 16. a:‘ + 2a:»- 16**- «4. 

17. a:*l-4*»+6a~‘+4* + l. 18. 7*»+8a;+ 16. 

19, 4a7*- 4a:®- 19a:* 4* 10a? 4- 25. 20. a:* + 2a:y4-y®-6a:-Cy4 9. 

21. 4a:*-4a:y4-y*4-16a:-8y4- 16. 22. 1 - 2a: 4- 3a:® ‘ 2a** 4- a,**. 

23. 4 4* 4a: -3a:® "2a:® 4- a:*. 24. 9- 6x4 13a;® -4a.*® 4- 4a:*. 

25. 25 - 20x4- 34a:® -12a:® 4- 9a::*. 

26. a® 4- 6® 4- c® 4- cf* 4- 2rt6 4- 2ac 4- 2ad 4- 26c 4- 26(i 4 2crf. 

27. a® 4- 6® 4- c® -f d® + 2a6 4- 2ac - 2ad 4- 26c - 26d - 2rd. 

28. a* 4- 6® 4- c® -Ki® - 2a6 4- 2ac - 2ad - 26c 4- 2hd - 2cd, 

29. a® + 6® 4- 4c® 4- cP 4'2tt6 4- 4ac 4- 2ad 4- 46c 4- 214 4- icd, 

80. a®4-6®4-4c®4-4cP4-2tt64-4ac-4<Kf4-4*c-46t/-8cd. 

81. x®4-y®4-2®4-94-2xy4-2yz4-2zx-6x-6y-6z. 

82. x®4’y*4-2®4-9 2a:y4-2y2-22X4-6x-6y- 62. 

88. 4x®4-y®4-42®4- 1 “ 4a:y-4yz4-8xz-4x4-2y - 4z. 

84. 9o® 4- 46® 4- 4c® + d® - 1 2a6 4- 1 2ac - 6arf - 86c 4 46d - 4crf. 

86. x®4-2x*4*3x*4'4x^4-3x*4-2x4-1. 

86. x*4-4x®-6x*4-8ai®-4x4-l. 

87. x«-2x» + 3x*-4x®4-3x®-2x+1. 

88. x«-6x»4-15x*-20x®4-16x®-6x4-1. 

XV. b. (p. 131). 

1. a®-2a64-6®-c®. 2. a®4'2a64-6®-4c® ’ 

8. x®4-?xy4-y®- 1. 4. x®4-4xy4-4y® -6®.^.^, 

6. o® - 6® - 26x - aP. 6. a* - 46®4-46c 

7. 4x®4-4axf a®-6®. 8 . 9y® - a®^- 2a4 - 

9. a®- 16a:®4-8a:y-y®. 10. l-o*-2ttl^6®. 

11. l6->a» + 2tt6-6®: 12. a*4-a®6®'‘t^ 
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13. l-2a + aa-6a 

15. />* - 4(/* + \2qr - 9r®. 

17. + Qxy -1- 9y® - 16. 

19. I - 4j; + 4a;® - 4%*. 

. 21. 9a;* - a?® + 4a; -4. 

23. 25a® I- .30a 9 -45®. 

*»26. H-2a;® + 9a;*. 

27. 4a;‘- + 4j;y + y* -a®-2a6-6®. 

29. 4a;® - 4«a; + a® -• y® + 45y - 45®. 

30. 9a;® - Vlax + 4a® - 4y® + 126y - 

31. l-2a; + a;®-y®i-2//z-2®. 


14. a;® + 4a:;y + 4y® - 5®. 

16. l-4a;®+12a;y-9y®. 

18. ar* + a;®+l. 

20. 4a;®+12a;y + 9y®-25. 

22. 4a;® -16y®-4(^-25. 

24. a*-2a®5®+5*. 

26. a®-2a6 + 5®-c®+2cd- d®. 

28. x®+2Sba; + a®“y®+25y-5®. 


32. 4 - 4a + a® - 95® -+• 65c - c*. 


XV. c. 

1. a;*-3a;®-6a;+8. 

3. a;® - y®. 

8. a;* - a;® -r)a;® + 27a; -30. 

7.. a® - 8a*5 + 14a®5® + 9a®5® - 6a5*. 
'9. 2a* - 7a®5 - 4a®5® h 23a5® - 65*. 
'll. a;® + 8. 12. 8a;® -1. 

15. a;®+l. 

17. ar®-8. 

19. a;* - 6a;® + 10a-® -7a; -15. 

21, c* - 25r®d® - 50r-da - 25d*. 

23. a25® + c®d®-a®c*®-5®(/®. 

25. a;*-2ar®-12a:® + a; + 2. 

27. 2()|-lla;-21x® + 7a;*-2a;®. 28. 

29. a;® -t- 3a;®y + 3a;y® ^ y® - 1. 30. 

31. 4»»+ft>r‘-23r'+25*>-l^x+4. 

32. -5+8o-lltt*+4a’'+19ft<-9o‘* 

33. 2 1 a-*y - 29ar®y® 4- 3a’®y® 4 5a;y*. 
»35. a* 4' a®5 4- a5® 4- 5*. 


(p. 134). 

2. a® 4- a®5 - a5® - 5®. 

4. a;®4*3a;®y-4a-y®-T2y3. 

6. a;* -6a;® -16a; -15. 

8 . - a;* - a;®y® - y*. 

10. a:®-!. 

13. ar®-8y8. 14. 27a* 4- 85®. 

16. a® + 5®. 

18. a;® - 4a;®y 4- 3a;y® - 12y®. 

20. a;*-13a;®-2a?4-36. 

22. ar*4-a;®y®4-y*. 

24. - J0a*4-21a®5 - 21a®5® 4 165*. 

26. 12a;* - 34a-® 4- 37a;® - 17a; 4- 5. 

6 4- a? - 2 j;® 4- 7a;®y 4- 7ar®y - 3a;*y®. 

X® 4- 3a;® - a;* - 1 5ar® - 14a;® 4- 18a; 4- 24. 

- Ca®. 

34. 6a;*- 12a;®y®4-6y*. 

36. a®4-5®4-c®-3a5c. 


1. x®- 5.^4- 14. 

4. 2a;® -I- 2a; 4- *5. 

7. a;+l. 

10. 2a;+l. 

13. 3a;2 -2a;4-6. 

16. a; - ,3. ' 

19. a;® 4 a;® 4* a; 4-1. 

»*+i. 

25. a*®4-a:4-l. ^ 
28. 2a;-4. 

81. ar’-3a:®+4i- 


XVI. a. (p. L>6). 

2. a;® - Ha; - 5. 

5. 3a;® - 4a; - 6. 

8 . x-y, 

11. 3a -25. 

14. a;-l. 

17. 9a^4-.Sa;4-L 
20. a;®-.T®4-a?- 1. 
28. 27ar®-18.r®4-12a;-8. 
28. a;®4-2a;4-L 


29. a® 

5 . 


8 . a;® -a; 4 3. 

8. 5 + 6a; 4- 4;*;®. 

9. a;-2. 

12. 5x - 3y. 

15. x^+xy+y^, 

18. a* -054-5®. 

21. a;®4-l. 

24. 2^-x+L 
27. a;»-4.r4-4. 

.30. 12a;*-‘lla;»+10a;®4-39a;4-8. 
•jW. a;*' -5a;® 4- 13a;® -40a; 4- 119. 



AK^WBRS TO EXAMPLES: PART I. 


XXI 


1 . 

3. 

6. 

7. 

9. 

11 . 

13. 

15. 

17. 

19. 

21 . 

23. 


XVI. b. (p. 

a + 2b + e. 2. 

a + 5 + c. 4. 

6. 

ar* -I- - 6. 8. 

a*’~a'^ + a®- a^ + a®-a+l. 10. 

a® + Ir ^ c® - tt6 - ac -JiC, 12. 

a:®+y®+4+a?y+2y-2x-. 14. 

a:®4-a;y+y* 16. 

ah f- he + etc. 18. 

32rt» H 16a^ + 8aa.4 4a® f 2a-| 1. 20. 

a;® -! aa: + 3tt®. 22. 


, •J.V 

4"^ 2‘ 

4 e 9' 




138). 

a® + 2rt/H ‘2/>® 

3a + 2b -I' f. 
a - ft + c. 

a:* -I- ary - 2x + y® -- 4y 4 4. 
2a;® - 3a*y -4 Tiy®. 
a® H- ft® "I- f® - aft •4- ac + he, 
a;® * a-* + a?® - a:® + a: - 1 . 
a + ft -4- c. 

+ ar*y ® + a^y* + y®. 
ah - ac- he -I- r*. 
a;® + 2aa; - 4rt®. 

.r® a;y 
Hi 2<)'^2r>’ 
a ft 
5“4‘ 


25. 


28. 


1. -H. 
6. 35. 
10. -53. 


XVI. C. (P. 140). 

28. 3. 6- 4. -3427. 

7. 11. 8. 10. 

11. -38]. 12. 44. 


5. 

9. 


4’ 

0 . 


18. ll }. 


XVIL a. (p. 141). 

1. ai^-2x(p-\ q-hr) + (pq-'qr-\-pr), 2. 127.i* 

8. a: = 5, y=6. 4. 9 half-crowns, 3 Uirce]K*nny pieces. 

5. a;« + 3a:® + 4. 6. ar^ + Sy®. 7. 3. 


XVII. b. (p. i4l). 

1. 2a: -y, 2a:-y^■20, 2a:-y-20, y. 

3. Common roots, a;=C, y~^S. 

5. a< + 4a‘‘ft + 4a®ft®-i'A 6. 16«« fA 


2. 153. 

4. 37. 

7. 2tt® - 3a.r f , 


• XVIL C. (p. 142). 
1. 10a; apples, pence. 2. 

4. 

5. 

6 . 

7. 


x= -5 

-1 

3 

7 

11 

15 

-8 

II 

4 j 

1 

-2 

-6 


4. 


a:'’ -J 4a:^ -f 6a:* f 4a:® -f 1. 
60a; ^ 18y + 92 = 480a. 
a:«-81y«. 

3a;®-2a:+3. • 


XVIL d. 

1. ??* yards, min. 

y . 

8. a:=4-07, y= -56. . V 
6. 72, 74. .6. 4af>+4al|c. 


(p. 142). 

2. 180. 

A •;e'-3a^-a:*+.!te»-6a?-'3a!+2L 
T. tt-36-2. ''' 




xxii 


tSLEMBKTABY ALGEBBA 
XVn. e. (p. 142). 


1. xy miles, GOx^ miles, ^ miles. 2. 226. 

8. 162. 4. 12’S7, 34‘S7, 62‘86, IS, 10 inches. 

6. *«-3x‘ + 6ar‘- 7ar' + 6*»-3x+l. 7. 3o-6+4. 

. . xvn. f. (p. 143). 

3a: * 

1. xy ponce, 5 pence, - pence, ~ pence. 2. -J. 

3. 4y-ll»=3. 4. 26-7 miles. 6. 2x*- lla:»-+ 20a;2- 14a: + 3. 

6. 4a;® + a& -ac-/yc. 7. a -36 + 40. ^ 

XVII. g. (p. 143). 

1. a + 6. 2. a:’ + 2a:yH 3. 7. 

4. 27 m. from one end, 18 m. from the other. 5. a: — o, ^=11. 

6. 3a;2-2a:+l. 7. 56, 48. 

xvn. h. (p. 144). 

t 

1. »-**. 2. a’ar*- 2o®a: ho*. 6. 11, 7. 

6. 3a:-7y. 7- 21. 


XVII. k. (p. 144). 

1. **+7. 2. -.39, -20, -7, 0, I, -4, -15. 8. -2j. 

4. 2*3 miles, 48 minutes. 8. ar=2|-, y=12. 

6. 2«“ + 3iB + l. 7. j:=2, £5, 6». 


XVII. L (p. 144). 

1. 2. a:+y+z-3o. 8. -65* 

4. 1*69 in., 2'2.'iin., 3'8 cms., 5'58 cms. 6. 2a;*-6a:-3. 

,,6. ipO. 7. ar=3, y=l, z=6 , m 7=9. 


XVni. a. (p. 146). I 

1. a(r-h8). 2. o(x-o). 8. ar(a:-.3o). 

4. a^*(.c-6o). 8. o(a^ — <MT 4 o®). 6. 3o(o — 6). 

7. 5x*(a:-3y).' 8 . a!(ar-y). 9. 7(3-8®). 

10. 6a:(5®-4y). • 11. ®(o-6hc). 12. -2a:(®*-2). 

18. -y(a~b~c). 14. px{f)x - ay -i by). 18. 19a^(4®-3o). 

16. 3(7>*x*-3p®+4). 17. xyz(x+y-t). 18. 78(o-c-3ar). 

19. 7x(2a!*-*y+8y*). 20. 0*yz(6a!-9y+8z-3a:yz). 

■ * * .'i'.' 

. . , XVin. b. (p. 147). 

(ae+4)(*+6)i‘- 2. (x-3)(i»-7i' .8.' (a:+4)(*+6). 

£ 1 ^ 4 . (»+S)(*,+5j; V (»-4)(»-6iP • 8. («-1 )(*t7)- 
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7. (*+l)(*+2). «. (*-2)*. 

10. (X 11. (x + 1)®. 

13. (*-5)(*+l). 14- (*+5)(x + 7). 

16. (x-10)(x-l). 17. (a!-3)(x-9). 

19. {.<• - .5)(x-13). 20. (x-6)». 

28. (x-7)(x + 6). 28. (x + 9)(x-6). 

26. (x+7)’'. 26. (x + 9)(x-7). 

28. (x-13)(x + 10). •29. (x+9)(x-8). 

81. (7+x)(3+*). *2. (x+ji)(x + 9). 

86. {x+m){x-n). 36. (x — »n)(x <•>•)• 

87. {x-u){x — 3t>). 88. (x -2«)(x^ 36). 

40. (x-5o)(x+36)? 41. (x-2)(x + 9). 

48. (l-3x)(l-2x). 44. {5 + *)(l-*). 

46. (8-x)(5-x). 47. (1 + l<te)(l - LM- 

48. (8 + x)(.5-x). 60. (x+n)(x-10). 

62. (6 + x)(ll-x). 83. (l-6x)(l-»)- 

86. (x-8)(x-27). 66. (x+10y)(x-y). 

68. (x-ll)(x-12). 69. (5x + .v)(x-y)- 

61. (i-lly)*. 02. (x-15)*. 

64. (x-13y)*. 66. (x-l(i2)(x-l). 

87. (x-9a){x-.'5a). 68. (9x+y){6x-y). 

70. (lOx- l)(15x + l). 71. (43x+l)(»-l). 

78. (xy-8)(xy+4). 74. (13x + l)(12x- 1). 

76. (17xy-l)(3x.v-l). 77. (7rt6 I- 1) (««'' -- !)• 
78. (18x+y)(3x+y). 80. (18x+y)(3x-y). 

82. (xy-5)(a-y-ll). 83. (xy- l«)(xy + 3). 

86. (167 + x)(l - 86. (x-l?)*. , 

88. (81*+l)(*+l)' 89. (x-l3y)(x+3y). 


9. (x-2)(x+l). 

12. (x+.'))(x-l)- 
16. (x-3)». 

18. (x + 3)(x+17). 

21. (x+7)(x-6). 

24. (x-7)U-+6). 

27. (x-12)(x-10). . 
30. (l-2x)(l-x). 

88. (x-»»)(x-n). 

36. (x-l-2a)(x+6). 

89. (.» +4a)(x-05). 

42. (x -ll)(x+10). 
46. (x+17)(x-l)- 
48. (x-16)(x+l). 

61. (7 + x)(6-x). 

64. (9-x)(8 + x). 

67. (fi.) lW»)(a+6). 
60. (a-6f»)(o + 46). * 
63. (x-72)(x-l). 

66. (73x-l)(x-l). 
69. ():)x-l)(2x+l). 
72. (1- 3a6)(l 

76. (l -f«.y)*. 

78. (17x-y)(x+y)- 
81. (19-a;)(3--9>)- 
84. (x-92)(x-l). 
87. 


1. (a+6)(*+y). 

4. (x-y)(6-a). 

7. {ae+l>){<ie-d). 

10. (o-c)(o-6). 

18. (a^ + h‘‘){f + d). 

16. (x-2)(**-y). 

19. (*-i)(y® + i)- 
22. (o +m) («+«»*)• 
26. (2x-l)(x*+l)- 
28. (3x-l)(**+4). 
81. (x+7){2x*-3)! ^ 
84. (x+l)(»-«*)- 


XVin. C. (p. 148 ). 

2. {a~h){x-y). 

6. (X + :)(»+ y). 

8. (x + y) (x “ 2). 

11. (64o)(c-o). 
lA (a»+fr»)(c-d). 

17. (x + 6)(x*-3). 

20. {ax - b)(hx - a). 

28. (x+ !)(**+ 1). 

26 . (a-fc)(x® + l). 

29. (7x-3)(x*-3). 
82. ^+5)(lla? + 7). 

, 86 . 


8. (x-y)(«-2). 

6. (x-y)(x i2). 

9. (x_-y)(3-a)- 

12. {ae. + d) {ac I h). 

16. (X -3)(3:*^ 2). 

18. (x®+l)(y’ + l)- 

21. (x-y)T(x + y-4) 
24. (x + l)(«*J-l)- 
27. (2x-33i(x*+2). 

aq. (•2x-l)(r'-6). 

86. (*+3)(2**-«). 

-i.* . 



zxiv ELEMENTARY ALGEBRA 


xvm. d. 

(P* 

149). 

1. 

(1 -ar)(l+*). 


2. 

(1 -2a:)(H 2a:). 

. 8. 

(a; - 2«) (a; + 2o). 


4. 

(a -7) (a + 7). 

6. 

(Jki <- a:) (3a - a:). 


6. 

(3a; M)(3a:-1). 

7. 

(r)a!-4)(5x + 4). 


8. 

(a; + 3) (a; ”3). 

9. 

(5a; 7)(5 j; + 7). 


10. 

(a - 5) (a + 5). 

'll. 

(11- 1.)(11-1-6). 


12. 

(a-3)(aH 3). 

13. 

(x-13)(x+13). 


14. 

(2- tt)t2 + a). 

15. 

(4- 11a;) (4 + 1 lx). 


16. 

(ab -1- rd) {ah - erf). 

17. 

+ 4a6) (3a;y - 4afr). 


18. 

100x102. 

19. 

8x 14. 


20. 

(a;y+ 1). 

21. 

(8 - ed) (S 4- ed). 


22. 

(l-3Jk)(l+3^-). 

23. 

(3 -2/1) (3 + '2a). 


24. 

{3ab-4)(3ab 1 4). 

26. 

1 X 30.5. 


26. 

(a? -100) (a? +100). 

27. 

(I(K)x+l)(l00x 1). 


28. 

(xy - 9a2) (xy + Ua-*). 

29. 

(a»-(.=)(a='4 (.®). 


30. 

(//‘2 + 5)(b2-5). 

3L 

'(a;* + o)(a'* - &). 


32. 

(0x«-y4)(6x® + 2^). 

33*. 

(rtfc’c® - .i;) + x). 


34. 

(l-10x)(l + 10x). 

35. 

{itlK‘ 1 d.){abr.—d). 


36. 

(1 -lla2)(l + ll«2). 

37. 

(7x r.4;)(7x i 6y). 


38. 

(/>(/- 2) (?>y + 2). 

39. 

(lax'iH yV)(l'2a;*-3/*s*'). 


40. 

(a- I Ob) (a +156). 

41. 

(9x- 8)(9x + 8). 


42. 

(27/m 4 l)(2//m -1). 

43. 

(3/> -7q)(^> + lq). 


44. 

(.c- 13y)(x+ 13y). 

45. 

(9a/<+l){9af> -1). 


46. 

(x''*-y*')(x'*’ + y**). 

47. 

(«- 17fc)(« 1 nil). 


48. 

(llrt t 12b)(nrt-127>). 

49. 

(.5x‘' -]3a'')(5a*+l.3a»). 


50. 

(x®y- 10) (a:2y f 10). 

51. 

(.ry-- 12/<)(xy* t l‘2/<). 

•• 

52. 

(1 - 10a-3yV)(l + 10.r»yV). 

53. 

(ll.r'y' l)(IlarV+l). 


64. 

67,000. 

65. 

1800. 66. 

998,000. 


57. 040. 

58. 

100‘2,000. 69. 

r>4,«<M). 


60. 33,096. 

€fl. 

1.30. 63. 

650,000. 


63. 573. 

64. 

313,800. 66. 

996,000. 


601 15,152. 

67. 

0,400. 66. 

43,984. 


69. 11,800. 

70. 

9,900,800,000. 71. 

13,440. 


72. 15,000. 

73. 

15,600. 74. 

69,600. 


76. 128,400. 


XVIII. e. 

(P- 

150). 

1. 

3(iv- 2a)(x + 2a). 


2. 

7(l-ir)(l+a-). 

.3. 

2(0?;- 1?) (a? +12). 


4. 

5a:2(.3y-4a)(3y + 4a). 

5. 

3(a^ + aj>(a^-a;). 


6. 

lahj{Axy - 5)(4a:y + 5). 

7. 

6 (Sab + 2cd) 


8. 

-2)Va»6?»+2). 

9. 

7^-76)(a + ;^). •• 


10. 

y(6a:-4)(5ar + 4). 
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XXV 


11. 11(1- 3())(l+36). 

18. J3(a3-6)(a»+fe). 

16. 3(a:2-10)(a;a+10). 

17. 5r(lU*+126)(llar- 126). 

19. \l{\-2pq)(\-{-2pq). 


12. 5(3a6 -4)(3a& + 4). 
14. 7(iu- 15o)(a;-i-15a). 
16. 3a(3p-77)(3/> + V7). 

18. 13a6((; -2rf)(r^ 2rf). 
20. 7a;V(l-2y)(l+2y). 


xvm. f. (p. 151). 


1 . 

8 . 

6 . 

7. 

9. 

11 . 

14. 

15. 
17. 
19. 
21 . 
28. 
26. 
27. 
29. 
81. 
88 . 


(a -6-f-c)(a-6- c). 2. 

(a; -y 4- 2a) (a: -y- 2a). 4. 

(.T 4- 2a - 6) (a? - 2tt + 6). 6. 

(3j; r 4y)(a; + 23p). 8. 

(5a; I- tt - 6) (5a; - a + 6). 10. 

4a;. 12. 8aa;. 13. 


(a + 6 ^ c) (tt - 6 - f ). 

(a; 4- 2y 4- 46) (a: f 2y - 46). 
(a;+y + a + 6)(a; + y-a-6). 
(a + 4.r-y)(a-4fl;+y). 

(4a -f 5ar + 5y ) (4a - 5a; - 5y ). 
(a ~ 26 + c + f/) (a - 26 “ c - d). 


(a vh + c + x-{ y-\-z){a‘\-h-{'C-x-y-z). 
(4a; -Hy)(2a;- 3y). 16. 

20p7. 18. 

(2.<; i 2a + 3y + 36) (2a; + 2a - 3y - 36). 
3(a + 6 + 2c + 2rf)(a + 6-2<;-2d). 22. 
4a6. 24. 

5(a; + y)(a;-y). 26. 

(l+3a;-2y)(l-3a;4-2y). 28. 

( 10 + 2a - 36) (10 - 2a + 3/>). 30. 

(a-6)*-(a + 6)a. 8S 

2a6-l. 84. 6(0-1) (a 4 


16(2a! + l). 
y((>a;-y). . 

20. (5a;-f-y)(a; h5y). 
(H/)4-g-4)(8/>-7-4 4). 
(;ia:4-2y + 2a)(a*4-4y). 

-48aa:. 

(l+2ar-^)(l-2a;+2y). 

6(8a~6). 

. (a- -I 2a6 + 26*) (a* - 2a6 + 26*). 
1). 36 (2a;* l)(5-4a;). 


XVIIL g. 

1 . (a - 6 + c)(a - 6 - c). 

8. (a; + a + 6) (a: 4 a - 6), 

6 . (a + 6 - r) (a - 6 4- c). 

7. (a;4-a-y)(a:4-a + y). 

9. (a;-y4-3)(a;-y-8). 

11. (l 4 - 2 a- 6 )(l- 2 a + 6). 

13. (2o-64-a:4-<;)(2a-6-a?-c). 

16. (a-c4-64-rf)(a-c~6-cZ). 

17. (a4-c + 6)(a + c-6). 

19. 6(a-6+2c)(o-6-2c). 


(p.^161). 

2 . (c4-a 4-6)(r - a - 6). 

4. (y4-a-a;)(y-a4-a;). 

6. (l4-a 6){1 -04-6). 

8 . (a; - 2y 4- 3a6) (a; 2y - 3a6y 
10. (4f a-6)(4--a4 6). 

12 . (a 4- a: 4- 6 4- y) (a + a; 6 - y). 

14. (a - 64 -c- rf)(a -6 “ r4-d). 

16. (a;*4-a;4 l)(a:*->; - 1). 

18. (3a - 6 4 a: 4- 2r) (3a - 6 - a; - 2^;). 


1. (6x-2)(a:-2). 
4. (a; + 7) (2a; -3). 

7. (a;4-9)(2a;4-l). • 
10. (3a; -2) (3a; -4). 


xvni. iL (P. 154 ). 

8. {a:+3)(3ar+6). 8. (*-2)f3a;-'Tl). 

6. (j:-6)(3a;+6). •.,(str+'9)(5j;-3). 

. 8 . («-7)(3*-l). : 8.'’(^-6)(2 x-3). 

.,11. (^+3)(4*-5). fia; (7«+l)(7^a8^ 
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15. (ar-2)(ae + 4). 

16. (ar-3)(ar-l). 

19. (riarf4)(4a:f6). 
22. (4j'-5)(6ar-.5). 

.26. {2x t ‘Ay){x + y). 
28. (7i 3)(>Ac + 5). 
•81. (Sr 9y)ifix+y). 
84. (13x-l)(2x-3). 


14. {ae-7)(2.r+9). 

17. (3r-2)(2i4 1). 

20. (3^-4}(4x+3). 
28. (1 -2a!)(3-2ir). 
28. (2x-y){x+2y). 
28. (3x-7)(3ir + 4). 
82. (7J•-3y)(a:^y). 
36. (i:{a; t 2)(j; + 3). 


16. (2x+3)(3a;+l). 

18. (4x-3)(3a;-4). 

21. (6a: + l)(3a?-2). 
24. (6-a:)(l+ar). 

27. (6jf-5y)(2a-4 3y). 
80. {^x-^){2x 3). 
M. (12a!+6y)(a:+y). 


XVIII. k. (p. 155). 


1. 

{x fy)(*®-3y+y®). 

2. (jr-y)(*®+»y + y®). 

8. 

(1 - .•B)(H j5 + i:»). 

4. (1 t *)(1 -*+**). 

6. 

(r» t y)(x*-x‘y Hy®). 

6. ( j,® - y) (** + *®y 1- y®). 

7. 

(2j;-l)(4*»4 2rf]). 

8. (l-t2y)(l-2y + 4y®). 

9. 

(2a -t 5) (4a‘'' - 2ah + 6®). 

10. (1 + 3*)(1 -3*4 9*®). 

11. 

(a:+3){aJ«-tol 9). 

12. (y-3)(y®4 3y4-9). 

18. 

■(a + 5)(tt®-^ + 25). 

14. (r>a- 1) (2.50® 4- 6a ) 1). 

<16. 

(2* - 3y) (4ji* + 6*y + 9y®). 

16. (2a 4 .3ft) (4a® - 6a6 4 96»). 

17. 

(o-6)(o»+6a+36). 

18. (7*- 1) (49*® 4- 7* 4 1). 

19. 

(y-4)(y*+4y + 16). 

20. (4 ) y)(16-4y4 y®). 

21. 

(10* f l)(10ac®-10*-( 1). 

22. (aft- l)(o*ft*4 064 - 1 ). 

23. 

(1 f a/>) ( 1 - aft + aV)‘‘). 

24. (aft®-4)(a®ft® h4aft-’4 16). 

25. 

(2*y- l)(4**y*+2*y (-1). 

26. (*®4-l)(*‘-*“fl) 

27. 

(la - .Vj)(10a*+20aft + 2."jft®). 

28. (.3 r+pq) (9*® - 4 />®9®). 

29 

(6a — ft) (.36a® I 6«ft -t ft®). 

so (8*4l)(64*»-8x+]). 

81 

(9rt -2*)(81a»+18ac4 4*®) 

32. (1 f9*)(l-9* + 81*®). 

33 

(a~ft)(aH ft)(a® + oft + ft®)((t®- 

db 4- ft®). 

84. 

{.r-2)(*3 2)(*® (-2*^ 4){*®- 

2*4-4). 


xvra, 

. 1. (p. 165). 

1. 

-8*(*»-2). 

2. (a - 6ft) (^- 5ft). 

8 

3(*-l)(*4l). 

4. 3o''fc®c®(o®-7ft<5 4-6oft). 

5 

3 (a 3) (a f3). 

6. 5(0 -2) (a® 4204-4). 

7. 

(10a ft) (a 4- ft). 

8. 3 (2a -3). 

9. 

*y(*® -3y®). 

10. 7(0 -5) (0 4- 5). 

11. 

-(1+*)(1+*®). 

12. llar(r-3a). 

13. 

3(l-6f)(l-*). 

14. 3(0 -I)(o4-l)(ft-l)(64-l). 

15. 

3(2 I-XU2-X). 

16. p*q*r*{p^^ -3qr* + 2p^), 


3x,llx8^Sk7x2*. 

18. 3(.5*-2)(*-2). 

19. 

{X-p){x-i q). 

20. 4(*-10y)(*4-y). 

21. 

5(l-3y)(U3y). 

22. 10(2*-y)(T4-2y). 


1 1 (* - 1 ly) (w - 

24 3(l-3*)(l + .3*4 9**). 

•6. 

(6-*)(*-lf. 

98. 4c-y)(y-y-6). 
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xzvii 


87. 15(*-y)(» + y)(x» + v*). 
29. 3(o-2)(?:-c). 

31. 2(j!-6)(a« + 3a!+26>. 

83. 2(*-1)(j:-7). 

35. 2(a-5)(a + 6). 

87. 2(3xt2y)(3a:-2y). 

39. 3(n+a:)(ll - j:). 

41. (4x-l;((te4 1), • 

48. 6(*-y)(aH f®y ( y*). 

45. 3(xy - l)(xV4 *// + !)• 
47. a(26r l)(46»e?+26c+ 1). 

49. (jf»-36-2c)(a-364 2<-). 
61. 2(a:-y+l)(j: -y -1). 

68 . (1-2*-)(I-34-). 

65. 3(a-6)(a + 6). 

67 I'SjciSx -2). 

69. 12x(l x). 

61 x{lix-{ 1)(3j;-2). 

63 a:(.')-x)(l I 2r) 

66. ji(3x-2)(2r t-1). 

67. 5(8 f*) (5 -a). 

69. 7(*+l)(a-l). 

71. (a4 7y)(4;-6y). 

78. T(a-r))(tt* + .''w t25). 

76 (20 45)'. 

77. ^^'(13a^ 2 )(iM 3) 


28. 3(r-l)a. 

30. 13(3aH l)(.V-r). 

89. {j>xH)(qxi\). 

34. 7(*+y)(a-2). 

86. (a+76)(a-6b). 

38. .V9®(6g-^+6). 

40. 9(x+6)(j!-l). 

42. (l+x)(l a)(2+*). 

44. 3(x+5)(r4 4). 

46. S(2/(7 )-l)(2y9-l). 

48. 17(x) l)(x + 2). 

60. 7(xy» I 10)(xy*- 10). 

62. 3(1 +x-y)(l -a I y). 
84. (x-5y)(x-4y). 

66. (l+2x-2y)(l 2x I 2y) 

68 . 2(x+r)y)(xt 7y). 

60. (a 15)». 

62. 3(x-2)(ai2). 

64. lSah{a 2/>). 

66. (7x-I)(x 1). 

66. 2a5((2a 35 I 4c). 

70. x(x-3)(x»4 3x4 9). 

78. »(x-7)(xi .'>). 

74. a(l-2x)(3-2x). 

76. 7(04 n)(o-10). 

78, {x^p){x-g). 


XVIII. II 

1. (o-6)(o 4 fiXont’) 

8. 2(2x-y)(2x 4y)(4x»4-y’). 

6. 3«ia-«)(r4 a)(^4-ox 4o-)(j 

7. (a-64-2f- 2<1 )(o-6-2c42cZ). 

9. (a-y)(a-y4-l)(a-y-l). 

11. (a-3)(a4 3)(2a4 1). 

18. (o4-c)(6-rf). 

16. (a -2) (a 1-2) (a 4- 3) (a -3). 

17. o(a-5+f)(o-6-r). 

19, (6a-l)(14a4-l). 

21. (l4-a4-a*)(l4a-a*). 

83. (o*4-4i»)(o-26)(o4-26). 

28. (a-l)(a+l)(4E-2)(a4-2). 

27. (a4-l)(a-o). . * 

29. (a4i3a4-&)(a-6).« |p. 


(P 157). 

2. (2o- l)(2o H)(4a*4-1) 

4. (x* i-x- l)(i*-a4 1). • 

oj. i o^). 6. 28<tb 

8 . 4o5 (o - &)*. 

10. (x-3)(2a-l)(2a4 1). 

18. (oa-fty)(5a-oy). 
lA (2a‘l-3y*)(2x-3y)(a4y), 

16. a»fc>(l4-o6)(l-o54 o*6>). 

18. (a-a)*(a4-2o). 

20. (7a-3)(x4 15). ' 

88. b^a■^ b-r)(et-b + e).^ ^ 

(a -l)(o4-l)(o*4-o4 l)(o»-o4-l). 
28. (a4-y)*(a-y), 

88. (x+'Sct-fibi^it-a), 

[a(a4-6) 4 -y(a- 6 >,][j»(o- 6 )-y{o+liJJ 



xxviii 


RLBMENTARY ALGEBRA 


81. (*+ l)(i» 1). 88. (20a;+7)(10*-3). 

83. (x-\ y^z)(x-y 2)(x-y h«)(jr+s/-*). 


84. 9(x-y)(3^-xy iy\ 

86. {x t b){hx fo*). 

88. t »“)(«’ f lt‘+e‘). 

40. {x-mbx ha^). 

|a.r-(o-l)][(a+l)a:+o]. 

44. (a'-I)’“(i + l)(5j!+l). 

48. (j: -SXj^-t + I). 

48. {a-b){a+ab-^b). 48. 

80. 3(0 + 64 r)(6-c). 

62 . (®- 2 )(>»+ 2 *- 2 ). 

64. {x + ay){x l>y). 

66. .r ( 1 + 2ay) ( 1 - 2oy I 4ttV)- 

68 . (x- 2 )(r'+.r^ 2 ). 

60. (a-a;)(l < ox). 

62. 4 (i- 12) (a- HO). 

64. (a:-l)(x+l)(a:+3)(a:-.3). 

66. (j:-3)(!e+2)(i-2)(i; + l). 


86. a:(®+l)(x-2)(*+6). 

87. (®4 l)(2x-5)(x-3). 

80. (3x-5)(5a:H 7). 

41. 4o6{l+o)(l-o)(l + 6)(l-6). 
48. (x-l)(x-2)*(x-t2). 

48. (x4y)l3a:-2y)(2a:-6y). 

47. [(o+2)ar+o + l]Loa: (o-l)]. 
(2o+5-c)(2o -6 + f)(4a''*4 6-cP). 
61. (*4y)(rw-3y)(3x-2y). 

68 . (x-y)»(xty). 

68. {:>P -4q){p-S'i]. 

67. 3(.3r* -4y)(3a,«t4y). 

69. (2x-5)(!» + 6). 

61. *y(y4 x)(»-*)(»®+A 

68. (6 Uo)(6-l-o). 

65. (5x-l)(ll-a-). 





XIX. a. 

(p. 169). 




1. 

r>aft. 

2. 

A’'- 

3. 

ah. 


4. 

2xyz. 

6. 


6. 

3a-». 

7. 



8. 

y- 

9. 

3aV-*. 

10. 

13a:®. 

11. 

5a^d, 


12. 

abc. 




XIX. b. 

(p. 1 

100). 




1. 

a. 

2. 

a--2. 

3. 

y. 


4. 

x-2. 

5. 


6. 

fy. 

7. 

x-2y. 


8. 

x-k-y. 

B. 

x{x 3a). 

10. 

3), 

11. 

x-{-\y. 


12. 

a:-2y. 

18. 

a;H 1. 

14 

l X. 

16. 

\+x. 


16. 

a: -3. 

17. 

J"+y. 

18. 

a; f 4. 

19. 

XA 11. 


20. 

X [ 5. 

21. 

X 1 a. 

22. 

a^-ah-\ Ir, 

28. 

a; - 6. 


24. 

X 3. 

25. 

3a‘Vi’*(ft4 /j). 

26. 

32' 1. 

27. 

j :4 3. 


28. 

(a'-l)(a:-2). 

29. 

a H c. 

30. 

fiwr 1. 

31. 

a:- 2. 


32. 

( 0-64 c). 

33. 

2 - -5. 

84. 

X~ (1. 

35. 

2 a: - 1 . 


36. 

4a,--0a'4 I*. 

37. 

a;-l. 

38. 

a;- 1 . 81 

1 {X 

- l)(3a: 

- 2 ). 

. 40. 

a* -5. 




m. c. 

(P- 

163). 




1 . 

a(32*®-fJa2? 

+a®). 

2 . a:®fa'y4y®. 


3. 

2 a: 2 -- 

a:-3. 

4. 

x-2. 


6. a;-F 2 . 



6 . 

a*-! 4. 


47. 

1 - 1 . 


8. 4a?+3. 



9. 

2 a:-, 

5. 

10 . 

a;®-5a?-f-l. 


11. 2a: f 7. 



12 . 

x +2 


18. 

x-i. 


14. 2z*+7x+3. 


15. 

tP-I 

1. 

li. 

3a!® +y*. 


ft. a.'® - 3a:®y + 3a:y^ - y*. 




18. 

5®»-l. 


19. a:®+a:+2. 

* 

SO. 

a:*+ 8 fl:- 2 . 



11 . — . 

46 

36a 
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XIX. d. (p. 165). 

2 . 3 . 

a 

8. 


xxix 


19. 


27. 


31. 


85. 


1 4-2jj 

T^ix 
6 + a 

X f-6 
a; - c 
3x-l 

- i* 

a;’* <'5a: + 5 


a;’‘*+ac-2’ 

39. 

X f y+1 
^ 3a-^ 
3^+26* 


6. 

11 . 

16. 


19. 

23. 


a;(5c + 9) 


7. — 

a + 6 

20 . 

sc + c 
1 + 6 £ 
r+ca:* 

28. 

ar‘ } 1/“ 
a 6 c - 
a - 6 + f - d 
a: -{ I _ 

i 10' 


5a 

12c 



4. 

3^ 
4^-* * 

. 36* 

®- to*- 

X 



9. 


10. -1-. 

ar- 

y 



ix-Sy 

x-y 


13. 

.** 



14. 

c 


17. 

2 

X 

~x 


18. ®-+4 
* + 3 


1. V. 

X 

X c’ 

aj- 6 
a - 6jf ^ 

a~+6Tc‘ 
6 

a;-3 
r»-a: + l 


24. 


32. 


21 . 

25. 


29. ^ 


a + h 

a* + ah + 6’’ 
2(a:-3) 
3(i-2)' 
a? - .5 


83. 


37. 


2a; ^ .3 
a; - 5 
a; -3* 
£® + 3a 


22 . 

26. 

80. 

84. 


40. 

g-l 
a+ 1 

- - 3a - 46 
35T26‘ 

42. 

44. 

2a-f6j_c 

2a - 6 - c 

46. 

3a 4 «■* 

3 

46. 


XIX. e. 

(P* 

167). 



2. ^ 

X 

-1 8. 
-.3 

1. 

• 

4 ae-i 

■ 2y+l- 

7. 

a 

^+2 
r 4- 5 

a{x+aY 

9. 1. 


12. 

X. 

13. 

a; 4-5 
a; 4- 3’ 


14. 

16.* 

\x{x - 3) 
a; 4*5 

17. 

2a; -h3 
3a; » J 


18. 

20. 

a — 64-c 
ah 

21. 

x{\ l-Ox’) 
l-6a; ’ 

22. 

24. 

g-1 

a? 4-1* 

25. 

^-ax -f a® 
a^aa;4-a® 

26. 


1. a^h^c. 

5. 294a;*y*z.^ 
9. 24a»6*. 

13. eOa^ * 


XX. j 

2. 4aV. 

6. 2a*62. 
10. •I2a¥;^ 
ii a»6».^ 


x-y 
a;+ y‘ 

x^+\‘ 

a-~h-c 
x^ - XA 1. 
a;(a ;-l ^ 

2 -x-y 
2 + x-y* 

.^4 2 

3ar*2‘ 


6. 

x + 2 

10. 1. 
to 

6 * * 

a^ + ax+sfl 


2(x-h7)_ 

a:+6 

7a;-3.V 

3(:te-7y)‘' 


(p. 168). 

8. 12o'. 

7. COxV' ■ 

11. 108iV- 

16. 3teW. 


o-' 4. 30xV- 

< 8. xyz. 

* 12. oV®*' '• 

' 16. 240aV*^. 



XXX 


ELBMKNTARY AU>EBRA 


1 . 

4 . 

7 . 

10 . 

13 . 

\6. 

17 . 

19 . 
21 . 
23 . 
26 . 
27 . 

20 . 
31 . 
33 

36 
36 . 

37 


4 a:(a-»). 

4ai»y(*fy). 
4a*J:(a^ -c) 
1 )® 


, b. (p- ie9>- 

2. »>-«'>• e, ayzix-y). 

8 . 6 (*-l)(* + l>- ^ I2(x-y)('>:+y)- 

** 14 . l‘l(ax-hy)(a^+^)‘ 

.. ^ nr*' 


4ca^x{a-^x) vl{ax-hynax-toy). 

6 !EV^ l)® 16 ■ 

,y(7-ty)(Yy)- ’ig. (*+l)(»+2)(a + 3). 

. vQ# - 1 0\ ^ ' .1. A- Cl. 


520 (*- 2 )(® '' 3 ) 1 *'"'^^ . V 

S'. \a+h + e){a + h-f)(<*-^ + ‘^' 

24 . ( 2 a:-l)(®- 3 U'*+*'- 

26 . (*?-»*)“• ^ , 

28 . 105 a 6 (a + h){p- a). 

30 . 72 aeV(*- 

82 . ( 2 x-l)(a:- 3 )( 3 *+‘-)- 

84 . (» 2 )( 5 rH 2 )(»-l)(-*' + ''- 


h2). 

(*+1)(*-4)(x + 6). 

i8(»+y)'‘- 

(3x-1)(*-2)(x + 3). 
(*+6y)(x-6y)(x*y)(*-y) 

(., + , „j, , i,2)(o*-'aft 1 fc’). 


ZZl. a- 


1 . 


6 . 


U 

Cr 

abc 


to 

6r 

12' 


^a;-aa; lo. 

a6 

ro 13aJ±2 14. 

12 

2tw* “■ ^ ^ 

12ac 


-s \-2x^ 

JCZ 

10.c-3y 


20 . 


22a!-7 
105 x * 


(p* 

170 ). 


hc+ea-o^ 

ahx 

3 . 

l)c-\ ca+o^ 
ahc 

4 . 

7 . 

sc - 6 

■42 * 

8 . 

1 . 

11 . 

2 

12 . 

2 p + 3 r. 

IB’ 

O^w^’ 

15 . 

3 a 

16 . 

0 . 

18 . 

aT-y* 
aV ■ 

19 . 

1 

12 c* 

21 

. 0 . 

22 

. - 3 y. 



. . ^ (a5 + 3)(x-v4r 


XXI. 1). (p- 



*• 2x-3y' 

2^4 y* * 


2 a ;+7 

2sjc 

*• .(xTW(»^ 

b _ . 

, (i+4)(af+W» 
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xxxi 


10. 

11 

12x 

! la L 

-3x 

13 . 2(1 -2x) 

x-2 

(x-3)(x + 3) (1 

- x)®’ 

*^(x4* l)(x- . 

14. 

.. 16. 

-4y 

(x+y)a‘ 


1 

. 4x3* 

17. . 

9a- - 463 

18. 

X 

19. 


20. 

7x 

(x*-2y)2' 

x4-y' 

x“-16’ 

21. 

3x 4- 4y. 

(x^-y)(2x4-3y)“ 

22. 

> 

y_ 

\x-yf 

23. 

0. 

24. 

3a -36 

25. 

a'-* 4 * 6* 

26. 

4x-a 

c-d ' 

ab(a-b) (a + 6)* 

- 4x** 

27. 

1 

28. 

X /a4-x\ 

29. 

36 

6 (a -6)* .» 

a \x-aj 

■’aa-96** 

30. 

_ 96 (a4 36) _ 

31. 

a® 


2xy 

(a -26) (2a 4- 56)' 

(a - l)(a- + a4l) 

x^-Hya* 

33. 

6 

27a® 4- 63* 

34. 

66. 

86. 

2x. 

36. 

4. 

37. 

4xy 

88. 

2x 

(•» - y)’** 

(x-))(x+lj‘ 

39. 

14 

(x-7)(x+7)‘ 

40. 

0. 

41. 

iy 

4‘ 


XXL c. (p. 173). 


1 . 

6 . 

8. 


11 . 


14. 


17. 


21 . 


24. 


27. 

29. 

32 . 


4a 

aa-'F 


2 . 


a 

3aa -aft 

3 

\x-i){x- 3 ) 


2 h a ^ 
aa-i/i* ‘ r- 9a;a’ 

0 

* 61x2-9)“ 


12. 

(x-2y)(2x- y) 


7 

(x-l)(x-2)* 


16. 


. 


ar 

(a:-a)ix-3)"(*+3y 


J — 

2(x-4)‘ 

18. 2 (a +6). 


* _ m ±_. 

(x*-4)(x* + 4)' ' (x-l)(x + l)* 

13 85. a^+y. 

(x-l)(»-2)(x-3)‘ ' 

3y» 

(x-2y)(*+3y)(a-3y)' 

l-Sx 3(a-3a;») 

(x+3)(* + 4)(x+7)‘ ' 20(^*-x‘)’. 

2(xa+4xy-+%*) ' 38 ? 0. 

(x + ^)(x+^)' ■ 


(x“-l)(x-3)(x-4r 

7 - 

(x-l)(x-2Kx-3) 

10. . “* — . 

(a-6)(a“ f) 


13. 0. 


16. 


19. 


4 

x + 2y' 
2a2 


20 . 0 . 


**■ xa(x“-4)' 

28. 1 

(a?- !)(«?- 4) 

28. Ul . 

(x-7)(x+4)(x-3) 
Of 5x* + 6x+l3 
H •-.12lj-'L?(x+l)’':. 
|M-i ^2fe(7x+2) '7 

^^i4)(9^'-4)' ■ 



xxxu 


ELEMENTARY ALGEBRA 


36. _ 
(o 

I 

: 

^ 46. 

X 

i' 

58 . 0 . 

67. - 


2o% 

(a - b) {a -26) (a - 3b)‘ 
8 jb® oa 


1 - a;®* 

2a:V, 

x*-y*‘ 

34xy 

1 

a; - 1* 
I6a 
1 - aS 


12 

4a* 


(a; + 3y)(3a: + y)‘ 

o 34ay 

3/*-16 x*‘ 


41. 42. 3a -66. 

a^ - o* 

44 2a!g 45 ^ 

(a;-y-a)(x+y+*)' i ' (a*-9)(a*-25) 

47 .*1 48. — . 

(a + 6)(a»+6») (3-2x)» 


.3 

®®-l‘ 

.3_ 

iBXa?*-!)' 


(a!+4)(*+3)(a:+2)(x + l) 

L ’ -. 80. 

(x-l)(*-2)(x-3) 

63. 

i»-l a?-l 

3 »r «4 


(x+l)(x + 4)‘ 


4Y ® 4" 

i+ax' 


;a»+6»)‘ ■ (3-2x)» 

61. 89. — 

xlx-2) »» a:*-l 

66 66 . 

U4-6j j/S-Sar* 

5 - 2(2x+.5)(x»+2) 

■ (x+l)'‘(»®-^4-3y 

2x a. 16x 

x*-xy+^” ’ (x“- l)(x“-9)‘ 

64 4 + 2“-“*. 66. 

2a x(x+l) 

)x fl« 18x»- 18x4-2 

IX (3x-2)(2x-l)(3x-4) 


“(2a- 

3ft 

■3ft)(a-46)' 

70. 

1 

i* 


71. 

2xy 

x“4-l^' 

a 


78. 

ar-f- 

1 

74. 

2ay 

“ 6' 



a?- 

1‘ 

x“4-y“' 

6 


76. 

J[ 


77. 


i*' 



a?- 

‘2* 


a-*' 


(x4-1)(*4-2)(x-3)‘ 
89. x®4-y*. 
an a*^aV}* + h^ 

a*+aV^+b*‘ 

96. 27-^ ' 

8a» + 27^ 


2( a6+6c+co») 

a6c 


P 4 5(a + a?) 
(2a - ar)*’ 

87. 


90. - 

at 

98. - 

a 

96. ? 

100 . - 1 . 


1 

ar* + y*‘ 

3 

a 

a^-ax+a^ 


81. a*+6*. 82. -wi. 

86 

a-6b 

. gg (a; -5)* 

■ (a:-8)(3ar-8)’ 

91 

(*-7)(3ar-6) 

2 


97. 

(a + x)(6 + a?)‘ 

108. -^3!_ 





a;nswers to examples: part 1. 


xxxiU 


106. 


a«+l 


100 . 

2 

2a?(a+6) 

* 

117 ^ g(g+y-^g) 
=(2:-y + a)' 


107. 


110 . 


a»-3 


114. 1. 


116. y-x. 119. 2. 


106. 2(x+y+z). 

m 

m. 1. 11*. -i-. 

»+y . 

115. 2. lie. I. 

ISO. V Ml. 

X • 


xm (p. 180). 


1. 

8. 

2. 3. 

3. - 

2. 

4. 4j. 


6. 

2. 

6. 

1. 


7. 

7. 

8. 1? 

0. 2. 


10. 3. 


11. 

12. 

12. 

2. 


13. 

7. 

14. 3. 

16. 7. 


le. 7. 

17. - 

107. 

16. f 

= 

•63. 

10. 


:4'67. 20. 16. 

21. 

6. 

«. iV= 

•35. 

23. 2. 

^ i 

= ' 

•4. 

86. 

2. 

26. xV=*31. 

87. 

hh 

= 1-08. 

28. 

4. 

20. 

iAV= 


•39. 

80. 

-1. 

31. 4. 

82. 


=4-71. 

38. 

0. 

81 

5. 



86. 

1 

ff* 

86. 7. 

87. 


:6’33. 

86. 

6. 

• 80. 

2. 



40. 

5 

41. 8. 

48. 

5 _ 
7 ~ 

•71 









zzm. a. 

(P* 

181). 

1. 

a:(aar’- 5). 

2. 

(x + l)(x+10). 

8. 

3(r-l)(a?+l). 

1 

2(x-l)(x-3). 

6. 

(a-5) (ap + o + 6). 

6. 

(l-3x)(l + x). 

7. 

4(a-5)(a* + a5 + 6*). 

8. 

6(3a;+l)(x+l). 

9. 

(4a: -3) (2a; + 6). 

10. 

(x-l)(x+l)(a;+2). 

11. 

5y(4a;-3y). 

10. 

a{x-h){x+b). 

18. 

(x- l)(x-51). 

14. 

(2tt+l)(2a-l). 

16. 

(x+a)(a;*+a*). 

16. 

(9 + x)(8-x). 

17. 

(a+6)(a + 5- 1) 

18. 

(2x^-7) (8a- + 3). 

19. 

(o+6-<')(a -b + c). 

20. 

(ax->3)(6x-4). 

21. 

8(l-»)». * 

82. 

(3x-l)(9x -1). 

28. 

5(2a-3)(2a+3). 

21 

(3a-25)(x-y). 

26. 

8(o-3)(a*+3a+9). 

26. 

(3-x*)(2 + x). 

87. 

(6x-4)(7x-»-8). 

88. 

(x-l)(x+l’)(y-l)(y-hl). 

20. 

(l-*)(2+x)(3-*). 

80. 

(x + y)(x-y)(a-6)(a*4 

81. 

75(0a-3e-366). 

82. 

(18ar-y)(3a;-f y). 

88. 

(x+vXe-a). 

84. 

|(3»-1)(3*4-1) 

86. 

(3x-2)(Bx-f-4). 

86. 

7(7*-y)<7*+i/'. , 

87. (*»+l)(y-l)(y+l). 

88. 

(a-6)(a“ 54 l)(a-6-l). 


88. (x-l^){ap+2y)(**+2irw+4v*Ha:^-2w/+4i/*). » 

40. (a+6-2Ha-l-0-8). 

3.B.A. 



Mliv 


SLEMBNTARY ALGEBRA 


41. p(jw-l)* 

45. (*+4)(»+l2). 

46. {x+2a){x-lb). 

47. (3ir-a)(&B+26). 

49. (z+l)(2a;+l)(2i(;-3). 


49. (x-12)(»-13). 

44. (llir-8y)(&r+4y). 

46. 2b(3a*-f6*). 

43. 2(«-2)(»+2)(it*-2ie+4)(K>-(-2v+4l. 
M. (*»+»»)(a*+6*-C»). 


61. (*-8)*. 

63. (®-7)(*+2I). 

66. (3a;+2a)(4ie-76). 

67. (9x-6){Sx+26). 


63. (tt — 5)(o+6+ 1). 

64. 3(a-6)(a-6-l). 
66. (*+8)(»»-*+l). 

68. (x-a)(a;+a-(-3y). 


68. (a-2b+2e)(a+26-2(;)[a>+4(6-e)^ 60. (a-l.x+a)(aa;- a+l> 


61. (a+6)(a+6+2). 

68. (x-y)(3*+8y-4). 

66. (*»+y»)». 

67. 32x(x+10)(x+l). 

69. (a+6-c)(a-6+e)(a+6+e)(6-l-e-a). 

70. 3(o-6)(a+6)(5a’-8a6+6<K'). 


71. (a-6)(6a+6&-l). 

78. (2x-l)(2x+l)(4x»+l). 

76. (x-l)(x+l)(x-2)(x+2). 

77. 16(a-6)(a+6)(Saa-6a6+66>). 

79. 6x(13x*+18xy+lV)- 


68.-(6x-12y)(?x+2^). 

64. 6»(x-6)(x+6)(x*+6*). 
66. (4x-a)(4x+a). 

66. 2y(x+y)(x-y). 
o). 


78. (13x-4)(3x+2). 

74. (x-y)(o-6-c). 

76. (x+y-6a)(x+y-7<»). 

76. (a~6)(ax+6y+c). 

80. (4x»+2xy+y»)(4x“-2xy+y»). 


xxm. K (p^ 188). 

1. n(x-a)(x+a), (x+9y)(x-lly), (76x-l)(x-l), (x+y)(x-5). 

*■ *-«. 8. , — — 51.4. 4. x‘-a*x»-6V+aW 

(x-l)(x-2)(x-8)’ 

6. 'i-2'6. ±3'6, 3*2; 6^8. 6L 7. 80 milea an hour. 


ZXm. e. (p. 182 ). 

1. 2(x-2)(x+2), (2r-l)(x-2), (a4-6-c)(a+6+c), (x-y)(x+y-3). 
8. 1. A 12a»6>(a-b). A 8x-2. 

6. 22‘4 acres. A Xs3, y=-A 7. 26 miles an hour. 

TTTTI. d.' (p. 183). 

. 1. (2x+))(x+8), (a4.b4-x)(a-6-x), (6-c)(a-e), 8(1 -6)(l+6+6*). 
A *-«. 3. 0. A x=6, A 

y=l, A Xf 

A O'+o^ -oM-b*. 6. 5.. 7. 2 stumped, 8 caught, 6, bowled. 



AHeWratBlO EXAMPLES; PART L 


XXKV 


XXin. A (p. 183) 

1. (*-ffl)(*+4), (»+y)C«-2), 4(H3a)’l-3o+9<»*). 

R -7 R (*+l)(*-S^(*-8). 4 . 257 milea from the itart.' 


e+«-5 
6. a;>-2z+R 


R -16. T. 2|. 

ZZm. £ (p. 184). 


1. (2x-l)(ai+6), S(a-6)(«+6), {h+e){a-d), (a;-p)(»+y)(4;- z). 

8-2a;» R *=9, 6,8,0, » 

(1 _*)»(2-a;)«- y=l, 8,8,7. { 

6. ISmilea. 7. -7|. 


R a-5+c. 

6. *=4, y=8. , 


R 7T- 


ZZm. g. (p. 184). 


1. (Sz+4)(4a;-3), (2B+h+«-«l)(2a+6-e+(l), («- l)(x+l)(«+2), 
(»-l)(*4l)(y-l)(y+l). 

* 8. 18*V(**-y*)- R 184 egemet, 461 for. 


*■ *»-l 

R **-»(a+26)+3l.*+a». 6. -8. 7. 20«ydfc, ^mflew 


L 6 *+^ 
R f 


1 . *+lfi. 

X 


zxm. k (p. 184 ). 

R 0. 8. 3-8, 4 R 


R 1. 


a;y* 


R 4 ;= - 2, y = li 7. £3x. £12^, £“ , £^. 

zxm. k. (p. 186). 

R R * 8 

5. 22 mm past 4. 0 a;=-l, y=-ll. 


al'+xff+y*^ 

7. -16, -R -3,0, 1,0, -3, -8, -15. 


xxm. L (p. 186). 


1. 6a;y-Sy*. R R 
R 81,4. 


8 . 


a +6 


a - 6 - c* 

5. AsO^, 5s4. e. x=-2, y=-2. x=-|, y=-^. 


XXIIl. m. (p I8C). 

1. 1205. R 2^. 4. f 

6 . The eqoatiOD is an identiV. 7. £^86+— £ 

. • . ^ V ^ 20 r 

0 2 



xxzri 


ELEMENTARY ALGEBRA 


XXIV. a. (p. 187). 


1. 


8. a* 

8. y». 

4. 

aHV*. 

6. 06 *. 6. 


7. 2a5. 

a. 

4a>&. 

9. 

7xVr^. 

10. 

2a 

6' 

11 *** 

19. 

Oa^ 

18. 

•1. 

14. 

•6. 

16. 

■8. 

16. 100. 

IT. 


a*. 

7 

19. 

6®c 

10' 

90. 

a 

66a* 

lla*c® 

10 * 

29. 

4aiV 

7 ' 


88. 81 88. 3{a-l>). 86. -U(2»+y). 87. *+y. 

9b IT 


XXIV. b. (p. 188). 


1. 

a?+y. 

9. 

ac-y. 

8. 

0+26. 

4. 

2a-&. 

6. 

x-S. 

6. 

l-2ar. 

T. 

Sa-ab. 

8. 

Ix-y. 

9. 

2a -7ft. 

10. 

3a:+4y. 

11. 

Xlo-26. 

12. 

l-a». 

18. 

1.3a+2ft. 

14. 

9a -ft. 

16. 

bx-ly. 

16. 

aa-ftJ». 

IT. 

2oa + ft*. 

p18. 

as^y-l. 

19. 

!-•• 

20. 

aa4-2ft* 

21. 


99. 

2'^- 

28. 

X y 
y'^x 

94. 

-t- 

96. 

jca + i. 

96. 

a-t. 

27. 

!r4-y4-l. 

28. 

2ft. 

29. 

a;-y-2. 

80. 

3(a + ft) + l. 

81. 

a 4- ft 4 c4-<i. 

82. 

2a+ft. 

88. 

a 

84. 

4(a;-y)-l. 

86. 

04-264*^ 

86. 

ft. 

8T. 

1/ 

I-2- 

88. 

*4 7y. 

39. 

o* a* 

40. 

20* 

41. 

x* 2a^ 
2o? ^ a;*' 

49. 

a f-ft xij y 

3 2 ' 

48. 

-t2a6. 

44. 

4. 


46. +6*. 46. ±!»*y. 47. 1. 48. ±a 48. 1. 60. ± 


1. a;® + fl5+l. 

4. ci®-2o6 + 6*. 

7. j-(4a;3 4 3j-+l). 
[ 0 . 

18. a-26 + 3r. 

L6. ‘2ar-3y-l 5z.. 

# 

18. 2a?-3y»+7**. 



XXIV. c. (p. 191). 

A 2a^+»+l. 8. 

6. Sz’-Ae+S. 6. 2a;-6y+4«. 

8. 6ii?-2ax-3e^, 8. ai»-S+j^ 

11. **-3*-7. 18. 3a?-2*y+6jf*. 

11 .3a*-76*-ll<^. 18. Sab-abe-ea. 

17. 7**-8iy+6y*. 18. 

96. 2-1+1- *1- 1- 


Cp 9J»Q 



PABT 1. 


xuvil 


ANSWERS TO EXAMPLES: 


2 3 


M. 3a^+4- 




96. 


27. ^-2x+^ 

99. 

2x 1 ^ 
y 4 2a;* 

AA o So 4 
80. 


•. d. (p. 193). 

1. 42. 2. 135.* 3. 130. 4. 62. 5. 187. 

7. 462. 8. 84. 9. 126. 10. 2005. 

U. 1973. 18.' 2345. 14. 20202. 15. 1361. 


• • 

6. 626. 
11. 3001. 
18. 3489. 


XXIV. e. (p. aoi). 


18. 7-32, 7'60, 7-71, 7-86. 

19. 6-21, 6 30, 6-33, 6-63, 6-84. 41*6, 44-6, 46 6. 

90. 7 06, 7 12, 7 16, 7-34. 49 -7, 61-3, 63, 64-2. 

81, 7-.39, 7-67, 7-90. 29. 80-2, 81-7. 28. 8Q-16, 80-23, 80-64, 

24. 9-053, 9-088. 25. 91-36, 91-78. 98. 10-084, 10-048, * 


97. 

12-36. 12*94. 


98. 1-73. 


99. 2-45. 



80. 

2 65. 

81. 

3-32. 

89. 2-37. 



88. 

2-19. 

84. 

2-57. 

85. 

2-12. 

86. 2-39. 



87. 

2-07. 

88. 

5-24. 5-88. 

89. 

2-47, 2-76. 

40. 2-02. 



41. 

3-03. 

42. 

3 06. 

48. 

3-08. 

44. 3 -11. 



45. 

4 03. 

46. 

4-08. 47. 

4-09. 48. 6-03. 49. 

5-05. 


50. 

5-07. 




XZV. a. 

(p. 203). 





1. 

1,2. 

9. 

1. -1. 

3. *0, b. 


4. 

0, 1 

. 

6. 

-2, -3, 

6. 

-a, b. 

7. 0, -a 


8. 

2a, 

6. 

9. 

-a, 26. 

10. 

1 -3 
¥» T 

11. - 

8 

F* 

19. 

0, 

_ 1 

F* 

18. 

a 6 

14. a+6, a -6. 

• 

16 . 
2 ’ 

c + d 

2 ’ 



• 


AO ^ A A 

18. p-2q,2p-q. 17. 2(a+5), -3(a-5). 

18. o*, -6*. 19. -(*-5)*, («+6y*. 90. 3. 

21. 0,0. 29. 0, -4. 28. -a. 24. -2a. . 


1. 5,2. 2. 3,2. 

8 . - 6 , + 1 . 7 . 1 , 7 . 

11. -9,6. 12. 3,9. 

16. 2,2. . 17. -3,0. 

20. 5, -8. 21.15,16: 

21 0, . 25..102, 1. 


XXV, b. (p. 206). 

8. ±2. 1 0,3. 

8. 2, -1. 9. ±2. 

18. -5,4. 11.7,0. 

18. -7, -'i 
82. ±3. 

28. -1, -16. 


5 . - 1 , -: 
10 . 10 , 1 . 
15 . ± 1 . 


19. 16. -L 
28. 0,2. ‘ 


K.f 



zxxvin 


ELEMENTARY ALQEBRA 


XXV^c. (p. 207). 


1. 

i-y* 

2. 

i’ 

8. -1^. -1\. 

4. 0, 

-If 

5. 

i|. -i* 

6. 


„ a h 

2*2* 

8. - 

a h 

5’ "6* 

0. 

a+h c+d 
2 » ■ 3 ■ 

10. 


11. 1, -2. 

12. 5, 

3. 

• • 

18. 

-4, 8. 

14. 

4. 6. 

15. 5, -1. t 

16. ±J. 

17. 

4, 4. 

18. 

1. h 

19. -4,6. 

20. 0, 

-3|. 

81. 

10, 1. 

22. 


28. -41,- 7. 

24. 1, 

1. 

25. 

4,^. 

26. 

3 _ 4 

S’ 

87. f, -4. 

3 

jw. 

7 

29. 

2, -1. 

80. 


81. 16, -4. 

82. 2, 

" TTO- 

38. 

2 _ 2 

71* If* 

84. 

B 7 

-I* ’"ir- 

86. 1, -tV* 

36. 

"tV 

87. 

- 2 fl 

ir» y 

88. 

11, -13. 




^ • 

• 

• 

XXV. d. 

(^ 211). 



1. 

1 2 

2. 

iV “ 2* 

8- A> ~1*S 

4. 

-!• 

6. 

§. 6. 

6. 

-5, f. 

7. -9, -1 

8. 

5, -3. 

9. 

2, J. 

10. 

* 1 

5* 

~ 8- 

12. 

4 — S- 
7I» T* 

18. 

5 _ 3 

ir» It’ 

14. 

3, -2. 

16. f. -V-. 

16. 

0 - 4 

er» 3- 

17. 

n 43 

A -O* 

18. 

V* 1* 

*»• T. -?• 

20. 

22, -2. 

21. 

4 3 

-71. ”T- 

22. 

t. 4. 

98. 1, -i. 

24. 

» 10 

8~‘ 

25. 

2. -3. 

26. 

2. -14. 

87. 6, 

28. 

5, 

29. 

0, 

80. 

12, 36. * 

81. 0 , 87 . 

82. 

3, -2j. 

88 . 

2 , 4. 

34. 

4, -f. 




0 

• 


XXV. e. 

. (p. 212 ). 



1 . 

lj-s^=2’41 or 

-•41. 

8. -1±>J9 

= ’73 or 

-2*73. 

8 . 

2-^:^/3=3•73 or 

•27. 

4. 1±n/6= 

3*24 or ■ 

-1-24. 

5. 

"lO 

217 or - -37. 

6 . l±>/ 6 = 

3’45 OP * 

-1-45. 

7. 

^3=1-73. 



8 . -6±>/3 

= -7*78 

OP -4-27. 

9. 

(> + Vl76_ 
10 

1-93 or - -73. 

10 . 2±./i3. 

r5-61 or 

-1*61. 

% 

11. 

-Bt-M 

4 

= -3-8» ,or -89. 

11 "if. 

3-58 or 2-42. 

la! 

--=^=^^=•80 or 

-14. 

lA ^3=3-46 or -» 

ys=-i-73. 

• 



ANSWERS TO EXAMPLES: PART 1. 


xxxix 




XX7. £ (p. 214). 


1. 

±5. :t2. A 

±3. ±6. 3. 1, 3. 

1 0, -1. 

6 . 

8, -1, 1±n/I3=- 

4-61 or -2-61. 6. 1, -1, - 

1. 7. ±1. i. 

8 . 

6, -1, 2±-s/3=3-73 or -27. 

9. ±2, ±- 5 , ± 1 . 

10. 

-8, 3, 0, -5. 


11. 0, 6,-6. 

12. 

0, -6, (other roots imaginary). 

IS. 0, -f. .• 

11 

-6, 2, (other roots iinaginary). 


16. 

, ^ -3±Vll 

1. 2" 

= 16 or -316. 


16. 

a ±*/I5-« 
“?» 2 “ 

-3-08, -08. 17. 1, 2, — -|>^?=-4-g6, --44. 



XXVI. (p. 219). 


7. 

2-5, -1-5. 

8 . -2*6, 3*5. 

9. *6, -1*6. 

10. 

•8, 2*5. 

11. 1-5, 2*3. 

12. *6, -a*6,» 

18. 

21, -1*5. 

14. The roots are equal, '5. 

15. 

The roots are imaginary. 17. 3*8, - *8. 

18. -2. 2*6. 

19. 

-2. 3-5. 

so. -3, 4-6. 


21. 

1*87, -1*07. Minimum value -10*8. 

22. -2, 3. 

28. 

4, -2 5. 

24. 4*8, -2. 


25. 

-I, 2-2, 3, 3-4, 

3*4, 3. Maximum value 3*45. 


26. 

(3. 5). 87. 

1*44. 28. 6. 

29. 2*5 2*6. 

80. 

2-6, 1. 81. 

-4. 82. -1*4, 2*6. 

88. 2*5, -4. 



• 

ZXVII. a. (^ 222). 


1. 

*=3, y=l. 

8. *=6, y= -2. 

8. x = y=H. 

4. 

*=7, y-2. 

6. *=3, y=6. 

6. 37 - 1 , y 

7. 

*=2, y= -1. , 

8 . *=6, y= - 3. 

9. x-a. 2 / -2. 

10. 

x=9, 9. 

11. »=5, -3. 

12. x=12, -11. 


y=9, 6. 

y=3, -6. 

y-11. - 12. 

18. 

*=13. -9. 

11 *=-7, 13. 

15. - 3. 


y=-9, 13. 

y=13, -7. 

y=3,-7. 

16. 

*=^, h 

17. *=2, f. 

18. a;-2, 


y-a> ?• 

y=3, 8. 

y=l, -10. 

19. 

*=6, 

80. *=4, 1-6. 

21 : a:=±7, ±2. 


y=2. -1 

y=2, 6. 

y?=+2, ±7. 

22. 

*= ±6, ±A 

28. *=±2, ±1. . 

24. a7^-db3. • 


y= T3. =f6. 

y=j-l, ±4. 

y=±l. 

25. 

x=±2,±i}-.. 

' '96. *=±5, ±3. * 

27. a7:=:4, 2. 


|lf=±6, ±3. 

y=±2-4, ±4. 

y=^2y 4. 



xl 

ELEMENTARY ALQEBBA 


28. 

89. x=5, 9. 


80. x=7. -5. 


y=9, 6. 


y=5, -7. 

81. x=l, -2. 

82. 


88. *=6, 13. 

1 

II 

y=5- 


II 

1 

I 

84. *=2, If. 

85. 1=7, -2. 


88. *=5, 

y=i, 1?. 

y=-2, 7. 


y=l, -I- 

it: ■x=5, 1. 

88. x=3, 0. 


89. x=6. 11. 

y=2, 10. 

y=0, -9. 

f 

y=ll, 6. 

40. x=13, -12. 

Of 

n 


48. x=3, l|. 

y=12, - IS. 

y=2, 1. 


y= -2, -41- 


ZZVIL b. (p. 224). 


1. x=l, 2. 

2. a?=4, -3. 

8. *=3, 2. 

y=2, 1. 

y=3, -4. 

y=4, 6. 

4. x=5, 4. 

6. a:=l, §• 

6. x=4, — Ij. 

9 = - 2, - 2t.' 

y=i. i 

y=l, -2|. 

'7.'*=±1, ±2. 

8. x=i-5, ±4. 

9. »= db4, ±3. 

• y=-i2, +1. 

y= i4, ±6. 

y= +3, ±4. 

10. *=±7±2. 

II It 
H ^ 

9-4 

1 *. 

y=i, -i- 

y=dr2±7. 

18. x=\, S. 

lA x=3, -16. 

16. x=±\,±l 

y=3. tV 

y=5, -1. 

y= ±f 

16. *=±|, ±1. 

17. x=\, -1 

18. x=4, J. 

y=i2, ±1. 

y=3> -V- 

y=J, A 

19. 

90. x=8. 2. 

81. »= ^. i 

y= ^i -2. 

V=4. 16. 

y=i i 

22. 

28. x=2, 7. 

9A x=9, -a 

y-if - 5- 

y=7, 2. 

y=3, -a 

28. 

26. x=|. 


y=l. 

y=i. 

f 


XXVn. C. (p. 226). 


1. »=±1. 

8. »=±3, i-Ji. 

8. X=d;3, x=7l. 

y=±2. 

y=±2, t4v^. 

y- ±2, y= db2. 

4. . 7 ;=: 4: 1 (ether roots imaginary). 

8. *=|, 1. 

y=±i. 


y=V.2- 

e. ar=±3,0. 

-H -H 

II 11 

H 

6 . »=±10. 

^.ya±l, ±2. 

,ys±R 

T • 




ANSWERS TO EXAMPLES: 

PART I. xU 

9. 

II 

10. *=±3. ±A. 

11. *=a2. 



y=±2. ±4 

y=±3. 

12. 

*=±2. 

y=±3. 

18. X 4, a \ imaginary. 

y=2, 4.J ^ 

14. 

x=±2. 

• 16. a:=±2, 

16. a:=±7. 


y=T|. 

y=±l. 

y= ±6. 

17. 

*=8, -3. • 

18. *=-7,3, 6, -1. 

19. *=4, -6f. 


y=3, -8. 

y=7, -3,1, -6. 

y=6, -4|. 

20. 

x=±6, ±a 

SI. *=±2. 

SS. *=6, 4. 


y=T4, t3. 

y=±l. 

y=4, 6. 

28. 

x=l, “3j. 

24. *=-7,4. 

**• 


y=i. -?• 

y= 

y^f, 0. 

26. 

x=*2, 

S7. *=7, - J/. 

28. x-±6, ±3. 


y=±6. tA. 

y=3, 

y=±3, ±6. 

29. 

x=±3. ±A. 

80. *=2|, -if. 81. 

. a;=:2, 6, 1 ±n/6* 


y=±l. 

y--l|.ii. 

y= “5, -2, -li's/6. 

82. 

*=±3, ±1. 

33. *=2, -3, -2±^/2. 


y=Tl, t3. 

y=3, 3, -f±\/2. 


84. 

fl?=0. -2. 1 . 

86. d:3. ■±:2, ±3. i2. 


y— 4 2 j 

y=±2, ±3, t2, 



, zxvn. d. (p. 220). 


1. 

A circle, centre (0, 0), radius 6. 2. The origin. 

8. 

if a 

„ 7. A A circle, centre (0,0), radius 9. 

6. 

A circle through the origin, centre ( ~ 4, 4) 

, radius* 4>/2. * 

6. 

it a 

9t 99 (4f 3), 

,. 6. 

7. 

A circle, centre (3, 4), radius 6. 8. A circle, centre (1,2), radius 6. 

9. 

1* ti ( 

”2,3), „ 6. 10, ,, 

,, (3, 3), ,, A 

11. 

If >y ( 

-1,0), „ 4. 12. 

99 (^» 0)» »l 6. 

18. 

>* 9> 

(1>0), ,, 4. 14, ,, 

.9 (7.0). ^ 

16. 

A circle, centre (0, 0), radius ^/2. 


16. 

• 

>9 99 

_(O,0), s. 


17. 

• 99 .99 

(P,0), „ Jia. 
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18. A circle, cpntre (ft 0), radios >/i0. 

19. „ I, (0,0), „ 2^/5. 

90. „ „ (0,0), „ '>/3. 

81. „ „ (“i, “^)» •» ^ 

•98. „ „ (1,0), ., <4 

«8 (- 2 , 2 ), „ >JS. 

24. „ „(-l, -D... 

96 (3, -2), „ '/iO 


^/2, through the nrigiB, 


(3, -2), „ ^/iO. 

( 0 , 0 ), „ 

(1,-2), „ ^/f6. 

( 2 , - 1 ), ,. 1 - 6 . 

(3, 0), „ 2*5. 


* 1. *=5*8, 1-7. 

• j,= l*7, 6*3. 

5. *=6*1, -3*1. 
y=3*l, -6*1. 

6. *=619, *81. 

y= *81, 6*19. 

7. 4, 9. 8. 3*2, 7*8. 

11. w=l*27, - -47. 1! 

y=l *64, -1*94. 

14. »=!, -2*2. 
y=*6, 2*1. 

16. a:= ±6*29, i2*84. 
y=±2*84, ±6*29. 

». »js 9*3, - 4*3. 
y = 8*6, -18*6. 


xxvn. e. (p. 233). 

2. *=6*66, 2*44. 
y=2*44, 6*66. 

A *=6*61, -1*61. 

^=1*61, -6*61. 

6. »=4*7, -1-7. 
y=l*7, -4*7. 

'*8. 9. 6*73, 2*27. 10. 6*12, -3*12. 

18. *=-2, 2*8. 13. »=2*6, - ;2. 

y= 2, - *4. y=3*2, A 

16. *=*69, -2*61. 

• y=-2*92, 1*48. 

17. »=±13*8, ± 6*8. 
y=± 6*8, ±13-8. 


XXVni. (p. 234). 


1. (',) ®+y miles, (ii) *-y miles, (iii)^ hours, (iv)^ hours. 
*• 


-I i-'v 4? Avw 

*• ^loo+i’ ' ’ *Ioo+5' 


(Hi) * 


100+acy' 


lOOo 

lOO+acy' 


«. (i) 1 hours, (ii) I hours, (iii) ^ hours, (iv) miles. 

*. (ii)^>, (iU)^hoJr., (ivjj^hp,^ 



AK£IWBR8 TO EXAMPLES: PART I. 


^ (ijJE+Hra. hours. 

xyt yz+xz-x^ 

T. (i) £* (ii) £ * (iii) £i^ (Iv) £^. 
z yz yz yz 

». (i)£(s-y). (u)£toV (iii) £5^, (iv) 

\ X J xy xy 

(v) y? per cfat. 

xy 


(i) ^ peno^ 

(ii) ^ p«ice, 

(ui) ^ pence, 

(iv) <*; 2 »i?pe 8 oe. 

(V) 

(vi) peno*- 

W^lW 


(i«) *-(i+^). 

(iv) £-, 




(riii) 


(*) ^^(*+ioi)} ’ 


r-4 


a. (i)^. 

18. (i) (x-y) miles, (ii) a(a:-y)mile 8 , (iii) -i- hours, (iv) hours. 

14. (a;+2)(j; + .3)-a;(a; + l)=y. 16. «» + 6y=^. 16. ^ + = 

17. y“-(y-81* = ar. 18. 2^-(e-2y)*=a. 19. 

90. ax + hy = {x ^y)c. 21. (:r + a)(y + a)=2j:y. 28. ' 

X y 

28. ^^-=z. 84. (JIe=:y(o-»»). 86. ox+ay=n.. 86. ax+(o-6)y=?. 

2T. (*-l)y=170a 88. (x-l)y=176(V». 89. |+^H jy+y=x, or llx=30j 

80. y+^=*. 81. 88. M. ay-*(^a)=ao, 


100 100 


X y z 


XXIX. A (p. 239). 

1. 10. 12. 8. 16 ft., 12 ft. 8. 16. 18. 4. 1.5. 16. 6. 5^. 6. 

7. 169. 8. 53 yds.. 106 yds. 0. 3 ft. 10. 12,15. 11. 3 ft. 18.. 5, f 
13. 15. 14. 12. 16. 6,9. 16. 72. 17. 40 yds., 50 yds. itf. 4. 10. 2S 
80. 30. 81.. 10. .-88. \1. ^88. 55 and CO miles per ht.‘ 84. 12and24dayi 
86. 2 hours, 4 hours. 86. 25 miles per hr. 87. f . 88. 6, 7, 8, 8, 10. 
29. 95.* * 80. 4 feot. 8L S2 miles per hr. 82. 4. 
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XXIX. ll. (p. 289 b). 

• 

1. 5, 7. 2. Sin. 8. 43. 4. 12. 5. 93. 

• 6. 6 yds. per sec, 7. 14, 11. 8. 6 miles on hour. 9. 7. 

10. 55, 60 miles an hour. 11. 6«. 6d. 12. 13 miles. 18. 82. 

-14. 24 ft. long, 18 ft. wide, 11 ft. high. 

16. 10 yds., 7 yds. square, £7, £5. 

u 30 miles an hour, 50 miles an hour. ^ 

17. 14 ft. long, 12 ft. wide, 9 ft. high. 18. 8 miles an hour. 

19. 5 miles an hour. 20. 8 ft., 7^ ft. 21. 576. 

22. 42«., 7^., 3«. 6d. 28. 24. 9 miles an hour. 

25. 3cf. for 14 lbs., 2d. for every extra 7 lbs. 26. minutes. 

27. 78. 28. 10, 7i 5 miles an hour, 70 miles. .29. 7 ft, 18 stone. 

80. 7'2cwt., 1 1*25 miles. 81. 40 yds., 69yyds. 82. 7, 5. 

86. 9, 4 yards. 84. 32 yds. long, 27 yds. wide. 

85. 88 in., 80 in. 86. 10 hours, 15 hours. 

87, 20^ ft., 16 ft. 88. 3 miles an hour. 89. 14 t. 

10 minutes, *15 minutes. 41. 3, 4, 5 miles an hour. 

42. 15^ oz., I64' oz. 48. 6 miles, 8 miles an hour. 44. £5. 14s. 

45. 5 ^, 6f hours. 46. 12 miles, 3 miles an hour, 4 miles an hour. 

47. 8 miles, 16 miles, 4^ miles an hour, 7^ miles an hour. 

48. Yff. 49. 1^, l4, I7 minutes. 50. 10 gallons. 


1 . 5a^b. 

5. 2 (a -6). 

9. x±l. 

X 

l5. X. * 

17. 4. 5. 

21. 0, -5. 

26. ij, -J. 

29. 4, -2. 

38. 1}. 

XXX. b. (p. 244). 

1 . 0. 2. a + ft-1, a* + 6a+c*+2o&-2ac-26c, 

. o»+3a*6+3o62+6». 

8 . dbi. 4. 2*83, 3*61. 5. <c=:3, -2^. 7. 

|f=li rlf 


XXX. a. (p. 243). 

. ‘4- 

6. -1^. « 7. 2»±3y. 8. 

X — o 

10. x±^. II, l±(a-6). 12. * 

4 0 

lA 2«. 15. 2*»±^ 16. 2**±^ 

18. -3, 1. 19. 6, 2. * 20, 4, -6. 

22. ±|. 28. -i, f 21 If 2J. 

.26. a, -3. 27. 1. 28. if 4f. 

SO. -1. 31. 1, -2. 32. 1. 

31 f 36. 2. 36. f 37. f 



1 . 

6 . 

1 . 

Z. 

6 . 

1 . 

5. 

1 . 

7. 


1 . 


6 . 


1 . 

2 . 


5. 


1 . 

2. 

6 . 


1 . 


Z. 


6 . 
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i 


2® 

(®-a)(®-&)(®+6)* 
x=2*5, ^=6*25. 


XZX. e. (p. 244). 

5. ±10. S. 3, -2. 

6. a;=3, 4, y=4, 3. 


4r 6at*-7a!+4. 
7. 7062. 


XXX. d. (p. 246). 


o* 

(o+26)(«-3S)‘ « 

1, 2 are the roota. 

1, 4. 


2. a*+46*+c®-4a6+2ac-4li<f,* 

a»+6a*5 + 12«6*+8fc». 

4. 7-40, 7-66. 6. x=3, -8. y=4, 

7. Half a minute. 


5 

(®-l)(*+2)(®+3) 

y=i2. 


ZZX. e. (p. 245). 

2. ±12. 8. ly, *lj. 4. ®<2y>-3|* 

6. 4x>-2x + -. 7. £15. 16(. 


XXX. £ (p. 245). 

• m 

1. 8. -2-8, 2-3. 4. 12-25, -6-26. 6, *=8, y=l. 

2340. 

XXX. g. (p. 246). 

*». 8. 215, -1-4. 4. 2-83. 6, x=6, p=i, -2}. 

- 6»+ 1. 7. 3r milee an hour. 


XXX. h. (p- 246). 


(x»+3*+3)(*»-3x+3), (8x-l)*(l-a)(l+tt+a*). 


g(g~ c) 

(® + a)(® + <!)' 

2-6. -1-6. 


8 . ^ 

6. ®= ± 1) ±2. 7. 80f £32m 


XXX. k. (p. 246). . % 

16a*-86o*5*- 108^W- 162aV±486aft» + 7295*. 
(c±a--&)(c-o± 5 )(c±o~ 5 ) (c~o± 6 ) 2«50^ - 1 -sg. 

4a*6* 

2.54 p.m., 1.51 p.m., 3.57 p.m. 8. ®=±4, ±1. .7. Friday^ 

y=±l. ±4. 

XXX. L (p. 247). 

6a:*-ar*±10aj»-14®2-25. 8. 5,3. 4. i =6 37, *63, 

y=s*63, 6*37. 

They meet in 4 hours, 42 miles from home. They are 20 mihA 
apart in 5 hoprs. 

x=±6, ±2v^(=±3-46)', 
y..±4, 7 a/3(-.qFl*78). 


7. -H-hoati. 
«+*• 
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XZX. m. (p. 247). 


*■ {a~bf 

4. £19. 18«., £41, £67. 8«. 

6. *=±2, y=±l. 


• x?-Sx+2a 
■ ■ *-3. ■■ 

6. a!=6, 

y=6, 2. 

7. 39 ft. long, 31 ft. wide. 


a+b 

A *=0,4, 
y=0, -8. 


XXZ. a. (p. 248). * 

2. 4,}. 8. 2o*5(o+6),(*-2)(*-3)(*-6). 

6. 12, -1‘5. 6. *=±5, ±9J, 7. One mile. 

y=T2, ±7. 


XXX. P. (p. 248). 

1, 6*+ay+l. *• -8, -12. 

8. (a-6)(a+6-c)(o+6+c), (**-*y-y*)(®®+s^-y’‘)- 

4 .' 4*64, - 1 '54. 25^- miles an hour. 

6. »=J, y=J, -f *=1, sV 480 apples, 400 pears. 


XXXI. a. (p. 249). 


1. -0-6. 

. 2(o-26)(2o-6) 


7, a + 6. 


10. ahc. 


o«-H 

a (a* -a*- 2)' 
2a6 


82 

M. 2 . 


- rt + c 

0+6 

14. “*4f. 

a + 6 

*0. 

I 2o5 


n » + c 

0 . 2 . 


«+ 6 - 

12 . 

«• 

0 + 6 


rtrf +6r-26rf 
a-6+c- d' 


21. 0 + 36. 

26 -t5. 

w. 2 


, 1. af-o + l, y=a-l. 

8. a:=3o-6, y=a + 36. 

fl 

» _ a*+o6+6* , ab 

•• *“‘nS+F-'*'=5+6- 


b. (p. 261). 


2. x=c, y= -o. 

- a+t 8 -t 

*• *—55:* S'” 26'' 

• * • 

6 . a;=a+6, y=o-6. 



7. aj= 

9. x= 
U. »= 
13. X -. 
16. 

17. ar 
19. X 

21 . X 

28. a; 
24. a 

1 . 5 

4. : 
7. I 
10 . 

15. 

16. 

19. 

21 . 

91 
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xlvii 


(I - c a — e 

10. *=-2'y="2- 


:«,y=-a. 

0+6 y_o-6 

J+c’-o “"^i+c-b y=!l(5^*U=0, y=a 

a + b + c o + O 

-a+b”* • 

a.*-6* 

ap-bq'^ aq-hp' 
he •“ d o.d “ c 

«• *=„b-i.y=5/i-r 

20. *=6o+b, y=2a-6. 

6+c-o r + o-6 »+6^« 

22. 26 ■ 2c 

2o6e 2a6o ._ r. 

+ bc+oc-ob 


"c+o’^ 2(c+<|) 

=o, y=6. 

=0+6, y=o-6. 
o*-bc b»-oc 

=— «y=-b-" 

a _ “ 1 

ly- y 



TTTl. C. (P- 262). 

• 1 « 

c^ba, -3a. 

8. ®=2o, 3o. 

8. *=^, j. 

i:=a, b. 

5. x=o+— • 
a 

0<l&l 

1 

•ifs 

li 

CD 

r= ±a. 

•• *=i- . 

•• >=1 1- 

1 1 

X= — *"» T* 
a b 

11. *=46, -3b. 

12. x=£- 

oy 


18. x=a, b. 


.60 30 14, *=3a, f . 

a-h o+b • “r^. 

”2~' o-b 0 + 6 

=0+1, jn*. so. *=^[o+6+c±-«/5?+6’‘+c»-bc-oc-ob, 
-2a6 

* a?^-2ab - b* 


a-^-b 
-2 * 

85. x=b, 2o-6. y=o, 2b-o. 


T TTL d. (P- 254). 

2.. 2.^ »• ^■ 

• 6. ±5. 0. »• 


1. 11. 

6 . 1 .. 


4. 1^. 

0. 3. 
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O 1 

■ 2^/I6‘ 

10. 8. 

• 

11. -5. 

12. 

-4. 

18. 4. 

14. 8. 

16 («*+6*)* 
(«+6)*‘ 

16. 

+6.' 

.17. 0+26. 

18. - 

19. V 

20. 

6 

a 

4^1. 16. 

22. 0. 

88. |. 

• 

24. 

o* 

16' 

25. oa + 6a. 

26. 1, -4. 

27. 0, 6. 

28. 

-1. 

29. 2, -4. 

80. 2, ~ $. 81. 

l(3±N/g). 82. V-. 

-1. 

88. 


XXXI. e. (p. 256). 


1. ir= 6 . 4, 

2 . 

ar=9, 1, 

8 . 

, l±N/^ 

y=4, 6 , 


y=3, 3, 

*= -h -4 — 

% “ 6 | 6 . 


* = 1, 9. 



4,..= ^?f. ±3. 

5. 

+ 

II 

6 . 

^ - a + 5 

2 ’ 

y= + 4 ^ 2 , ± 1 . 


+ 2 . 


, 0 + 6 

y=5. -y- 


7. aj=0, 



y=±C, 



$. a?=l, 1, 2, 2, 4, 4, 
y=2, 4, 1, 4, 1, 2, 
s=4. 2, 4, 1. 2, 1. 


9 , x-± 
11. a?=± 
y= + 




14. *=±3, y=±l. 


10 

~ ab-ed 
IS- aJ=±\/6, 18. 


y=-t-2-. 

*=*T' 


y=±fi> 

*=±-H- 


XXXI. f. (p. 259). 

1. (P. 7)(5, 6)(10, 3)(15, 1). *. (0, 6)(3, 8)(6, 1). 

8. (6, 1)(3, 6)(1. 11). 4. (7, 8)(10, 1)(4, 16)(1, 22). 6. (2, 8). 

6. (11, 10)(24, 3). 7. 7. 8. 8. 9. 6. 10. & 

> 12. (1. 7)(3,-4)(6, 1). 18. (1, 13){2, 8)(3. 8)(0, 18). 

14. (0, 12)(4, 9){8, 6)(12. 3)(16, 0). 16. (1, 3)(8, 1). 

. 1C. (0, 10)(3, 8)(6, 6)(9, 4)(12, 2)(16, 0). 

17. (2, -:!5)(4, -4)(6, ^8)(8, -2)(10, -1). 18. (3,.-6)(6. -4){9,-2). 
ii. {1, -8)(2. -2)(3, --l). 80. f-3, -6)(-6. -4)(-9, -2). 

». (-3. -4). 88. (-2, -10)(-4, -8)(-6, -6)(-8, -4)( -.10, -2). 



28. 

26. 

2T. 

28. 

81. 


1 . 

4. 

7. 

10 . 

18. 

16. 

17. 

10 . 

21 . 

23. 

26. 

28. 

80. 

82. 

89. 

44. 


1 . 

2 . 

6 . 

6 . 

7. 


1 . 


AirSjV7ERS TO EXAMPLES; PART L xlix 

2 at 5», each, 4 it 24. 6 geese, 4 turkeys. 

30 ways. 26. 27, 32. • 

Give 10 four-Bbilling pieces, receive 2 half-crowns. 

4 ways. 29. (|; (|; f). 80. *=13p+7^=9p. 

3 ways. 82. 36,4. 88. 3 ways. 

xxxn. (p. 1266). 

a;»-7a;-H0=0. 2. ar»+®-20=0. 8. 4*®- 1=0. 

x*+3a?=0. 6. je*+aa; -6o*=0. 6. a:*-2aar+a*- 1=0. 

a®a!®-2a*»-fo*-l=0. 8. *®-2tWK+tt=0. 9. te®+ma? + n=0. 
*»-6a?+6=0. 11. 25a:»-4(te + 18=0. 12. -26. 

must a perfect square. 16. 

(II (U, (iio *15!^. (I.) 


a^-2pap + 4^=0. 
aa!®-h.36aj + 9c = 0. 
ac 2 ? - 2 (6* - 2ac) af + 4oc = 0. 
a^cx^ - 5(3ac - 6*)* -h ac*=0. 
a:®-f-4pas-p®=0. 

p(3q-f^. 

a®a;® - (6* - 2ac) a? + c* = 0. 

1 = - 2 . 


a* or 

18. aa!®“f>a: + c = 0. 

20. oca;®-(/>®-2ac)a: + rtc=0. 
22. a®»*+a6a:1*9oc-2f)»=a . 
24. o=-f. 

27. a®(a:®+l)*f(f>®-H2a«)a:=0. 

n rW+)»ta-r|-,..o. 

81. a;*-(p*+2g)a; + q®=0. 

84. {j/-p){pq'-p'q) = {f/~-qT- 


a®*® + 26 (46* + 3ac) af - c*=0. 

49. 6a. 


«• 


48. (i) ac. (ii) c\ 


«>-2ae 

“W“' 


#0. i 


zxxm. a. (p. 268). 


(2i»-6y)(3*-4y), (a^-3*y+y®)(*’+3!ry+y>), 

(*- l)(x+ l)(x’+x + l)(**r*+4). 
0. 8. 8*(ai-I). 4. x"(x»-y»). 

(i)2j, (u)*x=±2, ±1, 

y=±l,T2. 

4 hn. 36 min., 3 hra. 48 min., 19‘9 miles. 
x= -3, yslf, *=4. 


8. aP+^px+2fP+q=0. 


XXXm. b. (p. 268). 


(x+7)(a?+9), (y-a)(y+7a)(,y-6a), 

x(x- l)(x+ l)(x-2)(x+2)(x-3)<x+8). 

8. 4. 4. (i) ^ (U)* 1, 18. * 

• 6.\90, 81, 71, 62, 41, 2^. •* 


*. 3x»-7*-2. 
8. £600. ■ 
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ELEMBNTABY ALGEBRA 


c. <p. 

1. 367a -114«+ 690c, 1082. A 0. S. 

6. (ii)*=2,lj, 9. £30. 7. -1, -f 

y=l, ll- 


' ' xxzm. d. (p. 260)., 

1, *»-3**+n*-8. 8. f-l-j 

4. 20* yd*., ^ miles, miles, ^ hours. 


8. 2afi+9se^5. 


6. (i) a?=0, 7, 
6. In 37^ aeofl. 


-2jV (ii)*=i,y=j. 

7. a;= 1*5, max. value 2*26. 


ZXXUL A (P- 270). 
a»-y*. ‘ 8. n*+3«+l. A 

6. (i) a-6> (ii) 2‘63, 1‘37. 7. 15, 12 miles per hour. 

.SI 
5i ?• 


xxzm. t (p. 270). 

1. *'+3y». 2. *(*-4)(4*-7), (y+3)(y-3)(p»+20), 

(a> + 36«) (a* - 3ab + 3{i*) (a> + 3a6 + 31^). 

8. (i)^. (ii)*=±|: ^ A4..4/». 

6. 48 minutes. 7. -(a+5+e). 


xxxm. g. (p. 271). 

1. 2** +3** +8* +25, remainder 7A 8. ‘618. 

8. 14/8, 14/-. 4. (i) -4(a*+6*), (ii) 0. 

'■ '-.Tf *•«»•««•*«■ 

7. ax^ - 2bx -\-Ac = 0. 

xxxm. he (p. 271). 

1. aj’»‘(a + 6a;*). 3. -30. 

^ (i) a® - aft + 6*. (ii) (a* + oft + 5*) (a® - oft + 5*) (a* + oft -5*). 

4. [ a?=2, 2 / = 6 are common roots. 6. x^+ 3px - 9^ =0. 

«. (1) 2, -3j. (U) 7. 41, 28 mUec. per hour. 

y=”¥*l* 



ANSWERS TO EXAMPLES: PART L 


li 


zxxni k. (p. 272). 


2. -31, - -81. 


8. 


b^c 


M SO 

4. 


5. 6/17/-, 6/6/-, 7/12/-. 

7. aa:^+(&-2am)a;+am3- &m+esO. 


6. d;=±(a±&), 

y=i(aT6). 


• xxxm. 1. (p. 272). 

1. (a»-126)(a*+46), (a-hc)(ac+6*). 2. 


4. 16li- 
6. 6^<ae. 


5. *=1, y=2, *=3. 

7. 43, 18 miles per hour. ' 


xxxm. m. (p. 272). 

1. (ft-c). 2. (2a? +7) (9* -5), (o-c)(o + c- 26), 

(jr-6)(:t-36)(x-36)u 

3. x*+7Jt;®+2a?-3. 4. 3*61. 

1 2 


^ 6 a 

y-Ti» a- 


7. 25, 44, 64. 


TTTTTT. n. (p. 273). 

X. {ac-bdf+{ad-be)'=(,ac-bd){ad-be). *. (i) 0, (ii) 
8. (3 x+2)(*-2)(2!B-1)(2*+1). 4. 3-6. 

6. £800. 6. (i) -t. (ii) ie=±yl^, 

7. <u3^+{db+iac-l^)x+a{a-b+e)=0. 


xxxm. p. (p. 273). 

1. ac*(j!?- 1)(*‘+*^1). S. a^+y*+**+yr-Mf+.ev. 

8. 8**+6*»-4a:‘-37a*-16»»+7*+36. 4. -3-83, 1-88. 

8. (i) 0. f (U) *= -f, If, -U, }, e. 6, 

-»T- 


xxxm. a. (^ 274 ). 


*. (i)*=0. 

y=Q. 

6. »-7e. 

• * 


a — e 2 

bc-ttd 


4. (64>4-729)(3«+a) 

l' 

6. 85/- 



lii 


ELEMENTARY ALGEBRA 


XXXTTT. r. (p. 274). 

1. (a;-l)(»+1[), (a?-7)(a;+l), «(»- l)(a;-2), (3ar l)(ar-2), 
L.C.M. ap(a?- l)(a;+l)(a;-7)(a:-2)(3sc-l). 

8. (i) 3. (u) a+6. 8. 5*53, -2*53. A 2a*-3a6+26*=0. 

’ 5. A was elected by a majority of 5. 8. x=s ±V2(±1*41), ±5, 

a>-3a6+2c =f4n/ 2(5'66). i3. 

. ^ 

XXXTTL 8. (p. 275). 

1. 2(ar*+y*+2*-ay 'yz-ars). 8. 1, 

2a + ft 

8. (i) n* (ii) n»+(n-l)* 

8. af<-3tor>2^* 

6. p5=l, li2, -2,2, -2, 7. 14, 8 miles per hour. 

y=2. -2. 1, 1, -2. 2. 

»=: - 2 , 2 , - 2 , 2 , 1 , 1 . 
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Iv 





ZXZVI. a. 

(r. 298). 

0 



1. 

*/ii. 

2. 

v/50. 3. n,'45. 

4. 

^7.3. 

5. 

\'25«- 

6. 

V32. 

7. 

\/l«. 8. \'2». 

9. 

n/7. 

10. 

N/*2f. 

11. 

V32. 

12. 

s/ai. 18. 2s/X 

14. 

2v'i 

15. 

4^'2. 

16. 

r.V3. 

17. 

Ts/K 18. 9\/3. 

19. 


20. 

-3^'.3. 

21. 

2<!'-2. 

22. 

2^/4. 28. lO-Ja. 

24. 

].3\'.3. 

25. 

2\/2. •' 

26. 

3V3. 

27. 

is/2* 28. 7n/3. 

29. 

4\/.3. 

30. 

v'2. 




ZZZVI. b. 

(p. 300). 



• 

1. 

4W3. 


2.* 7v'.''> t- 17s'2. 8. 

-4v/6. 

4. 

-7\'5. 

5. 



6. 28^'4. 7. 

8x/3. 

8. 

3v/0+l. 

9. 

2. 


10. 1-2. 11. 

1 .1. 

12. 

3. 


13. 

r>+‘2s/ri. 


14. 4^. 16. 

10. 

16. 

8. 


17. 

!7 + -v'3. 


18. .30 - 13V6. 19. 

2!) - 2n/6. 



20. 

42+viir> 

- (j\ 

'-21 ■ Ss'.i. 21. 

87. 

22. 

33. 


23. 

“3 


24. -y. 28. 

n/5. 

26. 

r»\/5 

‘2 


27. 

s/2- 1. 


28. 29. 

3-2Vi 

30. 

a-\ h~ 2\'nh 
a h 

31. 

3 2s/2. 


82. v'5-1. 33. 

n/.3 - s/2. 34. 

2. 


35. 

-27 1 IKM 

_ . 


36. ^ - - 


87. ^''V ' 
4 

' 0-81. 


38. 12 l■8v'2^23•31. 39. 

41. 3~==218. 42. 

•1 

44. -2(s/7+\/5)=3-28. 

46. .5n/3 + .3V2^ 12-90. * 

48. 

^ .';N/3f.3v'.5-2N/.30 


39. W+J2^=V87- 40. ^'';V--'-^.I-20. 

42. 5 - 2\'6 =0- 10. 48. ^'(i f \/3 - s'-2 - 1 - 1 '77 . 

45. - 


47. 1^3-24. 

49. 3 I 2«y3 I n/21 = 1105. 
24 s/a I s/2 , 


1. C3tl=2-7.3. 
4. 3^^'2=4•41. 


XZXVI. C. (p. 302). 
2. k'B+ 1=3-45. 

6. 2\/7+V2=6-7I. 


7. v'7 + \^5=4-88. • 8. 2\/3^>/3=l-01. 


8. 3-\^3=l-27. 
6. 3.j^n/2=0-17 

9. 1=0-12. 



Ivi 


KLKMENTARY ATX5EBRA 


10. ‘iN/r. + s/T-J 12 11. 2x'l3 7-0-21. 

13. ,J'2(n/ 3-1)--87. 14. 3^/3-^/(i-2 7r.. 

16. n/2h 1. 17. ^/.5-l. 

19. O'-TOIK). 20. r,. 

22. ?,^/«=^0•81(i 23 1. 

lK/2); ff(nN/.5-lK'2): 0-117. 

:«p 18 


12. N'2l-lr-l-S8. 

16. ja+'ja. 

18. s/7 -s/5. 

21. 2\'5-4-472. 
94. ^/2^ 1. 

26. SO. 


27. 1 <>i ja" ll'/2f*«/3. 29. v2(H o). 80. 1. 


ZXXVII. a. (p. 307). > 


1. 

4. 

2. 

J. 3. 4. 4. 4. 

6. 3. 

6. 

1 

7. 

1. 

0. 

ff5. 9. o». 10. ai 

11. 2x. 

12. 

1 

n’ 

13. 

4. 

14. 

«. 16. 8. 16. 6- 

17. 2. 

18. 

3(). 

19. 

1 

4* 

20. 

Sl. 21. L 22. 2. 

28 04. 

24. 


25. 

27. 

26. 

3. 27. 4. 28. J. 

29. 2r). 

30. 

1 

O 

31. 

1. 


82. 5, 83. a-^2fjalnh. 

34. a- 

h. 

36. 

’ H 

2 i .v-^. 

36 j->“. 

87. 


38 


1 2 + < 

39. j-^-2rVlj/'- 

40. 4a^- 

Jr “ 

24 4-- 







XXXVII. 

b. (p. 

308). 



1. 

1 

1 ^ 

2. 

3. !«)V 

4. 

a^i x~^!i 

2^a 1 

5. 

4; 1- 



6. 

343. 

7. 

a 

8. S 

9. 

1 

h' 

10. 

1 

l7* 

11. 

1 

12 

1 

MT 

13. 123. 

14. 

200. 

15. 

49. 

16. 

a;" 

a ' 

17. 

25^’ 

18 

19. 

64.y*’ 

20. 

2h'^ 
a ' 

21. 

ah 

b-a* 


22. a - f ft. 

23. 

1 

ir 

24. 

2r)<i. 

25. 

z . 26. 4 29a;*y + ■" 

27. 

a"‘’+l^ 

.r 


28. 


■>ft-*4 5-». 

29. 

30. 

(t* + inh^ + 

-9r. 



31. .r 




32. o<-.9«»f)-'-24/»/.-V-=-16<--‘. 33. 4j-*^fir;/->4 9r’‘- 

84. 3-2y’'. 36. (n*tM) 

I0_ ' ‘ 87. ^ t I I a’f'"’-! 

86. 89. lU4n^)(5«-4H!5a ’). 40. 



ANSWmv^ TO KXAMPLKS: PART II. Ivii 

xxxvm. a. {p. 3W1). 

2. 'J :3. 8. 13:23. 4. 2-.>4. 6. 7. 6. 4:7. 7. 5:8. 

8 . 4. 9. 3:1 ur 1:3. 10. 10. 14. 21,28. 

16. 25,20. 16. 40,45. 17. 32,00. 18. 31 25, 33 75. 

19. 2::i. 20. 60. 21. 3^ 23. 5. 24. 10. 

26. J~. 27. a it'. 29. groatost, least. 30. -O. -50, lUf. 

c - d • 

34. ?±y 36. 80 1 foot. 37. OM*, £150. 

y 

38. 1 inch n*pre8t‘iilH 3 fuot ; 1 : 1'iJKl. 44. 46. SYS- •46. .j 

60. 5 . 66. 4(», 16. 67. J or 1. 69. 16:6. 60. 37:30. 

61. -5:4; 5:1. 62. a’’ f -f 6c. 63. abc + 2/(jh - 

64. {a \ h){fl - c):[a-b){(l i r). 66. Seale i -.in ff; Vo‘ »4- 

66. 5:2 oi 2:1. 67. 11:24. 68. 136. 70. Sj niilcH. 

71. 82, tii), 57. 72. 6. 78. 2 galUyis, 14 gallonti. 

# 

xxxvni. b. (p. 321 ). 

1. a:r. — d;l), ur a:d~c :li. 2. 21; • 8. fco ; I'iyzi 

9. 4, 3. 10. 5, 15, 45. 11. 12. 2(\^5-l-\/2). 

18 10 21. :i4l, 68, 4.5. 

• x•^y a-b -1 

22. 3, 12. 88- 

XXXVIII. C. *(p. 327). 


1. 5.r=6y; 7 ‘5, 4*2. 


10. ary= J'f (x2 + y2). 


6. y=-4aM3; 17. 

11- y = •;/ 


3. 101-25. 


16. 36. 


16. £200. 17. 12 oz. 18. £688. OK Hd. 19, 20 inik-H an hour. 

20. 7 boys. 21. 16 timcH whal it was. % 

22. Approximately 1 *414 feet away from the light. \ 

23. 175 men. 24. 8 feet. 26. 8 houiH a day. 26. £1925. 

27. lOi lb. 28. 5*4 inches. 29. 32401b. * 30, 72 :26. 

31. £1470. 82. 78*5 .sq. m. ; 2*45 m. 88. 33$| ^ 


31. £1470. 

84. £14. 4>f. 5d. 86. 44*5; S?. 86. 3 mUes ; , lOfJ^t. ’* 

37. 1 *074 sees.! ft. 4000 ¥. j J g j miles = 193 miles nearly. • tSt- £34# 
41. ExpepsP = (l2 + f®)£. 42. 80 lb. per in. , 48. 48:5* 


86. 44*5; S?. 


^;48. 48:5a 
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ELKMKNTARY ALdEBKA 


1. 3. 2- ■'>. 3. ‘A 

1. (». 8. 1. «• •I- 

13. 3. 14. 3. 16- 3- 

19. 4. 20. 21. 

26. 26. 27. 

i3l.*log»t+l«K^'-tl')KC. 

,.33. log (H 13 log /i logf 'ilog(/. 
36. 3 log A 37. l-llog3-lo 

40. logCi. 41. 2 log A 

46. (i. 46. 3. 47. T,. 

61. 3. 62. 1. 68. 1. 

07. 3. 68. 1. 69. (t. 

03 3. 64. 1. 68. 2. 

70. 2(«5. 71. .'■>16. « 

75. 3;4i:«). 76., 3 3 log 2 1 4 

79 1. 80. 5. ® 

84. t aiio. 88. t 

09. 5-3730. 80. 1-3730. I 


XXXIX. a. (i*. :«5). 

3 o 4 4. 6. 6. 6. 8. 

1 9 4. 10. A 11. 2. 12. 3. 

■ 16 3 18. 5. n. 3. 18. -1. 

'r 21 22. 5. 23. 6. 24. 

I 27. I 28. I 29. -3. 30. - 

:v,„„ ■ 82. -i log a + 3 log 5 + 5 log r. 

h logc 21o«,/. 34. 21ogA 36. I«g2+l«g3. 

37. 14 log 3 -log A 38. log2f21og3. 39 1. 

41 42. log 3. 48. logO. 44. 34 og 

3 47 5. 48. -1. 49. -6. 60. 2. 

V. 68. 1. 64. 2. 66. 3. 66. A 

1. 69. 0. 60. 4. 61. 5. 62. -3 + .r. 

l' 66 2 68. log(« + 6)4-log((i-l'). 69. acir) 

71. .HO. 72. im 78. 0-4130. 74. 5-41:16. 

76. 3 31og2l41og3t21og7. 77. A 78. 3. 

go' r, 81. l-aoio. 82. 3-3010. 88. 1-3010. 

88'. 5-;i010. 86. 3-3010. 87. 0-37:«i. 88. 2-:{736. 

90. | -37:i0. 81. 3-3730. 92. 5 3730. 


71. 510. 


44. 3 4 log 3. 
60. 2. 

66. A 
62. -34-x. 

69. 2IK15. 
74. 5-4i:i6. 
78. 3. 

83. 1-3010. 
88. 2-:(73C. 


XXXIX. b. (1> 3.37). 


1. I -JOOS. 2. 3-0;l.')0. 

6. 5-30.30. 7. 1-8474. 

11. 7. 12. 8. 

17. 2'‘. 18. 2". 

22. 2. 23. 2 - 70 . 


3. 3-4042. 4. 2-402.'i. 

8. 1.5790. 9. 1-4015. 

14. logo. 16. 0. 

19. 2-^ ^ 

2A 0-80. 26. 5-:i0. 


6. 8-3855. 
10. 13. 

16. 26. 

21 . 1 . 


XXXIX. c. (p. 342). 


1., 1-41.50. 2. 3-4130. 

o! 2-4245. 7. 3-4-24.5. 

11. 242-8. 12. 0-0611. 

16. 798-4. 17. 8-002. 

21. 3407<K). 22. 8-:ni>.l( 

25. 3-l'!l51. 20. 2-1951. 

80. 8-32."i0. ’31. 3-5872. 

36. 2-448. 36. 2 046. 

40. i!=3-A3, ^-=1-5-2. 4 

43. log?., - 44. -8. 

49 ! 0-1379. 60. 0-4651. 

64.' 0-076. 66\ O OIHWA 

69. 0-9434. 60. 0-000010, 

64. 3^4.^ «»• 7-14. if 


8. 2-4232. 4. 3-4245. 

8. 412-4. »• 2-428. 

13. 6955. 14.' 57-82. 

18. -0634. 19. *723. 

23. 4-5663. 
27. 2-6320. 28. 6-6320. 

32. 2-7568. 88. 6-883A 

37. 1-913. 88. 1-68. 

•2-8, 10-55, 22-6, 3 8, 4 5. 
46. 2921. 47. 1-46. 

61. 191-4. 62. 0-0984. 

66. 0-0357. 87. 0-WA31. 

61. 1-334. ‘ 62. 54-88. 

66. 0-8899. 67. 0-3183. 


6. 0-4245. 
10. 24-28. 
16. 5-558. 
20. -002899. 
24. 2-.%63. 
29. S-S-AW. 
34. 1-8836. 
89. 1-47. 

42. 21.'509: 
48. 14-04. 
63. 41-04. 
68. 13-57. 
63. 41. 

68 0-008. 



ANSWERS TO EXAMPLES: PART II. 


lix 


69. 11-47. 70. 0-2!)8. 71. 15-47. 72. SWKKIO. 78. 0-7:». 

74. 0-204. 78. 1-240, 1-4:13, 0-170, O .W. 76. 31-0J>.* 78. a-. 

80. 0-79*27. 83. 5-82. 84. 0. 88. 0"2345. 86. 2 079. 

87. (i) 105-5; (li) 849 4. 88. 481 7; 71b. 89. IS OOTli. 

90. -77; *2-43. 91. 4-8008907. 92. .‘I-OIMWOUO. 

93. 2-8(Hi8990. 94. 730 034. 96. 7-30038. 

• XL. a. (p. 353). 

1. 2-4 hi-s. 2. 2*5 hi-H. 3. j. 

4. 67 <luyH. 6. 3 6. 4 u.iii. 

7. 4, 8, 12| 10, min. ; 352, 704, 1050, 1408 yds. from tho stArt. 

8. 12, 24, 30 min. ; 4, *8, *2 miles. 9. £27, 1330 maikH. 10. 2*84. 

11. 0 yds. 12. 7 miles an hour. 13. Uk/. 14. 24 min. 

15. 800 yds. 16. 2400 feet from Ktiirt. 17. 11. 18. 7. 

19. 30 mill's. 20. 1 hr. 20 min. 21. 57 miles. 

22. 5 '14 miles. 23. 2^' miles. 

24. liaii 2 miles, di.stanue 3 niilt'.s. Meet 21 ‘2 min. niiTl 00 min. froin^tart, 

1 *4 and 1*5 miles from fir.Ht mair.s Ktartni;' ]H)int. * 

25. C travels 9 ‘3 miles an h<iur, meets B 23 '2 ludes ft urn iirst end. 

26. 33*0 miles from B’s start, in 4*8 hrs. 

27. 5'25 hrs. 28. I hi*. 

29. (i) (1) 2.11. (2) 2.27. (3) 2.33. 

(ii) ( 1) 0.33. (2) 0. 10 and 0.40. (3) 0. 1 1 ami 0.55. 

(in) (1) 9.49. (2) 9.33. (3) 9.27. 

(iv) (1) Never. (2) 11.42. (3) 11.33. 

30. 4 05 days approx. 31. 8, 24 days. 

32. S, 12 gallons an hr. ^3. 9l), 180 days. 

34. 70%, 30 %. 85. 11 ; 4. 

36. 21 '4 hrs. ap])rox. and 50 hrs. 37. 2 hrs. 

88. 9 milts an hour, 12 miles an hour. 

39. *108000, 15.5520, 025(K), 75000, 80000, 85(KK), 90000, 90000,* 102&K). 

40, At 3.20, 13j iiiilcA from A. 41. 4 and 0 miles an hour. 

42. 6 and 4 hours. 43. 45 miles ; 1 o, 3;\ miles an hour. 

44. 35 miles ; 3*8 and 1'2 miles an hour. 46. 34^ 2.^ hours. 

46. 10, 4 hours. 47. A 2.1 » B 2 miles an^our ; dist. 5 miles. 

% 

XL. b. (p. 357). 

1. 1020 yds. 2. 80. 8. 7200,4800. 4. £1000. A. 17, 4, or 20.1. 

6. 70 Ih. 7. In 2 lirs. 32 min. after man leaves A, Syg ^iles from A. 

8. £12, £10. 9.^ *22. 10. 9. 11. shillings. , 12. 72. • ' - 

18. 2. ' It 2 hrt. 85|4 min. • 16. 1400. 

16. ^ pint from first, | from second. >^17. 10, 12 min. 
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ELKMENTABY ALGEBRA 


I*. :iT* ?14- 19- 20. U 4tl., 2». lOcl. 

22. 13 hiiiiiij's, uvoragc 17. 23. £5, £3. 17n. 6d. 24. 20. 

26. lijO, 141. 26. «, 12, 30. 27. 30 wheat, 42 Uarley. 28. 39. 

XLI. a. (i>. 359). 

1. x’‘-‘Jj;+3 -‘Ji—’ t ; a l 3a^/i^ + 3a^b^ + l/. 2. 3’01. 

»5r'54:.‘l.->: 44%. 6. 17. {j-, -1, -f, 2. 

XLI. b. (p. 369). 

2. 1'442. 8. .576 feet, 170 feet. 6. 22<^/2. 6. 14. 7. 1(W. 

t 

XLI. c. (p. 360). 

1. 2. 2. S, 12, 13 ill. 3. S(2\/6 + J3). 4. 4-65, -0 65. 

6. Greater in the furmor case ; (i) (ii) — . 

T 4 

XLI. d. (p. 360). 

1. (ac4 Mf + {ail - Itcf, or (<uf + 6c)®+(ac-M)®. 

2. 2, 4. 8. 097, 1-36, 8. 

4. 2 givla. froiu A, 14 from B. 6. 2‘596. 

XLI. e. (p. 361). 

1. 3 -I \A5 -5'2.'!6. 2. 12 miles per hour. 3. ±4. 

6. 7, 24, 2-) ill. 7. 1 ±n/2=2-41, - -41. 

XLL.f. (p. .361). 

1. 2, 18. 2. .fill. 8. The latter. 

6. -’ = --1067. 6. £9. 10». 9rf. 7. 1707. 

XLI. g. (p. 361). 

1. 2. 2. ^ or a. 8. -4128. ' 6. «i=2»+6z». 

a 

6. (i) or .j, y = 5 or 4. (ii) a:=3. 

7. nt TiH inilrH fryiii G, and 2*07 frtmi Q. 

XLI. h. (p. 362). 

1. {(oc + fcf^)f;4-(a(f~i»t*)/}'‘* + {(ttc + &t/)/-(ad-6c)e}**. 2. 00 feet. 

3. -1, -2. 6. 1*8. 7. 1*9452. 

•/v ‘ - ^ XLI. i. (p. 302). 

^ 2. j=a;-3 or -2 -l* + 5. Factors y-ac'+S and y + 2.c-5. 

;8. 4. ^*27. 5. 2^ gallons. 7, (i) -\±^7, (ii) Pi ±'JS* 
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Ixi 



XLI. k. (|>. 303). 


• 



1. 

1 ’7 approx. 

“r 

8. 

1920 j'cIh. 

; 5^ mill. 

4. 

fl 

6. 3+n/ 7. e. 1. 

7. 

qy:}hr. 




XU. 1. (p. :)r)3). 




, 

1 


2. 8. ^ or 


7. 

2 J 

127. 



XU. m. (p. :)04). 





2. 

• 8. 3i. 6i|. 


4. 

7. 

• 

5. 

k --(a-lXl 

-b). «. 2:1. 


7. 

32 

:25. 



XLI. n. (p. 304). 





1. 

•018. 

8. 5, 6, 7 or 8. 4. 70. 

6. 3 

6. 

£187. 10». 

7. 

tl nr 

vdH. a minute ; 

• 


• 

• 


1 {m-Hfr. 

- md t 






(liHtanue: 

(m - a)c(<j “ (0 






” (m- n)c - md * 







XLI. p. (p. 364). 





1. 

:frr3. 

2. 5 :12. 


8. ri 

S733. 

5. 

•ii feet. 

6. 14 miles. 







ZLl. 4. (p. 365). 





1. 


3. 14 miles. * 4. 2 ! 

; 1. 

6 

. 1 

:3=5:_. 

6. 

■1, -316, •; 

i(i2, 1*778, 3 102, 5-623; 1585, 1*995, 

, 178. 



7. 

3*' = 1-U7015.... 

• 







, XUI. (p. 368). 





1. 

7. 

8. 40. 3. 23. 4. 

70. 


5. 

24. 

6. 

4. 

7. 7. 8. 8. 9. 

26. 


10. 

45. 

11. 

8. 

12. 20. 18. -7. 14. 

47. 

% 

15. 

-^14. 

16. 

3j-. 

17. 320. 18. -44. 19. 

2?t - 

■i- ^ 



20. 

/=:14f, ^» = 

;94^. 21. 9^, 61^. 

22. 

-115, 

-2075. 

23. 

5-25. 57-5. 

24. -2-3, -24-8. 

25. 

0. 



26. 

17. 

27. 133. 

28. 

163-2. 



29. 

n{ (fwi - 6) + 2/1 (a - 36) }. 30. 15a: 4- 225. 

81. 

75. 

• 

32. 

52, 297. 

. 88. -27, - 51. 

84. 

-45, 

-438..,*“. 

35. 

5500. 

* 89. - li * 87. 48. 


*88.. 

640a 

39. 

21 iV. . 

40. -1691. 41. 2,5,8 

.... 

48.^ 

46, 

-•v •“ ■ 



Ixii 


KLKMENTARY AUiEBRA 


43. -58, -51^ -44 ; 

46. ’^(5/i+13). 46. |(7»+13). 

49. 17, 23, 29 ... 60. 53, ii}„ 

88. x + ic-l X 

S6t 2940. 66. IK, 348. 


44. 12j, 12.1, 12 t-- 
4T. 19. 48. 7, 1390. 

7.... 61. .32, 29, 26.... 

68. 26. 64. it. 

67. 380. 68. 2,4,6.... 


^ 69. 8, 12, 16.... • 60. 3 shillings. 

61. In *J()7 (lays, 4140 miles west of the starting [M»int. 

62. 15(50 yds., 15i2l yds. 68. In 17 hours ; 08 miles fnjm the start. 

64. 06. 65. 205. 66.^ £7. 7«. Od. 

67. rt-2d, a-d^ a, a-\2d. + 


68 . 

70. 


8fx - \)h rm - Hh 
0 * :i 

3, 2l, 2.... 


69. 71=^10. 

71. 1, 3, 5.... 


78.. 1(2/1 + l)(«+h); 


a + c 
~2 ' 


78 

m-n * m-n 


1. 3, 729, 3«. 
4. 

7. 


- f ( - 1 )”"' - 

2 32 ' 2''~^ 

11 9^1 

3* 27* 3»-i 3'* -*'* 


XLIIL (p. 373). 
2. 3, 243, 3« *. 

1 1 I 


8. 3, 


5. 


4’ 


3 3 

32* 2"-i* 

I I ^1)";:^ 

.22H-2 • 


ft _ i _ 

»• 4» 


II * 1 L 

tj’ 4' 2'*“^ 2"“"*' 


9. i, 1. 


I 


10. , a; 

.f 


... 1 / —a 




IJ- •*> a--.’ 1- ^6- ~a* 


IS. 2*“ ■1=102.3. 


14. 2-i,= Ml|. 




18. 4-l=3|i^ 


19. 


r'*- 1 


.r - 1 

24, 3. 

88. -^/(2-\/2|'. 


I 

25(i 

20 . 

X 4 i 


33. 


b^(a + h) 

n. 4f.. 


81. 48. '88. 12ll 

26 

l-6» 

29. 1- 30. 5'|. 31. 10. 

84. -V-(3hV3). 86. 


l^X 

28. ^ 


26. 65535? 


27. 


l-c« > 

l\-6 


ra • 


88. isf. 

86. -1533. 


6. 4M- 


40. -=„V-(-y3-V2). 


41. 

1 +a 


48. 189. 43> 2lf 44. ±10, 20, ±40. . 45. ±27, V-, ±^’-. 

46. ±14, 9^ ±00. * 47. ±192, 384', ±768. *48. ±21. «. ±1. 

00, i;54. 01. 1 or 0^ aeoordiiig as 71 is odd or even. • • 02. 32. 
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Ixiii 


63. 

59. 

65. 

72. 

76. 

81. 


127. 


64. i: 

60. ]. 


56. 83. 
61. 4. 


66. - 1. 67. -as. 68. 

66. 2“ ». * 68. 


2{2“-l)-«. 66. Z- 

±14, 28, ±.50. 

3±!t±27±... or 48 - 30 ±27.... 
- .^) 

1 - n -*' ‘ • 


gl*f ll w 

67 . 1 , 1 . 


OD 1 

4 u • 


83. 

2V I 


73. -0, IS. 
77. TlioVlh. 

82. 2“+' - 3. 

84. 7j or 


XLIV. (i>. 378). 


4 14 

1 1» a» lo- 

1 

:i M • 

2*3, 3, 4, 6. 


2 I 2 
y» "4* 7* 


'2 2 H* 


I 1) \l 
H 2 

1 


74. H-. 
79. 70 


6 . 


3 

1 4* 


tf I 1 1 1 O li 

■ • * 57 I o, *.» «< 


10. 7. .5,",, 4|J. 11. l.J. 16. 0 or ?,. 


4. -•*. 

a lltf 111) ‘Jll 
•• ^5 1* 1 * 

1 

w 


1 . 

4. 

7. 

10 . 

13. 

16. 

20 . 

23. 


32. 

34. 

86 . 

38. 


^ 3/4 -r.). 

1 ) 

| 6u±ll). 
a, 3a, 5a, la ... . 

36/ 1 

11 11 * 
‘2805. 

71(71 + 1). 

ia + 2 n -2) x »-\ 


XLV. a. (p. 383). 

„ I - X’" »tx“ 

(i-x)“*'r-:iV 


8. The2(P»‘. 


6. J (// - l)/4(/i f-l)(/t + 2). 6. n^{n \ 1). 

8. ".(M-U)(2a«±«± 3^). 9. (2«“4 .3« - 1). 

20 - 3 :> 2 - 


11, 7/2, 


1 


16. + n {n - 1 )x + (/t - 1 ) {2 it . - 1 ). 


74(74 4 1)(/4 + 2 ) 

14. -2/4. 

17. d. 19. J)-n(;i±l), 

21. (2»-l)(2»±I). 22. »i('H 1)(»H 2). 

24. (2w - 1){2/4+ 1)(2/4-1 3). 25. /4®+*l. ** 


(-l)»-’/4(/4+l). " 27. (2// + 3)(2n-i 5). 28. ^(74+ 1), ^(74^ l)(7i+2). 


:J(74+1)(m + 2). 


30. '^(474*-i6?i -1). 


31. ^(7I.+ 1)(74 + 2)(74 + 3). 
33 ? 2»^3. . 

■ 4 


a - (a + 7i ^1)5” . ? ( J ~ £1“ !] 

~ l-x (Tx)* 

71(74+ 1)(2/<‘‘* + 6?4 - 1) - 3/4. 35. -fi- • 

74‘'*(2n+l), 174(74+ 1)(374=*-1 5/7 + 1). 37. (3/7 -2)(374+ 1), 74(374^ + 371-2). 


, , 1 - (2/7 “ 1 )a:” 2x( 1 - a;”-*) , 1 + a? 

(„) — , ( 6 ) 

41. 0. 




«• («) ^i. (ft) 1. 


40. 8. 



Ixiv 


ELEMENTARY 

ALGEBRA 



44. 

<'*) 2»^* t'') ‘2- 

. w(«-l 3) 

4(»u l)(» + 2)’ 

('') j 



46. 

(“) 

2a -f' 3 
2('a + l)(n' 

i-'2) 

. ('-) 1- 


47. 

a \'jc 

-1- y 

X 4 IM } 

4a 

n [n + 

l)(»4 2)(3a + 5) 

'. 40 

2a 4 5 


50. 

120. 


12 


4 2(m+1)(w4 

•i)' 



^220. 

62. 

680. 63 

. 28.5. 


64. 

0.50. 

45. 

4. 

56. 

22*. 67 

. 1.55. 

• 

58. 

174. 

•'59. 

28, 50 

60. 

0, 

19G. 61 

. 30. 


62. 

123,225. 





XLVI. a. 

(p. .388). 




1. 

2 

if- 

2. a. 

3. 

4, 11, 18. 

A 1 

4. 

6. 

2 






XLVI. b. 

(p. 388). 




1. 

•4142. 



2. 4 or 2. 


4. 

2, 3. 

6. 

5. 

13. 

• 


6. 


7. 

1 *382, 

, “4. 





XLVI. c. 

(p. 388). 




* 4. 

3, 9, 

15. 6. n 


6. 2{2»-l)- 

74 (a + 1) 
~2 ' 


7. 70. 





XLVI. d. 

(p. 389). 





• 1. 3, 7, 11, 15. 

4. 9j|, lOj; 460. 


2. 2.,/fi^-r*. c«jr‘-4/«^.c+46*=0. 3. 20. 

6. 18. 6. “!./(. 

1 - 


XLVI. e. (p. 389). 

• 2. A 10, B 40. 

a a 
1'6’ 04 ■ 




XLVI. f. (p. 390). 

8. ”(4nH6tt-l). 

7. 1309feot. 


1. j “ I lipjc -i 2})^ ^ 7 = 0. 

4. 5«(w + l)CJ//.+ l). 

•• 

2. 2V5:Vl3. 

6. 4-019. 

I 

2; -69% 108". 

7# ' <2, 2). , TUc line is a tangent there. 

. J " XLVI. h. (p. 390). 

* 1, 3 and^ 4 andj[>, 7 and 8, 0 and 1, 0 and 1. 

i 6*>6^>7^J 2-46. 3. 12. * • 

3125 sq. in. 6. 14. 3479. 


8. 5-82. 


XLVI. g. 

4. -6309. 


4. n/17. 


(p. .790). 


6. 6 cm. 


4 * 3 +^ 25 + 2 +.... 

‘ 7. 5 secs., ^ 
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XLVL k. (p. 391). 

1. 3. 2. H,G7.^ 4. 3H 7. 

XLVI. 1. (p. 392). 

2. 8. 1-242. 6. 1.595. 7. 1,J acres. 

XLVI. m. (p. 392). 

1. £4500, £2700. 2. 38th J 10. 8. r>, */ • 

4. "(3H15>/2); « = 2(2-V2). 6. 4-983. 7. 2i lire. 

XLVII. (p. 397). 

1. 11.^5. 2. .30.50. 3. I(i-2I.5. 4. AM. 6. lOOc. 

6. -241. 7. -2700.5 .. 8. -54l. 9. 11.3 0-2. 10. 078. 

II. 1739. 12. 2518. 13. 1.54.3. 14. /9(58. 16. rtl68. 

16. 1.360. 17. 781. 18. 41.5.5. 19. 1(K)242. 

20. U8.-.54. 21. 222-2-2, 22-&«i. 22. -1 

23 .3365.3-2. 24. 26-5. 26. .30 -A5. 26. 2.3784. 

27. ‘26.53919. 28. 3//-19. 29. 1024 ; 60.5820, 34.5, 1756. 

30. 4‘23. 81. 18 ,^55. 82. 6. 83. 9. 84. .5. 

85. 'Pile Ocn.iry mimlicr 1 7. 86. Uw- Iho weights 1 ^ 2® + 2'4 2". 

37. I‘nt in one scale *2 Heights of 1 Ih., and 1 each of .3, 3''‘, .3*; (2) put in 

one scale S'* f 3®, in the other 3“+3+ 1. 

38. 3’ + .3'* + .3“ + 1 in one scale, .3-’ ^ 3 in the other. 

39. •Undetcotwl errors, errors of 9 or a mullipio of 9, errors ‘of ffj^ures 

transposisl, any ernir whi<-h do<-s not alter the sum of tho digits in 
thi' result oi alters the sum hy .1 multiple of 9. 


1. 6. 2. 24. 

7. — 

)i - >• 

11. 30-240. 12. .5040. 

18. 84, 84. 19. .56. 

24. 1‘2‘A5, 60. 

29. 5. 530. 9. 

84. 840. , 86. ^il(n 


XLVIII. a. (p. m 
8. 6. 4. 7. 

8. 12; "Pj-SlO. 

13. 10. 14. 6. 

20 . 66 . 21 . 210 . 

26. 6. 26. 7620. 

81. 210, 12a 
1). 36. 60, 12. 


6. «'-6. 6. n-r+l. 

9. 840.' 10. 5(f4. . 

16. 18. ' 17. 7. ' 

22. '56. ' SS. ;286. 

27. to. «4. 

82. -21. .. 88. ‘35, 20. 

87. 96. 88. lOa - 



ELEMENTARY AT/IEBRA 


Ixvi 


XLVIII. b. (p. 410). 


1. 

6720. 

2.* 

1260. 

3. 1120. 4. 720. 

6. 20. 

6. 840. 

7. 

24. 

8. 

.360. 

9. 120. 10. 'H-1. 

11. 2880. 

12. 4. 

18. 

126. 

14. 

7. 

16. 84. 16. 7050.” 

17. 1.3.50. 






XLVIII. C. (p. 414). 



8.»*10. 

6. 

127. 

6. 256. 7. .52. 

8. 28. 

9. 6 ; 2604. 

10. 

6(K). 

11. 

78. 

12. .3.5. 13. 252, 126, 126. 

14. 117(K). 

/ 

16. 

4080. 

16. 

27m IT. «. 

6. 

19. 

ar-4. 

20. 

a=4(«20, ,7|7='15120. 

^ 21. 

24 ; 6(i0(i0. 

22. 

9 ; 5005. 

23. 

255. 24. 502. 

26. ’C,x|7 

= 176400. 

26. 

80; 7. 


27. 

112 

00. 28. ',rn.-7!)2. 

|5 

29. 

.3. 

30. 

495. 


81. 

22.5. 82. 35. 

33. 

54. 

34.1 

• (f58. 


• 

36. 

IK 16 

|l ,,^1120, |3|,=fl0. 




XLVni. d. (p 415). 

1. I72S. 2. 24. 8. + 

*4. ;J7H1 {ov* pfr-ion (lof>^ not nwsfifnfr a fHtrfy). 6. 1440; 4R0. 

6. 10. 7, ”C- 10, S. 8. .^)2 9. 72. 


10 . 


21 ( 


11. 15. 


12 . 


|ir, 

« (I 


13. vp I 2. 


16. IS 111 15 uln-n the twt» points lie on one of th(» lines. 

16. 5.S(H); 72 18 {n 2) (w - 3) | ?i - 2. 19. 2”- 1 - 1). 

20. lu{n .'{). 21. /«m/( w)’». 23. 

26, 7»(;/*-l) \m{7n 1) t 1. 26. l)(7t - 1). * 


XLIX. a. (p. 421). 


1. ?/ f 1. 2. The 0th. 3. a” 

$ 


- n{n l){w 2)(w-3) 

® . 4 ' ■ 


6. It contains 


4 w(w-Jl) 
2 

7. |r. 


8. Put - for.r, iiiid so make alternate terms negative. 9. The S)th. 
10. 1,4,0. 4,1 11. 1, .5, 10, 10, .*», 1. 12 1,6,10,20,15,0,1. 

V - >M 1 r 
r a 

le, 20. • 17. 2.50. ' 19. IsV. .Inf. 3th, 7th. 

90. 9tK. 21. 4th. 22. 10. 28. 10. 


19. 

?• 


14. 


16. The 4th. 


22 . 10 . 



ANSWERS TO THE EXAMPLES. 


PABT 11. 


1 . 

3. 

4. 

5. 

6 . 
8. 

10 . 

12 . 

14. 

16. 

16. 

20 . 


24. 

26. 

28. 

29. 

31. 

32. 
34. 
36. 
38. 
40. 
42. 


XXXV. a. (p. 284). 

ar' + aV 4- + a*x + a*. 

j:" - - a^ar* + a^ar* - a^x + a\ 

^ 'V ar* + f 4- -i aKv 4- a®. 

x"^ - aa ® 4- a*r* - a^jc^ 4- a*a^ ■ + a^x - a’. 

x* 4 aaf^ 'r it^a^ 4 a^a^ f «*. r* ^- a®a;“ 4- + a"^. 


- ‘2^.4 4 . ^ 8.a/» 4- 16a: - .82. 

(a;2 + a:-.3)(:i:‘-‘4-;?4 11. 


11 . 


(*+l)(a:~l)(yH-l)(y-l). 
(x-l-\'3)(* - 1 + V;<). 

(ax- l)(ftx“ + a* I 1). 
((»t^+l)(a“^ A»i 1--/ h-ah). 
(ar-y 8)(2x-yl3). 


x“ + 2x< + 4x' ) Sx'+iex + Sa 7. 

(x+I)(x-2)(x^2). 9. 

e-)(M-> 

(x-2)*{*-l)(*-3). 18. 

(c -a)(o -6 + c). 18. 

(n» + 5™ + l)(a»-5a+l). 17. 

(a-/>)(()H fc + c). 19. 

(X -S-V^Xx-r. + v^). 21. 

(a'»+2®+2)(ar'-2r + 2). 

(x - 2y - 3) (x® + y* + 9 - 6y + Sx + 2xy). 

(2x - 2 - VS) (2x - 2 + «s/3). 26. (.V - 4y ^ 2) (3x + ly - ."i). 

(.'»x-2y + 7)(3x-2y f4). 27. (x®-t x+ l)(x“ ■ x-H). 

(a ~ 6 4- 2) (a^ 4- i/- 4- 4 f a/> - 2rt + 2/>). 

(4x+l-V6)(4x+l+V0). 30. (4x=+2x-t l)(4x»-2x+l). 

(2fi + 6 - 1 )(4/i’‘ f 6“ + 1 - atft + + 2a). 

(2x-l)(x-2)(2x’‘-».'5x h 5). 38, (.3x - f5y + 7) (2x - 3y 4 .3). 

(a;® 4- 4a: 4- 8) (a:® -4a; + 8). 35. 

{x+l)^x^ + 2x-n), 37. 

(9aa-3a4-l)(9a® + .8rt fl). 39. 

(a:* + 23? 4- 4) (a:® -2a; 4- 4). 41. 

(x - a) {a^ + ax + a®) (a;- -ax + a*). 


(a:® + 4 4//®) (a:'-* .8a:?y -I 4y^). 

{x \ a){x^ \ ax \ a^)(a:‘^ - ax ^ a^). 
(2x + .3y-2)(x)j^4). » 

(9x* + 1 2x + 8) (9x» > I2x + 8). 


43. 


45. 


47. 





a:- 34 


1} 


44. 

46. 

48. 

D 


(a:-l)(a:-2)(.t:-.3). 
(2a:-l)(a:+l)(a; + 2).. 



liv ELEMENTARY ALGEBRA 


49. a;® + Axy + y® - Oz®. 50. 

61. «® + 2a6 4 62. 

68. + a;® + 1 . 54. 

55. a:* - a;® - 4a; - 4. 56. 

57. 4a® -f- 4a^> + - a;® - 4a;y - 4y® 58. 

59. a::® + 2a:® + a.*^-.r®-2a:- 1. 60. 

di: 9(a®-/;®)®. 62. 

68. a^ 2.H -7a:®-4. 64. 

66. Ca«a;® - 6a®a^. 66. 

67. 68. 

69. 30a:<-73a;® + 16. 70. 

71. «>2 - 3a“5" + 3a*6« - h^'K 72. 

78. a* + 6^ + - 2a®A® - 27^®^® - 2(;®a®. 

74. 5a;®+.T + 6. 76. 

77. 3a;®+7a?+2. 78. 

80. a;®-?>®. 81. 

te. ar® + a;®y + xy^ 4 y®. 88. 

84. ar* 4 2a*®y 4* 4a:y® 4- 8y-‘. 86. 


4a;® - 9y® 4- 162® 4- 16aa. 
a® 4- 2a6 4- 6® - a;® - 2a;y - y®. 
a;<4-3a:2 + 4. 

4* a;®y® 4- 25y^. 

4a;* - 9a;®y“ 4 24ary® - 1 6y*. 
a;* 4- 4a;® 4- 16. 

32®*-32.c«. 

225x*-244r»+64. 

*« - 64. 

64a“-128n‘M + 64/)«. 


43^ -1. 

16 - 86 . 

81tt<-72a*6®+l«»‘. 

r ■ - + a'y® - y*. 

ar’ - 2a:“y + 4xy“ - 8y®. 





XXXV. b. 

(p. 292). 



6. 

.3(a-t)(6- 


<*)• 

7. (a- 

h){h 

-c){c-a){ab + hc + m). 

8. 

-(.r -yl(x 1 y)(s 

'-‘C)(y ^^)(^-a;)(^4-x). 




9. 

- (6 -<•)(«• 

-a) (a 

-6)(a« 1 6* + r» + 

be 4- ra • 

4a6). 


19 0. 

20. 

1 

uhc 

21. 

I. 2S. (a 

-6)(6- 

■r)(c 

-a). 

28. 0. 

24. 

1 

26. 



26. 

3(h 

- r)(r-a){a-?i) 


.ryz 


(a-.r)(a-y)(a- 



(a- 

f h)[h-] c)(c4'a) 

27. 

ah ^ he 1 ra. 

28. 0. 


29. 

1 

ahe 

80. 0. 

81. 

1 

ce^V’ 


82. 1. 


83. 

- [a 4- h 4- e). 

34. 

1 




86. 


X 


(.r ■a){x~ 

6)(x . 

O’ 



{x- 

•a){x-b){x-c) 

36. 

a® 


37. -1. 


38. 

0. 

39. 1. 


(a; 4 a){x 4 


0 








XXZV. c. 

(p. 296). 



1. 

ICft® 


4. 4. 



6. 

7>g4-r=rO. 

It. 

y-6.. 

14. 7>®4-6i>4-ac 

=0. 


16. 

a;- -6, y=a. 

10. 

3. 


17. 8a; +4. 



21. 

a=i. y=i- 

23. 

3. 


26. (2a;® - a;y® 4- 3y )®. 


27. 

’s- 

28. 

0. 





29. 

-{yz + zx hxy). 





IS ^ s 


ANI^iWERS TO EXAMPLES: PART 11. 

7 >fl. 26. r. 26. r-1. 27. t- + 2. 

(i) (n-l)fli; (ii) (n-3)th; (iii) (m - r + 2)(li; (iv) (M-#'hl)th. 

(i) («-3)th; (ii) (?i-fl)tli; (iii) (n-rH l)th ; (iv) (n-r)th, 

j.30. (i) (« + l)th; (ii) (iii) 

I |2ii 

(iv) - 

I W + 1 j J# - 1 

81. "CiffiV + "C.yt-’a:"-®* "C,«Kr"-> ^ .r". 

32. (i) »>C^, (ii) (iii) ; 

(iv) “’C, (v) 


XLIX. b, (p. 426). 

1. 1 +.'Kr f lftr»+ lOar’ I r>.c* + .e‘. 

2. n~ h 7rt“.r 1-21 rt’ir-* + I- + 21 n“.r* ■+ + a:’. 

3. - (w?'”,*.*'** f - 2(^1”^’ j- -f .r*'-*. 

4. a*/>* - \nVPx *ia%V - I ‘\l*a*h*.v* - J tv^hV -i 

' ■'v* + 28 a ^4 .' 56 *^ + 701 -''’’^’ 1-^4 ” + ’ • 

,r* ar* or 

■ e/vJj. oi ni2 I Q- 47. ^2]rtV/>7ab^' hi 

•'■ -r- 

lOHOiiy^ 72ll/;y + 240 j” ' 

56rtV I 28()-«<ft< + 224j-,f^is^« ■ ISO.'ixSV'. 

JO 2» 

3. tvii. 13. - 462 X '2f^jc H 46‘2 x ^ • 

I 2// (2//- -^1 ) . (2vt - ^'^'1 ^ . ( _ J Jr , ~ ^ * I ^ ^ ^ ^ • 3'*“ ^2*'ic’’ 

18. 2^:^. 

2 |rj?7 r 




— ar"-**-. 


22 . (-J)" 
25. 21. 


' ' I r I?? " r 

23. 4032r0^^ 2r)ir».r*y». 
26. 252 x2». 


;® - 5a^a? + 8a’ jr - 14a*ar‘ -]- 14a^J^ - Sa^a*’ -4 5ffr* - .r*. 


(5 2 2 1 

a:’-2ai:*-2a<-l 6.r=- y.+ ' 


30. 1792Nr3. • 

87. 'lle6th=tli87t»i=7 









